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Preface

This volume contains the proceedings of the Second International Workshop on
Hybrid Systems: Computation and Control (HSCC’99) to be held March 29-
31, 1999, in the village Berg en Dal near Nijmegen, The Netherlands. The first
workshop of this series was held in April 1998 at the University of California
at Berkeley. The series follows meetings that were initiated by Anil Nerode at
Cornell University. The proceedings of those meetings were published in the
Springer-Verlag LNCS Series, Volumes 736, 999, 1066, 1201, and 1273. The pro-
ceedings of the first workshop of the new series was published in LNCS 1386.

The focus of the workshop is on modeling, control, synthesis, design, and veri-
fication of hybrid systems. A hybrid system is a theoretical model for a computer
controlled engineering system, with a dynamics that evolves both in a discrete
state set and in a family of continuous state spaces. Research is motivated by,
for example, control of electro-mechanical systems (robots), air traffic control,
control of automated freeways, and chemical process control. The emerging re-
search area of hybrid systems overlaps both with computer science and with
control theory. The interaction between researchers from these fields is expected
to be fruitfull for the development of the area of hybrid systems.

The scientific program of the workshop consists of three invited lectures, one
tutorial lecture, and 19 contributed lectures. The following researchers have been
invited to present a lecture: P. Baufreton (Snecma, France), B.H. Krogh (CMU,
USA), and N. Lynch (MIT, USA). The tutorial lecture will be presented by C.
Miller (Ohio State University, USA). The contributed lectures are based on the
papers in this proceedings. In addition, there will be demonstrations of software
tools for the design, analysis, and simulation of hybrid systems.

The program committee, chaired by the editors, has selected the 19 con-
tributed papers out of 44 submitted papers. The editors are grateful to the
members of the program committee for their generous support with the review-
ing and the selection process.

The editors are grateful to the invited speakers, the contributed lecture speak-
ers, the participants for their willingness to participate in the workshop, and the
sponsoring institutions whose support has made this event possible. Finally, they
would like to thank Ansgar Fehnker for making such excellent web pages, and
Mirèse Willems and Lieke Schultze for efficient secretarial support.

January 1999
Frits W. Vaandrager Nijmegen
Jan H. van Schuppen Amsterdam
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SACRES: A Step Ahead in the Development of
Critical Avionics Applications

Philippe Baufreton

Snecma systèmes, Centre de Villaroche, BP 42
77552 Moissy–Crayamel Cedex, France

philippe.baufreton@snecma.fr

Abstract. Basically, aircraft engines can be divided into a control em-
bedded system and a controlled system with its environment. The be-
haviour of the controlled system is given a priori, while the control system
still needs to be designed in a way guaranteeing the correct overall be-
haviour under all operational conditions depending on the flight domain.
A large quantity of functions in control systems can be described by
a formal system expressed in block diagrams and state-based represen-
tations. These representations can be translated to formal based tools
relying on the synchronous languages Signal and Statecharts.
SACRES is a tool set supporting the design of safety-critical embedded
control systems. It integrates the tools and specification techniques State-
mate, Sildex, and Timing Diagrams with tool components for automatic
code generation, formal verification based on model checking techniques,
and an innovative approach for automatic code validation for target code
generated from DC+. Technical achievements are

– Integration of dataflow and state-based specification styles
– Formal specification of safety-critical properties
– Integration of efficient symbolic model checking techniques with State-

mate and Sildex
– Automatic generation of efficient distributed code
– Automated correctness proofs for the generated code

The main benefits of the SACRES approach are reduced risks for design
errors and decreased design times and costs for the development of de-
pendable (safety critical) embedded systems. SACRES is an attempt to
avoid unpredictability (particularly that arising from late feedback from
testing) associated with development of safety critical systems, through
the use of the maximum degree of automation, especially in respect of
code generation and verification.
An outstanding property of SACRES is the combination of specification
styles and specification tools being applied in practice with automatic
tools to establish provable correctness with respect to required proper-
ties. Both dependability and productivity are increased by automatic
code generation from high-level specifications such that the generated
code can be validated against higher levels by rigorous proofs.
These techniques allow traditional tests by sampling to be replaced by
rigorous checking techniques which correspond to 100% coverage of test
cases. In order to address a global innovative approach in the near fu-
ture which match the whole software configuration, the SACRES tool set
should be interfaced with asynchronous techniques matching the oper-
ating system development. This raises an open question in the software
development future new process.

F.W. Vaandrager and J.H. van Schuppen (Eds.): HSCC’99, LNCS 1569, pp. 1–1, 1999.
c© Springer-Verlag Berlin Heidelberg 1999



Approximating Hybrid System Dynamics for
Analysis and Control

Bruce H. Krogh

Department of Electrical and Computer Engineering, Carnegie Mellon University
Pittsburgh, PA 15213-3890 USA

krogh@ece.cmu.edu

Abstract. The objective of this lecture is to survey and assess the state
of the research on methods for approximating hybrid system dynamics.
For all but the most trivial dynamic systems, approximations are neces-
sary to make analysis and controller synthesis tractable. This is true for
both continuous-state systems and discrete-state systems, and theories
have been developed in both domains to justify and guide model sim-
plification and approximation (although ad hoc engineering judgment
remains the method of choice in most applications). For hybrid systems,
decidability results indicate that approximations will always be necessary
to solve analysis and controller synthesis problems for even the simplest
systems. These results will be reviewed briefly as a motivation for the
work on approximation methods.
We will then consider two principal types of approximations that have
been explored in the literature. The first set of methods approximates
general hybrid system dynamics with simpler hybrid models for which
some computational tools exist, such as linear or timed automata. The
second set of methods generates finite-state discretizations of the contin-
uous dynamics in a hybrid system so that tools for discrete-state systems
can be applied. In both cases, the literature will be reviewed and success
with applications will be assessed. Strengths and limitations of each ap-
proach will be summarized, and the types of problems that can be solved
using each approach will be identified. Some software packages for build-
ing and approximating hybrid system models will also be reviewed and
examples will be presented.
The final part of the lecture will discuss prospects for the future, both in
terms of a theory for approximating hybrid systems dynamics and tools
for computer-aided analysis and controller synthesis. Open problems and
directions for future work will be identified.

F.W. Vaandrager and J.H. van Schuppen (Eds.): HSCC’99, LNCS 1569, pp. 2–2, 1999.
c© Springer-Verlag Berlin Heidelberg 1999



High-Level Modeling and Analysis of an
Air-Traffic Management System?

Nancy Lynch

MIT Laboratory for Computer Science, Cambridge, MA 02139, USA
lynch@theory.lcs.mit.edu

Abstract. This talk describes progress in a current project on modeling
and analyzing the TCAS II aircraft collision-avoidance system.
The state of the art in formal methods applied to air traffic management
systems involves specifying software behavior in detail, using formalisms
such as Statecharts. Although such methods are precise, they do not
help much in understanding the systems intuitively; nor do they enable
analysis of high-level global requirements, such as ”Under condition A,
the planes will not crash.”
To aid people in understanding such systems, and to enable such analysis,
we advocate defining high-level mathematical models for the system,
including not only the control software, but also the airplanes, sensors,
and pilots—that is, high-level hybrid system models.
In a current demonstration project at MIT and Berkeley, we have de-
fined abstract models for the key system components of the new TCAS
II (version 7) system. These are based formally on the Hybrid I/O Au-
tomaton (HIOA) model [1]. We are using these models to formulate and
prove theorems about the behavior of the system under particular as-
sumptions. Our results are intended only as illustrations—the models
provide a foundation for study of a wide range of properties of the sys-
tem’s behavior. We hope that this project will help to produce improved
validation methods for air-traffic management systems.

References

1. N.A. Lynch, R. Segala, F.W. Vaandrager, and H.B. Weinberg. Hybrid I/O au-
tomata. In R. Alur, T.A. Henzinger, and E.D. Sontag, editors, Hybrid Systems III,
volume 1066 of Lecture Notes in Computer Science, pages 496–510. Springer-Verlag,
1996.

? Based on joint work with Carl Livadas and John Lygeros.
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Geometric Categories, O-Minimal Structures
and Control

Chris Miller

Department of Mathematics, The Ohio State University, 231 W. 18th Street,
Columbus, Ohio 43210, USA
miller@math.ohio-state.edu

Abstract. The theory of subanalytic sets is an excellent tool in various
analytic-geometric contexts, including geometric control theory. (See [1],
for example.)
One can axiomatize the notion of “behaving like the category of sub-
analytic sets (in manifolds)” by introducing the notion of “analytic-
geometric category”. (The category of subanalytic sets is the smallest
analytic-geometric category.) The objects of such a category share many
of the hereditary and geometric finiteness properties of subanalytic sets.
Proofs of the more difficult results of this nature, like the Whitney-
stratifiability of sets and maps in such a category, often involve the use
of charts to reduce to the case of subsets of Rn. For subsets of Rn, the
theory of o-minimal structures on the real field, an abstraction of the
theory of semialgebraic sets, provides an elegant and efficient setting in
which to work. (See [2] and [3].)
(Some reasonable sets—like { (x,xr) : x > 0} for irrational r, { (x, ex) :
x > 0}, and { (x, Γ(x)) : x > 0 }—are not globally subanalytic in R2.
Because there are o-minimal structures on the real field which include
these sets, we now have available analytic-geometric categories which
include these sets “at infinity” among their objects.)
In analogy with the semilinear, semialgebraic and subanalytic settings,
one considers hybrid systems whose relevant data (guards, resets, flows
and so on) all belong to some o-minimal structure. It can be shown, for
example, that such hybrid systems admit finite bisimulations; see [4].

References

1. Differential Geometric Control Theory, Progr. Math. 27, Birkhäuser,
Boston, 1983.

2. L. van den Dries, Tame Topology and O-minimal Structures, London
Math. Soc. Lecture Note Series 248, Cambridge University Press,
1998.

3. L. van den Dries and C. Miller, Geometric categories and o-minimal
structures, Duke Math. J. 84:497–540, 1996.

4. G. Lafferriere, G. Pappas, and S. Sastry, O-minimal hybrid
systems, Technical Report, UC Berkeley, 1998. Available at
http://www.mth.pdx.edu/~gerardo.
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Polyhedral Flows in Hybrid Automata

Rajeev Alur?, Sampath Kannan??, and Salvatore La Torre? ? ?

Department of Computer and Information Science
University of Pennsylvania

Philadelphia, PA 19104
{alur,kannan,latorre}@cis.upenn.edu

Abstract. A hybrid automaton is a mathematical model for hybrid sys-
tems, which combines, in a single formalism, automaton transitions for
capturing discrete updates with differential constraints for capturing con-
tinuous flows. Formal verification of hybrid automata relies on symbolic
fixpoint computation procedures that manipulate sets of states. These
procedures can be implemented using boolean combinations of linear
constraints over system variables, equivalently, using polyhedra, for the
subclass of linear hybrid automata. In a linear hybrid automaton, the
flow at each control mode is given by a rate polytope that constrains the
allowed values of the first derivatives. The key property of such a flow is
that, given a state-set described by a polyhedron, the set of states that
can be reached as time elapses, is also a polyhedron. We call such a flow
a polyhedral flow. In this paper, we study if we can generalize the syn-
tax of linear hybrid automata for describing flows without sacrificing the
polyhedral property. In particular, we consider flows described by origin-
dependent rate polytopes, in which the allowed rates depend, not only on
the current control mode, but also on the specific state at which the mode
was entered. We establish that flows described by origin-dependent rate
polytopes, in some special cases, are polyhedral.

1 Introduction

A hybrid system consists of a collection of digital programs that interact with
each other and with an analog environment. The formal modeling and analysis
of the mixed digital-analog nature of hybrid systems requires a mathematical
model that incorporates the discrete behavior of computer programs with the
continuous behavior of environment variables, such as time, position, and tem-
perature. The model of our choice is the hybrid automaton [ACH+95]. A hybrid
automaton consists of a finite control graph whose vertices correspond to control
modes and edges correspond to control switches. The automaton has a finite

? Supported in part by Bell Laboratories, Lucent Technologies, and by the NSF CA-
REER award CCR-9734115 and by the DARPA grant NAG2-1214.

?? Supported in part by the ARO grant DAAG55-98-1-0393 and the NSF award CCR-
96-19910.

? ? ? Visiting from Department of Computer Science, University of Salerno, Italy.
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c© Springer-Verlag Berlin Heidelberg 1999



6 Rajeev Alur, Sampath Kannan, and Salvatore La Torre

number of real-valued variables that can change discretely during the switches
or continuously as the time elapses at control modes. The flow (i.e. continuous
evolution) of the variables at a control mode is specified by differential equations
and differential inequalities that constrain the allowed rates, and by invariant
predicates that constrain the allowed durations.

For analyzing hybrid systems, we build on the model-checking technology, in
which a formal model of the system is checked, fully automatically, for correct-
ness with respect to a requirement expressed in temporal logic [CE81,CK96].
Model checking requires exploration of the entire state space of the system. For
discrete finite-state systems, this can be done enumeratively, by considering each
state individually, or symbolically, by computing with constraints over boolean
variables that encode state sets. Because of its ability to deal with very large
state spaces, symbolic model checking has been proven an effective technique
for debugging of complex hardware [BCD+92]. For hybrid systems, the state
space is infinite, so an enumerative approach is impossible, but the symbolic
approach can be extended to a class of hybrid automata called linear hybrid
automata [AHH96]. A linear hybrid automaton requires that

1. The predicates describing initialization of the system, the enabling of the
control switches, the update of variables during switches, and the invari-
ants at control modes, are boolean combinations of linear inequalities over
automaton variables.

2. The flow at a control mode is given by a rate polytope that constrains the
allowed values of the first derivatives of the variables.

With these restrictions, it can be established that all the state-sets computed
by the symbolic model checking procedures can be described by boolean com-
binations of linear inequalities. This theorem provides the foundations of the
verifier HyTech [AHH96,HHW97], that implements the analysis procedures us-
ing packages to manipulate polyhedra. Even though termination of the model
checking procedure is not guaranteed— the model checking problem for linear
hybrid automata is undecidable, the method has been shown to be useful in
analysis of protocols of practical interest (cf. [HW95]).

The dynamics allowed by linear hybrid automata is very restrictive, and
hence, modeling in HyTech requires the user to approximate the system dy-
namics by identifying lower and upper bounds on the rates. Previous research
has focused on identifying decidable subclasses [AD94,HKPV95,LPS98], and on
general strategies for approximating the given dynamics using linear hybrid au-
tomata (cf. [HW96]). In this paper, our objective is to identify classes of hybrid
automata which are more general than linear hybrid automata, but still admit
symbolic analysis using polyhedra.

Of the two restrictions imposed by linear hybrid automata, the first one seems
natural and tight, given that we don’t want non-polyhedral sets. We investigate
ways to generalize the second one in this paper. Given a set σ of states, let
post(σ) denote the set of states that can be reached starting from a state in
σ as time elapses and variables evolve subject to the specified flow constraints.
To be able to do reachability analysis using polyhedra, we want that post of a
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polyhedron must also be a polyhedron. We call such flows, which map polyhedra
to polyhedra, polyhedral flows. For instance, the (2-dim) flow described by the
equations

1 ≤ ẋ ≤ 2 and ẋ = ẏ,

describes motion diagonally upwards at a bounded speed. This flow is polyhedral,
and is admitted by the syntax of linear hybrid automata. On the other hand,
the flow described by the equations

ẋ = x and ẏ = 1,

describes motion along the exponential curve, and is not polyhedral.
To generalize the flow constraints allowed by the syntax of linear hybrid au-

tomata, we consider flows that are described by origin-dependent rate polytopes,
in which the allowed rates depend, not only on the current control mode, but
also on the specific state at which the mode was entered. A sample 2-dimensional
origin-dependent rate polytope is described by

ẋ = x0 + 3 and ẏ = y0,

where (x0, y0) is the initial state upon entering the mode. Note that this partic-
ular flow is polyhedral. Unfortunately, not all origin-dependent rate polytopes
specify polyhedral flows. We prove that flows are polyhedral in the following two
special cases.

1. Flows describing motion towards a fixed target cannot be specified by rate
polytopes, but can be specified by origin-dependent rate polytopes, and are
polyhedral.

2. Flows described by the origin-dependent rate function Ẋ = λ ·X0 +Γ , where
the vector X0 denotes the initial values, λ is a constant, and Γ is a constant
vector, are polyhedral.

In fact, we establish that these flows are strongly polyhedral: for any time δ, and
for any polyhedron σ, the set post≤δ(σ) of states that can be reached at time
δ or before, is a polyhedron. We also establish the tightness of our results by
examples that are slight generalizations, but lead to non-polyhedral flows.

Our results are useful in two ways. First, they establish that symbolic fix-
point computation using polyhedra can be used for analysis of classes that are
more general than linear hybrid automata. Second, they suggest new ways to
approximate the system dynamics.

2 Hybrid Automata

A hybrid automaton [ACH+95] is a formal model to describe reactive systems
with discrete and continuous components. Formally, a hybrid automaton H con-
sists of the following components.
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– A finite directed multi-graph (V, E). The vertices are called the control modes
while the edges are called the control switches.

– A finite set X of real valued variables. A valuation ν is a function that assigns
a real value ν(x) to each variable x ∈ X. The set of all valuations is denoted
ΣX . A state q is a pair (v, ν) consisting of a mode v and a valuation ν. The
set of all states is denoted Σ. A region is a subset of Σ.

– A function init, that assigns to each mode v, a set init(v) ⊆ ΣX of valuations.
This describes the initialization of the system: a state (v, ν) is initial if ν ∈
init(v). The region containing all initial states is denoted σI .

– A function flow , that assigns to each mode v, a set flow(v) of C∞-functions
from R

+ to ΣX . This describes the way variables can evolve in a mode.
– A function inv , that assigns to each mode v, a set inv(v) ⊆ ΣX of valuations.

The system can stay in mode v only as long as the state is within inv(v),
and a switch must be taken before the invariant gets violated.

– A function jump, that assigns to each switch e, a set jump(e) ⊆ ΣX ×ΣX .
This describes the enabling condition for a switch, together with the discrete
update of the variables as a result of the switch.

The hybrid automaton H starts in an initial state. During its execution, its
state can change in one of the two ways. A discrete change causes the automaton
to change both its control mode and the values of its variables. Otherwise, a
continuous activity causes only the values of variables to change according to
the specified flows while maintaining the invariants. The operational semantics of
the hybrid automaton is captured by defining transition relations over the state
space Σ. For a switch e = (v, v′), we write (v, ν)→e (v′, ν ′) if (ν, ν ′) ∈ jump(e).
For a mode v and a time increment δ ∈ R

+, we write (v, ν) →δ (v, ν ′) if there
exists a function f ∈ flow(v) such that f(0) = ν, f(δ) = ν ′, and f(δ′) ∈ inv(v)
for all 0 ≤ δ′ ≤ δ. The transition relations →e capture the discrete dynamics,
while the transition relations →δ captures the continuous dynamics.

Algorithms for symbolic reachability analysis of hybrid automata manipulate
regions. Let σ be a region of H. For a switch e, poste(σ) contains states q′ such
that q →e q

′ for some q ∈ σ. Similarly, define

post∞(σ) = { q′ | q→δ q
′ for some q ∈ σ and some δ ∈ R

+ }.

Then,
post(σ) = ∪e∈E poste(σ) ∪ post∞(σ)

denotes the successor region of σ. A state q is said to be reachable if q ∈ post i(σI)
for some natural number i.

In many cases, the automaton has a special timer variable which controls
the time spent in different control modes. For a region σ and a time increment
δ ∈ R

+,

post≤δ(σ) = { q′ | q→δ′ q
′ for some q ∈ σ and some 0 ≤ δ′ ≤ δ }.

Thus, post≤δ(σ) contains all the states that can be reached up to time δ starting
in σ.
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The switches of a hybrid automaton can be labeled with events. When dif-
ferent components of a complex system are described individually by hybrid
automata, the event-labels on switches of different components are used for syn-
chronization [ACH+95]. We have omitted this aspect of the definition since it
has no bearing on the analysis problem studied in this paper.

3 Polyhedral Analysis

The central problem in algorithmic formal verification of hybrid systems is to
compute the set of reachable states of a given hybrid automaton. The set of all
reachable states of a hybrid automaton can be computed by repeatedly applying
post to the initial region. Model checking of more complex requirements spec-
ified in the temporal logics such as Ctl [CE81] and Tctl [ACD93], involves
symbolic fixpoint computation procedures with the computation of post as the
basic building block.

If a hybrid automaton has n variables, then a valuation can be viewed as
a point in the n-dimensional Euclidean space. A region σ of H is a polytope if
there exists a mode v and a polytope σ′ in the n-dimensional space such that σ
equals {(v, ν) | ν ∈ σ′}. The mode v is called the mode of the polytope σ.

Let H = (V, E,X, init, flow , inv , jump) be a hybrid automaton.

1. The automaton has polyhedral initialization if for each mode v, the region
init(v) is a polytope.

2. The automaton has polyhedral switches if for each polytope σ and each switch
e, the region poste(σ) is a polytope.

3. The automaton has polyhedral flows if for each polytope σ, the region
post∞(σ) is a polytope.

4. The automaton has strongly polyhedral flows if for each polytope σ and time
increment δ ∈ R

+, the region post≤δ(σ) is a polytope.

The hybrid automaton H is (strongly) polyhedral if it has polyhedral initial-
ization, polyhedral switches, and (strongly) polyhedral flows. For a polyhedral
hybrid automaton H, assuming the applications of post operators to polytopes
are effectively computable, the set of reachable states can be effectively computed
in an iterative manner.

The definition of polyhedral hybrid automata is semantic. The requirements
about polyhedral initialization and polyhedral switches naturally lead to syntax:

1. For each mode v, init(v) is described by a conjunction of linear inequalities
over the variables X.

2. For each switch e, jump(e) is described by a conjunction of linear inequalities
over the variablesX∪X′, where the unprimed variablesX refer to the values
before the switch, and the primed variables X′ refer to the values after the
switch.

Note that, when the jump function is described in the above manner, for a
polytope σ and a switch e, the polytope poste(σ) can be computed effectively
using quantifier elimination (or projection) (see, for instance, [AHH96]).
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σ

post(σ)

post≤δ(σ)

Flow boundary
at time δ

Fig. 1. Polyhedral, but not strongly polyhedral, flow

The requirement that the flows be polyhedral is more tricky. Since the in-
variant describes the boundary at which switches are triggered, it is natural to
require, for each mode v, the region inv (v) to be a polytope. As before, this can
be ensured syntactically:

– For each mode v, inv(v) is described by a conjunction of linear inequalities
over the variables X.

In a linear hybrid automaton, flow at a mode v is given by a rate polytope, denoted
rate(v), an n-dimensional polytope that constrains the allowed values of the first
derivates with respect to time. That is, a C∞-function f belongs to flow (v) iff
the first derivative ḟ of f with respect to time belongs to the polytope rate(v)
for all times δ ∈ R

+. Rate polytopes are specified as a conjunction of linear
inequalities over the set Ẋ of dotted variables representing the first derivates of
the corresponding variables in X. For instance, if the variables x and y denote
the position of a robot on a plane, then the rate polytope

ẋ = ẏ, 1/
√

2 ≤ ẋ ≤
√

2

specifies the dynamics in which the robot moves diagonally at a speed between
1 to 2. Flows described by rate polytopes are polyhedral, and furthermore, allow
effective computation of the post operator [AHH96].

The strong polyhedral property is useful in the following special case. Suppose
the automaton has a special timer variable t that is used only to ensure an upper
bound on the time spent in each mode. That is, t is reset to 0 on every switch, and
for every mode v, the invariant inv(v) has a conjunct t ≤ δv, for some constant
δv. In this case, during analysis, we need not consider the timer variable as one of
the dimensions. Reducing dimension by one can be computationally important.
If σ is a region with mode v, then we must compute post≤δv (σ). For such analysis
to be performed using polyhedra, the flows must be strongly polyhedral.

Observe that strongly-polyhedral flows are polyhedral, but as the illustration
in Figure 1 indicates, the reverse need not hold.
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1 2 x
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2

3

y
slope 1

slope 2

slope 3

Fig. 2. Illustration of origin-dependent rates: ẋ = x0 + 2 and ẏ = y0

4 Rates dependent on initial state

Our objective is to understand if there are polyhedral flows that are more gen-
eral than those specified by rate polytopes. The dynamics of a linear hybrid au-
tomaton can be understood as follows. After switching to a mode v, the system
chooses a rate belonging to the polytope rate(v), and then evolves at this fixed
rate1. In our generalization, the rate polytope depends, not only on the mode,
but also on the state upon entering the mode. More precisely, the flow is speci-
fied by a function which maps a mode v and a valuation ν to an n-dimensional
polytope rate(v, ν). After switching to a mode v, if the valuation is ν0, then the
system chooses a rate belonging to the polytope rate(v, ν0), and then evolves at
this fixed rate. That is, a C∞-function f belongs to flow (v), for a mode v, iff
ḟ ∈ rate(v, f(0)) for all times δ ∈ R

+. We call such flows origin-dependent rate
polytopes.

We will use X0 to denote the values of the corresponding variables in X at
the beginning of a flow. Then, origin-dependent rate polytopes will be described
by constraints involving the dotted variables Ẋ and the variables X0. A sample
2-dimensional origin-dependent rate polytope is described by

ẋ = x0 + 2 and ẏ = y0.

Figure 2 illustrates how different points evolve according to this flow.
Observe that for a flow function to be polyhedral, a necessary condition is

that, for every state q, post∞(q) is a polytope. This condition is not satisfied
by flows described by differential equations in which the first derivative depends
on the state in a continuous manner, but holds for origin-dependent rate poly-
topes. Origin-dependent rate polytopes do not guarantee polyhedral flows. In
the sequel, we will identify some restrictions that ensure polyhedral flows.

1 This is because there is a trajectory f starting in a valuation ν and ending in a
valuation ν′ with ḟ belonging to the rate polytope at all times iff the rate of the
straight-line trajectory from ν to ν′ is in the rate polytope.
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Invariant
x ≤ xT

(xT , yT )σ post∞(σ)

y

x

Fig. 3. Motion towards a fixed target

For a mode v, the automaton has polyhedral flows at v if for every polytope
σ with mode v, post∞(σ) is a polytope. For a flow to be polyhedral, it must be
polyhedral at every mode.

4.1 Case 1: Motion towards a fixed target

As an example of an origin-dependent rate polytope, consider a robot whose
position on a plane is described by two variables x and y. Suppose σ ⊆ R

2

is a polytope that describes the set of possible current positions of the robot.
Consider the dynamics in which the robot moves directly towards a fixed target
located at (xT , yT ) at fixed speed, say λ. Assume that the initial polytope σ lies
entirely within the invariant x ≤ xT . Then, if the original position of the robot
is (x0, y0), the dynamics is described by the equation

ẋ = (xT − x0) · λ/
√

(xT − x0)2 + (yT − y0)2, ẏ · (xT − x0) = ẋ · (yT − y0)

Observe that for fixed values of the initial position (x0, y0), the above equations
describe a polytope over (ẋ, ẏ). It is also easy to verify that post∞(σ) is a poly-
tope (see Figure 3). It turns out that this flow is also strongly-polyhedral: for
any time δ, the boundary of the possible positions of the robot at time δ is also
a polytope.

The polyhedral nature observed in this example holds for motion towards a
fixed target in arbitrary dimensions, and even if the speed is not fixed. For two
valuations ν and ν ′, let dist(ν, ν ′) denote the Euclidean distance between them.

Theorem 1. Let v be a mode of a hybrid automaton H. Suppose there exists
a target valuation νT such that the flow is a origin-dependent rate polytope de-
scribed by

(νT (x)− ν(x)) · λ1 / dist(ν, νT ) ≤ ẋ ≤ (νT (x)− ν(x)) · λ2 / dist(ν, νT ),

for constants λ1 and λ2, and for all y ∈ X,

ẏ · (νT (x)− ν(x)) = ẋ · (νT (y) − ν(y)).
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Furthermore, inv (v) is a polytope contained in a half-space defined by a hyper-
plane passing through νT . Then, the automaton has strongly-polyhedral flow at
the mode v.

Let us note that it is straightforward to establish that the above flow is
polyhedral: for a given polytope σ, post∞(σ) is simply the convex hull of σ at
the target. The following proof establishes the less obvious fact that the flow is
strongly-polyhedral. The role of the invariant is to ensure that the flow does not
go past the target point.

Proof. Let σ be a polytope with mode v, and let δ be a time increment. We
first make a few simple observations:

If p is a point in post≤δ(σ) then there exists a point ν0 ∈ σ, a constant rate
vector α and a time δ′ ≤ δ such that the point ν0 evolving at rate α for time
δ′ reaches the point p. The rate vector α is pointed towards the target, and has
magnitude between λ1 and λ2. This observation follows from the convexity of
the rate interval.

The evolution of a point is monotone towards the target. In other words, if
δ1 < δ2, the position of any initial point ν at time δ2 is on the ray joining its
position at time δ1 with νT .

Finally, if we consider any ray from νT , its intersection with post≤δ(σ) is an
interval. Again this follows from the convexity of the rate polytope.

With these observations we will prove the theorem by proving that post≤δ(σ)
is convex and has a finite number of vertices.

Lemma 1. post≤δ(σ) is convex.

Proof. Let p and q be arbitrary points in post≤δ(σ). For arbitrary c such that
0 ≤ c ≤ 1 we have to establish that ν = cp + (1 − c)q is in post≤δ(σ) (See
Figure 4). By the previous observations there exist points r, s ∈ σ, rate vectors
α1, α2, and times t1 ≤ t2 ≤ δ (without loss of generality) such that p = r+α1t1
and q = s+ α2t2.

Consider the points p′ = r + α1t2 (if this is outside the invariant region
we choose p′ = νT ) and q′ = s + α2t1. By the fact that the rays from r and
s meet at νT we have that the points p, q, p′, and q′ are co-planar. Consider
the quadrilateral (possibly a triangle) of these four points. The ray from νT to
ν intersects this quadrilateral twice, once on the line segment between p and
q′ and once on the line segment between q and p′. Let a and b be these points
respectively. Let a = dp+(1−d)q′ for some 0 ≤ d ≤ 1. Then the point dr+(1−d)s
evolving at rate dα1 + (1− d)α2 reaches point a at time t1 and point b at time
t2. By the observation that the intersection of a ray from νT with post≤δ(σ) is
an interval, we find that the point ν of interest is in post≤δ(dr + (1− d)s), and
hence in post≤δ(σ).

Lemma 2. The set of vertices of post≤δ(σ) is finite.
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νT

r

s
α1

α2

p

q

q′

p′

dr + (1− d)s

ν
1− d

d a

b

Fig. 4. Proof of convexity of post≤δ(σ) (Lemma 1)

Proof. Consider first a point p ∈ post≤δ(σ) which is in post≤δ(ν) for ν ∈ σ
where ν is not a vertex of σ. We claim that p is not a vertex in post≤δ(σ). Let
δ′ ≤ δ be the time and α be the rate vector such that p = ν + αδ′. Since ν
is not a vertex of σ, there exist a, b ∈ σ and c such that 0 < c < 1 such that
ν = ca + (1 − c)b. Let s, t ∈ post≤δ(σ) be obtained respectively by allowing a
and b to evolve along rate vector α for time δ′. Then p = cs+ (1− c)t proving
that p is not a vertex.

Next consider a point p ∈ post≤δ(ν) where ν is a vertex of σ. Suppose there
is a rate vector α and a time δ′ < δ such that p = ν + δ′α and further suppose
that α is not a vector representing the maximum or minimum speed allowed.
Then it is easy to see again that p is not a vertex and can be expressed as the
convex combination of two points in post≤δ(σ), one obtained by traveling at
greater speed and the other obtained by traveling at lesser speed.

Thus the only potential vertices are those obtained by vertices of σ traveling
at maximum speed for time δ or vertices of σ traveling at minimum speed for
time 0. This is at most twice the number of vertices as in σ and hence finite.

Note that if for a mode v, the rate polytope rate(v, ν) is independent of ν,
then the automaton has polyhedral flows at v. The automaton can be polyhe-
dral at different modes for different reasons, and still, we have polyhedral flows.
However, as the next example shows, if different variables exhibit different types
of evolution at the same mode, then the resulting flows are not polyhedral.

Consider a 3-dimensional automaton with three variables x, y, and z. Suppose
the initial region is the line segment: x = 0, z = 0, 0 ≤ y ≤ 1. The variable z
evolves at the constant rate 1 (independent of the state). The other two variables
evolve together at a fixed speed along the direction towards the fixed target
(1, 0): for the initial state (0, y0, 0), ẋ = 1/

√
1 + y2

0 and ẏ = −y0/
√

1 + y2
0 .

Suppose the invariant is x ≤ 1, and let σ be the successor-region of the initial
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line segment under the specified flow. Verify that, while for a particular value of
z, the corresponding projection of σ onto x and y is a polytope (in fact, a line
segment), however, σ itself is curved.

4.2 Case 2: Separable linear dependence

Now we consider the case when the rate of change of a variable xi depends
linearly only on the initial value of xi. That is, for each variable xi, there exist
constants λi and γi such that origin-dependent rate polytope is specified by
ẋi = xi(0) · λi + γi. Thus, different components evolve independently, and the
flow function at a mode is completely specified by the two vectors Λ and Γ . We
call such an origin-dependent rate function linear and separable.

Does a separable linear rate function guarantee polyhedral flows? The an-
swer is positive only in the two dimensional case. In the general case, there is
additional requirement, namely, that all the components of the vector Λ be the
same. For instance, the 3-dimensional origin-dependent rate polytope described
by ẋ = x0 + 2, ẏ = y0, and ż = z0 − 5, is polyhedral.

We state a technical lemma that allows us to prove the main theorem about
separable linear rate functions.

Lemma 3. Let p and q be points in post∞(σ) such that p arises from point
a ∈ σ at time δ1 and q arises from point b ∈ σ at time δ2 under a separable
linear rate function. Let p′ be the image of a at time δ2 and q′ be the image of
b at time δ1. Then the flow is strongly-polyhedral if and only if for all p, q, the
points p, p′, q and q′ are co-planar.

Theorem 2. Suppose the flow function at a mode v is described by the origin-
dependent separable linear rate function specified by the vectors Λ and Γ . Then,
the automaton has strongly-polyhedral flows at the mode v if either

1. the automaton is of dimension 2, or
2. for all variables xi and xj, λi = λj .

Conversely, if neither of these two conditions are satisfied, there exists a
polytope σ such that post∞(σ) is not polyhedral.

Proof. In the case that the automaton has dimension 2, all points are co-planar,
and by Lemma 3 the resulting flow is polyhedral.

Now consider dimension greater than 2. Let p and q be points in post∞(σ)
and let a and b be initial vectors such that p arises from a at time δ1 and q
arises from b at time δ2. Without loss of generality, let δ1 ≤ δ2. Letting pi denote
the ith component of p and similarly for the other points, we have the following
relations:

pi = ai + (λiai + γi)δ1,
p′i = ai + (λiai + γi)δ2,
qi = bi + (λibi + γi)δ2,
q′i = bi + (λibi + γi)δ1
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These 4 points are co-planar if and only if q − p is linearly dependent on
p′− p and q′− p. In order to take a look at this we calculate the ith components
of these difference vectors.

(p′ − p)i = (λiai + γi)(δ2 − δ1)
(q′ − p)i = (bi − ai) + δ1(λi(bi − ai))
(q − p)i = (bi − ai) + (λibi + γi)δ2 − (λiai + γi)δ1

To prove the partial converse stated we simplify by letting δ1 = 1, δ2 = 2 and
γ = 0. We then get the equations:

(p′ − p)i = λiai,
(q′ − p)i = (bi − ai)(1 + λi),
(q − p)i = (yi − ai) + 2λiyi − λiai

For coplanarity of the original points we must have constants c1 and c2 such
that for all i,

c1λiai + c2(yi − ai)(1 + λi) = (yi − ai) + 2λiyi − λiai
Rewriting, we get

ai(c1λi − c2 − c2λi + λi + 1) = yi(1 + 2λi − c2 − c2λi)

Choosing a1 = y1 6= 0 we find that c1 = 1 and substituting this value for c1 we
get c2 = (1+2λi)

(1+λi)
(assuming λi 6= −1, although this case can also be handled).

It is clear that c2 will work out to be a fixed constant if and only if all the
λi are equal. In other words, if there exist i, j such that λi 6= λj , then the four
points p, q, p′, q′ are not co-planar for some choice of a and b and hence there
exists some segment which includes the points a and b for which post∞ is not
polyhedral.

The forward direction of the theorem, i.e., the proof that if all the λi’s are
equal then the points p, p′, q, q′ are co-planar can be carried out with similar
algebra.

For dimension 3, there is a choice of the vector Λ such that the above theorem
does not hold. In fact, the successor-region of a line segment can be a curved
surface which cannot be expressed as a union of finitely many polyhedra. This
can be understood with an example. Consider the line segment x = y in the
plane z = 0. Suppose the dynamics is given by ẋ = x0, ẏ = 2y0, and ż = 1.
Then, the line traces a curved surface as time progresses (e.g. at time 1, it is the
line y = 3x/2 in the plane z = 1, and at time 2, it is the line y = 5x/3 in the
plane z = 2).

The computation of post∞ when Λ has all identical components is easy.
Suppose σ is described by the the equation AX ≤ B, where A is a constant
matrix, X is the vector of variables, and B is a constant vector. Suppose the
dynamics is given by Ẋ = λX0 + Γ . Then,

post∞(σ) = { Y | ∃δ,X. Y = X + δ(λX + Γ ) ∧ AX ≤ B }
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Eliminating X, we get

post∞(σ) = { Y | ∃δ. A[
Y − δΓ
1 + λδ

] ≤ B }

Hence, post∞(σ) can be written as

∃δ. AY − AδΓ ≤ (1 + λδ)B

This is a linear expression, and the constraints on Y can be found by eliminating
the variable δ. It is easy to modify the above computation to compute post≤δ(σ)
for a fixed δ.

5 Conclusions

We have studied ways to generalize the syntax of linear hybrid automata without
sacrificing the polyhedral property of the resulting flows. The specific general-
izations we look at are motivated by an on-going study aimed at application
of formal modeling and verification to problems in multi-robot coordination. In
particular, we considered origin-dependent rate polytopes in which the dynamics
depends, not only on the control mode, but also on the state upon entry to the
mode. Origin-dependent rate polytopes offer a different way to approximate com-
plex dynamics. We have identified the polyhedral subclass of origin-dependent
rate polytopes. When the flow specified by an origin-dependent rate polytope is
not polyhedral, post∞(σ) can be approximated by the convex-hull of the post∞
of the corner-points of σ. Such an approximation seems appropriate for origin-
dependent rate polytopes for two reasons. First, the post∞ of a corner point is
guaranteed to be polyhedral, and easily computable. Second, the convex-hull of
the post∞ of the corner-points of σ is guaranteed to include post∞(σ), a property
not true of arbitrary dynamics.
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Abstract. In this work we tackle the following problem: given a timed
automaton, and a target set F of configurations, restrict its transition re-
lation in a systematic way so that from every state, the remaining behav-
iors reach F as soon as possible. This consists in extending the controller
synthesis problem for timed automata, solved in [MPS95,AMPS98], to
deal with quantitative properties of behaviors. The problem is formulated
using the notion of a timed game automaton, and an optimal strategy is
constructed as a fixed-point of an operator on the space of value functions
defined on state-clock configurations.

1 Introduction

Most of the research on verification and synthesis of discrete systems is based
on the following approach: the set L of all possible behaviors of the system is
partitioned into Lϕ and L¬ϕ, the former consisting of behaviors satisfying a
certain property ϕ. Verification is the task of checking whether L¬ϕ is empty
while synthesis is the restriction of the transition relation of the system in order
to achieve this fact. A typical example would be the property that all behaviors
of the system eventually reach a subset F of the state-space.

In many situations, however, this all-or-nothing classification of behaviors as
good or bad is too crude, and we would like to distinguish, for example, between
behaviors which reach F within one or million steps. This suggests a richer model
where quantitative performance measures are associated with behaviors based on
length, cumulative cost of states and transitions, probabilities, etc. Verification
is then transformed into finding the worst-case performance measure, while syn-
thesis is rephrased as the search for an optimal controller, minimizing the above
quantity. Timed automata (TA) [AD94] are system models where quantitative
timing constraints are added to discrete transition systems. So far most of the
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work on verification and synthesis for TA concentrated on qualitative all-or-
nothing properties1 and the only (important) role of the timing information was
to constrain the set of possible behaviors. In this work we associate a most nat-
ural performance measure to behaviors of TA, namely the time which elapses
until they reach a certain set F of configurations.

In order to treat the synthesis problem we use our previously-introduced
[MPS95,AMPS98] model of Timed Game Automaton (TGA) which is nothing
but the usual timed automaton of [AD94] where the actions are partitioned into
those of the controller and those of the uncontrolled environment. On this model
various controller synthesis problems for qualitative properties can be formulated
and solved. One example is the eventuality problem: find the set of “winning”
states from which the controller can enforce the TGA into a set F , and compute
the “strategy” for these states. In this work we solve the following quantitative
generalization: find for each state the minimal time in which the controller can
enforce the automaton into F , regardless of uncontrolled events, and construct a
controller which achieves this optimum for each state. Previous techniques could
only tell whether or not this minimal time is finite.

As in [AMPS98] the solution is obtained by a backward fixed-point calcula-
tion on the state-space of the TGA. The main difference is that the iteration
is performed on a function from the TGA state-space into IR which denotes
roughly the min-max of the temporal distance from the state to F (this is simi-
lar to value/policy iterations used in dynamic programming, e.g. [Ber95]). Since
the state-space of a TGA is non-countable, these functions cannot be tabulated,
as is done in shortest-path algorithms on finite graphs. Fortunately we prove that
as in the restricted case of functions from clocks to {0, 1}, all the value functions
encountered in the iteration of our synthesis algorithm belong to a special well-
founded class of functions admitting a simple linear-algebraic representation.
This guarantees the termination of our algorithm.

The rest of the paper is organized as follows: In section 2 we re-introduce
the Timed Game Automaton model. In section 3 we formulate the controller
synthesis problem and describe our synthesis algorithm. In section 4 we prove
that the algorithm is effective and correct (partial correctness and termination).

2 Games on Timed Systems

2.1 The Context

Timed games are extensions of discrete games (or equivalently of plant models
used in the theory of supervisory control for discrete event systems [RW87])
where the players’ actions may take place anywhere on the physical time axis,
subject to certain timing constraints. For such games we take the model of timed

1 To be more precise, quantitative information can be expressed in various real-time
logics, but not in its full richness: one can verify whether all behaviors of a system
reach the target within a given fixed bound, but not determine the minimal constant
for which such a property is true.
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automata [AD94], in which automata are equipped with auxiliary continuous
variables called clocks which grow uniformly when the automaton is in some
state. The clocks interact with the transitions by participating in pre-conditions
(guards) for certain transitions and they are possibly reset when some transitions
are taken.

In this continuous-time setting, a player might choose at a given moment to
wait some time t and then take a transition. In this case, it should consider not
only what the adversary can do after this action but also the possibility that
the latter will not wait for t time, and perform an action at some t′ < t.

For a more elaborate description of the game-theoretic approach to untimed
and timed synthesis, the reader is encouraged to look at the lengthy introductions
of [AMP95,AMPS98] as well as [TLS98].

2.2 Timed Game Automata

Let Q be a finite set of states and let X = IRd+ for some integer d be the
clock space. We denote elements of X as x = (x1, . . . , xd) and use x + t for
x+ (t, t, . . . , t). Elements of Q × X are called configurations. A subset of X is
called a k-zone if it can be obtained as a boolean combination of inequalities of
the form xi ≤ c, xi < c, xi − xj ≤ c, where c ∈ {0, 1, . . . , k}. The set of zones is
denoted by Z(X). A zone Z is right-open if for any x ∈ Z there is a τ > 0 such
that the interval (x,x + τ) is also included in Z. These properties of subsets
of X extend naturally to subsets of Q × X, e.g. we say that P ⊆ Q × X is a
zone if it can be written as finite union of sets of the form {qi} × Pi such that
every Pi is a zone. A function ρ : X → X is a reset function if it sets some of
the coordinates of its argument to 0 and leaves the others intact. The set of all
such functions is denoted by J (X). We assume two finite sets of actions A and
B, a special empty action ε and let Aε = A ∪ {ε} and Bε = B ∪ {ε}. The set
A represents our actions (i.e. possible actions of the controller), while B stands
for uncontrollable actions of the environment. The action ε stands for “wait and
see”.

Definition 1 (Timed Game Automaton).
A Timed game automaton (TGA) is a tuple A = (Z, A, B, TA, TB, δ, ρ) where
Z ⊆ Q×X is a zone, Q and X are the state and clock spaces, A and B are two
distinct action alphabets, TA ⊆ Q×X × Aε and TB ⊆ Q×X × Bε are timing
constraints for the two types of actions, the functions δ : Q×Aε ×Bε → Q and
ρ : Q × Aε × Bε → J (X) indicate which state is reached when performing a
(possibly joint) action and which clocks are reset in that occasion.

Further requirements are the following: for every state q and action a ∈ Aε,
the set TA(q, a) = {x : (q,x, a) ∈ TA} is a k-zone. We assume k to be
fixed throughout the paper — it is the largest constant in the definition of
the TGA. Similar requirements hold for TB . We assume that δ(q, ε, ε) = q and
that ρ(q, ε, ε) is the identity function (if both sides refrain from action nothing
happens). We require that the automaton is strongly non-Zeno, that is, in every
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cycle in the transition graph of the automaton (induced by δ), there is at least
one transition which resets a clock variable xi to zero, and at least one transition
which can be taken only if xi ≥ 1. This is a very important condition as it pre-
vents the controller and the environment to achieve their goals using unrealistic
tricks that stop time.

The last requirement is that the zone TA(q, ε) is right-open for any q. This
means that if player A is allowed to wait in a configuration (q,x), then it can
really wait for a small additional positive amount of time. This requirement is
important for preventing infeasible zero-time idling in A’s strategy

Intuitively, when the automaton is at a configuration (q,x), time can progress
as long as both players agree, that is, (q,x, ε) ∈ TB ∩ TA. As soon as one of
them can take an action, i.e. (q,x, a) ∈ TA for some a ∈ A or (q,x, b) ∈ TB

for some b ∈ B, or both, a transition can be taken. This can be formalized as
follows:

Definition 2 (Steps and Runs). A joint step of a TGA A is (q,x) −→ (q′,x′)
which is either

1. a time step (of duration t):

(q,x) t−→ (q,x+ t)

such that t > 0, and for every t′ < t,
(q,x+ t′, ε) ∈ TA ∩ TB.

2. a discrete step

(q,x)
(a,b)−→ (q′,x′)

such that (a, b) 6= (ε, ε), (q,x, a) ∈ TA, (q,x, b) ∈ TB, q′ = δ(q, a, b), and
x′ = ρ(q, a, b)(x).

A run of a TGA A starting from (q0,x0) is a sequence of joint steps

ξ : (q0,x0) −→ (q1,x1) −→ . . .

Note that (q,x, ε) ∈ TA ∩ TB means that both A and B agree to let time
progress by a positive amount. On the other hand it is possible to reach a state
where ε is not permitted by one or more of the two players: in such a situation
the only thing that can happen is a discrete step.

For ease of notation we introduce the total transition function δ̄ : Q× X ×
Aε ×Bε → Q×X ∪ {>,⊥}. Put

δ̄(q,x, a, b) =


(q,x) when a = b = ε, (q,x, ε) ∈ TA ∩ TB

⊥ when (q,x, a) 6∈ TA

> when (q,x, a) ∈ TA, (q,x, b) 6∈ TB

(δ(q, a, b), ρ(q, a, b)(x)) otherwise.

Notice that the last line corresponds to the “normal” case when (a, b) 6= (ε, ε),
(q,x, a) ∈ TA, and (q,x, b) ∈ TB .
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Clearly, replacing TA by any subset of it, will restrict the range of action
that the player A can chose at certain configurations, and hence decrease the set
of behaviors of the TGA. We formulate various controller synthesis problems as
finding appropriate restrictions of TA, that we call strategies. These strategies
are not necessary deterministic as they might allow A more than one action at
a given configuration.

3 The Problem and the Algorithm

Definition 3 (Brachystochronic Problem). Given a TGA A and a set F ⊂
Q×X find a strategy TA∗ ⊆ TA for player A which allows him or her to reach
the target set F as fast as possible whatever player B does.

The following algorithm is a generalization of the synthesis method for even-
tuality games on timed automata. The algorithm iterates over the value function
which gives an upper estimate of arrival times to the set F . When we have a
value function f : Q×X ∪{>,⊥}→ IR+ ∪{0,∞} at any step of the iteration it
means that we have a controller which allows to reach F from (q,x) in no more
than f(q,x) time. The algorithm for finding the value function has the following
form:

Algorithm 1 (Value Iteration for TGA).

{Initialization}

f0(q,x) =
{

0 when (q,x) ∈ F ∪ {>}
∞ otherwise;

n := 0;
{Iteration}

repeat
n := n + 1;
fn := π(fn−1);

until fn = fn−1;

{Strategy extraction}
f∗ := f(n);
TA∗ = α(f∗).

The operators used in the algorithm are as follows:

π(f) = min{f, πAct(f), πIdle(f)}, (1)

where
πAct(f)(q,x) = min

a∈A
max
b∈Bε

f(δ̄(q,x, a, b)) (2)

and
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πIdle(f)(q,x) = inf
t∈IR+

v(q,x, t) (3)

where

v(q,x, t) = max(sup
τ<t

g(q,x, τ), t + f(q,x+ t)) (4)

and
g(q,x, τ) = max

b∈B
(τ + f(δ̄(q,x+ τ, ε, b))) (5)

Intuitively g(q,x, τ) specifies the worst (largest) f of the configuration in
which the game might be after B has performed an action at τ while A was
idling. Similarly v(q,x, t) is the worst thing that can happen to A after deciding
to idle for t time at (q,x): it includes all the possible outcomes of B’s actions
at τ < t. The best waiting time for A is the t which minimizes v(q,x, t) and
its outcome πIdle is compared with πAct which denotes the best outcome of an
immediate action.

The strategy extraction operator is given by the formula

α(f)(q,x) =


αAct(f)(q,x) when πAct(f)(q,x) < πIdle(f)(q,x)

{ε} when πIdle(f)(q,x) < πAct(f)(q,x)
αAct(f)(q,x) ∪ {ε} when πAct(f)(q,x) = πIdle(f)(q,x) <∞

∅ when πAct(f)(q,x) = πIdle(f)(q,x) =∞

where

αAct(f)(q,x) = {a ∈ TA(q,x)|max
b∈Bε

f(δ̄(q,x, a, b) = πAct(f(q,x))}.

Unfortunately, the subtleties of real-valued time complicate the situation a
bit. The problem is that the strategy extracted by α might violate the right-
openness requirement. This can happen in a situation where player A has to
take a transition the sooner the better but after time t0. This is reflected in the
strategy α(f) as follows: player A has action ε enabled until t0 including t0 and a
“good” discrete transition enabled after t0. But formally speaking, this strategy
is blocking at time t0.

To overcome this problem we introduce non-blocking approximations ας(f)
for small ς > 0, which satisfy the right-openness conditions (but use non-integers
in the guards). As we will show in the next section, taking this strategy for ς
small enough, player A can reach F in time arbitrarily close to f∗(q,x).

The ς-relaxed strategy is obtained from α(f) by enabling the ε action on a
narrow stripe: ας(f) = α(f) ∪ {(q,x, ε) : (q, x) ∈ Sς (f)}, where

Sς(f) = interior{(q,x) : πIdle(f)(q,x) < πAct(f)(q,x) + ς}.
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4 Correctness Proof

4.1 Partial correctness

Our first aim is to prove that if the algorithm converges then it gives the optimal
least-restrictive solution of the problem.

Lemma 1. If player A uses the strategy TAn,ς = ας(fn−1)) from an initial posi-
tion in (q,x) with v = fn(q,x) < ∞, then the TGA reaches the target set F in
no more then v+nς time with no more then n transitions whatever the adversary
does.

Proof. Straightforward induction over n. ut

Let λ > 0 be any given (small) positive number.

Corollary 1. Suppose that algorithm 1 converges in N iterations. Let ς = λ/N
If player A uses the strategy TA∗,ς = ας(f∗) from an initial position (q,x) such
that v = f∗(q,x) < ∞ then the TGA reaches the target set F in no more then
v + λ time whatever the adversary does.

Lemma 2. For every (q,x) and n, player B can prevent the TGA from reaching
F during at least n steps or fn(q,x) − λ time, whatever player A does.

Proof. Straightforward induction over n. ut

Corollary 2. Whatever player A does from an initial position (q,x) player B
can prevent the TGA from reaching the target set F during at least f∗(q,x)− λ
time.

Corollary 3. If from an initial position (q,x) player A makes a transition not
in TA∗ , then the adversary B can prevent the TGA from reaching the target set
F during strictly more than f∗(q,x) time.

These corollaries imply the partial correctness of the algorithm.

Claim. Suppose the algorithm 1 converges. Then

1. The function f∗(q,x) gives the infimal time necessary for A to drive the
TGA from (q,x) to F whatever B does;

2. The strategy TA∗,ς = ας(f∗) guarantees arrival to F in time f∗(q,x) + λ;
3. It is least restrictive: any strategy which guarantees arrival to F in time

f∗(q,x) is a sub-strategy of TA∗ .
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4.2 Simple functions

Now we need to prove two properties of Algorithm 1. The first one is effectiveness:
the algorithm manipulates functions from Q× IRn to IR and we need to find a
finite representation of these functions in order to implement the algorithm.
The second issue is to prove that the algorithm converges. Both effectiveness
and finite convergence follow from the fact that all the functions used in the
algorithm belong to the following class which is closed under the operator π.

Definition 4. A function f : X → IR+∪{0,∞} is referred to as a k-simple one
iff it can be represented as

f(x) =
{

ci when x ∈ Di

dj − xlj when x ∈ Ej

where Di, i = 1, . . . , M and Ej, j = 1, . . . , N are k-zones, Ej ⊆ {x|xlj ≤ k} and
ci, dj ∈ IN ∪ {∞}. A function f : Q×X → IR+ ∪ {0,∞} is k-simple if f(q, ·) is
k-simple for any fixed q ∈ Q

The additional boundedness condition on the Ej’s means that the value of
xlj can influence f only when xlj < k, the largest constant in the definition of
the TGA. Clearly, any k-simple function admits a finite representation as a list
of zones Di and Ej and of constants ci and dj. It is easy to see that equality of
k-simple functions is decidable, and that they satisfy some closure properties:

Lemma 3. If f(x), g(x) are k-simple and ρ(x) a reset function, then max(f, g),
min(f, g) and f(ρ(x)) are k-simple as well. The set {x|f(x) < g(x)} is a k-zone.

Notice that all closure results mentioned in this subsection are effective in
the sense that it is possible to transform algorithmically representations of the
original functions into representations of the resulting functions.

Another property of k-simple functions will be crucial for the proof of con-
vergence of the algorithm.

Lemma 4 (Well-foundedness). Any decreasing sequence of k-simple func-
tions is finite.

4.3 Effectiveness and convergence

The key step in the proof of convergence and effectiveness of Algorithm 1 is
the closure of simple function under the operators used in the algorithm. Let
∆(x, Z) be the largest backward distance from x to a zone Z, i.e. ∆(x, Z) =
sup{t ≥ 0|x+ t ∈ Z}. It is easy to see that ∆ is simple in the first argument.

Lemma 5 (Closure of k-simple functions under π). If f(q,x) is k-simple
and the TGA is k-bounded, then πAct(f), πIdle(f) and π(f) are k-simple. Their
representations can be found effectively.
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Proof. For πAct(f) it follows immediately from lemma 3 and the fact that for
any fixed a, b and q the function δ̄(q, ·, a, b) is a reset function (restricted to a
zone).

The case of πIdle(f) is more difficult. Looking at equations (3), (4), and (5)
one can see that πIdle(f) is obtained by elimination (via inf and sup) of the t
variable from functions whose domain includes state-space and time. For example
g(q,x, τ) of (5) is defined as

g(q,x, τ) = max
b∈B
{τ + f(δ̄(q,x+ τ, ε, b))} = τ + max

b∈B
{δ̄(q,x+ τ, ε, b)}

and from the closure of k−simple function under reset, we can conclude that
g(q,x, t) is of the form t + f ′(q,x+ t) for a k-simple function f ′. This motivates
the definition of the following class of functions:

Definition 5 (Bizones and Nice Functions). A k-bizone is a union of sets
of the form {(x, t)|x ∈ C ∧ x+ t ∈ D} where C and D are k-zones. A function
f : X × IR+ → IR+ ∪ {0,∞} is referred to as k-nice iff it can be represented as

g(x, t) =
{

ci + t when (x, t) ∈ Di

dj − xlj when (x, t) ∈ Ej,

where Di, i = 1, . . . , M and Ej, j = 1, . . . , N are k-bizones, Ej ⊆ {x|xlj ≤ k}
and ci, dj ∈ IN ∪ {∞}.

Sublemma 6 (Properties of k-Nice Functions).

1. If f(x) is k-simple, then t + f(x + t) is k-nice.
2. If g and h are k-nice so are min{g, h} and max{g, h}.
3. If g(x, τ) is k-nice, then h(x, t) = sup

τ<t
g(x, τ) is k-nice.

4. If g(x, t) is k-nice, then inf
t∈IR+

g(x, t) is k-simple.

Proof.

1. Immediate from definitions.
2. Let

g(x, t) =
{

ci + t when (x, t) ∈ Di

di − xli when (x, t) ∈ Ei,

and

h(x, t) =
{

rm + t when (x, t) ∈ Pm
sm − xln when (x, t) ∈ Qm,

and let

u(x, t) = max{g(x, t), h(x, t)} =
{

g(x, t) when g(x, t) > h(x, t)
h(x, t) when g(x, t) ≤ h(x, t),

To obtain a representation for u(x, t) we combine each line of the formula
for g with each line of the formula for h and verify that the following types
of sets, which appear when comparing lines of these formulae, are bizones.
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{(x, t)|r + t ≤ c + t}: In fact it is either IRn+1
+ or ∅, hence a bizone.

{(x, t)|s− xi ≤ c + t}: It can be written as {(x, t)|xi + t ≥ s− c}, which is
a bizone.

{(x, t)|s− xi ≤ d− xi}: It is either IRn+1
+ or ∅, hence a bizone.

{(x, t)|s− xi ≤ d− xj}: It can be written as {(x, t)|xi− xj ≥ s− d}, which
is a bizone.

When intersected with Di ∩ Pm, Di ∩ Qm, Ei ∩ Pm, and Ei ∩ Qm these
sets produce bizones participating in the definition of the function u(x, t).
The boundedness condition is inherited from the bizones Ei and Qm. The
reasoning for min is identical.

3. Let

g(x, τ) =
{

ci + τ when (x, τ) ∈ Di

dj − xlj when (x, τ) ∈ Ej,

and h(x, t) = sup
τ<t

g(x, τ).

Observe that the set [x,x+ t] = {x+ τ |t ∈ [0, t]} intersects finitely many Di

and Ej sets from the definition of g. We associate with them the following
(partial) functions:

uj(x, t) = dj − xlj when [x,x+ t] ∩Ej 6= ∅

vi(x, t) = ci − t when x+ t ∈ Di

wi(x, t) = ci + ∆(x, Di) when [x,x+ t] ∩Di 6= ∅ ∧ x+ t 6∈ Di

All the defining conditions are bizones, the functions are k-nice in x and t
and so is h which is their max.

4. Similar to statement 3.

This concludes the proof of the sublemma. ut

It follows immediately from the sublemma that πIdle(f) is k-simple. The case
of π(f) is immediate from two previous cases and Lemma 3. ut

Corollary 4. Algorithm 1 is effective.

Corollary 5. Algorithm 1 always converges.

Proof. The sequence fn is a decreasing sequence of k-simple functions. By virtue
of Lemma 4 it stabilizes. ut

Together with Claim 4.1, this concludes the correctness proof of the algorithm.

Theorem 1 (Main Result). Algorithm 1 always converges and produces the
least-restrictive optimal strategy for the brachystochronic problem for Timed Au-
tomata.
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5 Example

Consider the 1-clock TGA of figure 1 where the adversary B is trivial and the
target set F is {q4}. From q0 player A can choose between waiting, going to q1

(a losing sink), to q2 (while resetting the clock) or to q3. Intuitively, for smaller
values of x it might be better to do b and go to q2 because A does not lose much
time by resetting the clock and can benefit from the smaller transition guard.
The value function and strategy obtained by our algorithm are depicted below.

q x f TA∗
q4 [0,∞) 0 {ε}
q1 [0,∞) ∞ ∅
q2 [0, 2) 2− x {ε}

[2,∞) 0 {a}
q3 [0, 5) 5− x {ε}

[5,∞) 0 {a}
q0 [0, 3) 2 {b}

[3, 3] 2 {ε, b}
(3, 4) 5− x {ε}
[4, 5] 5− x {ε, c}
(5,∞) 0 {c}

As one can see, q4 is a winning state right from the start while from q1 you can
never reach q4. The clock spaces of q2 and q3 are partitioned into two intervals:
one after the clock values reach their respective guards, where the value of f is
0, and the interval before that, where f measures the time until the satisfaction
of the guards. Finally f(q0, x) is obtained as min{f(q1, x), f(q2, 0), f(q3, x)} and
one can observe that x = 3 is the breakpoint after which it is better to take the
c transition to q3. In the absence of an adversary, not all the complexities of the
algorithm are demonstrated in this example.

a

x ≥ 2

x ≥ 5

a

c

x ≥ 4

b

x := 0

a

q0 q2

q4

q3q1

Fig. 1. A TGA with a trivial adversary. Missing guards and invariants are true.
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6 Concluding Remarks

This work constitutes yet another step in the process of lifting classical results
from automata to timed automata, and the main result can be rephrased as
finding (min-max) shortest paths in non-countable (but well-behaving) graphs.
The algorithm can be easily extended to models where integer costs are associ-
ated with transitions. However, assigning different costs to the passage of time
at different states will transform the model into a more general hybrid system
(such as the ones whose synthesis problem is treated in [W97]), and will probably
make the problem harder, if not undecidable.

From the application point of view, many problems related to digital circuit
design or scheduling problems in manufacturing and telecommunication, can be
formulated as optimal control problems in the framework we have introduced.
We believe that unifying the qualitative “property-based” approach, which is
dominant in verification, with optimization-oriented approaches used elsewhere2

is important for the development of hybrid systems research.
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Abstract. This paper proposes a novel approach to the verification of
hybrid systems based on linear and mixed-integer linear programming.
Models are described using the Mixed Logical Dynamical (MLD) for-
malism introduced in [5]. The proposed technique is demonstrated on a
verification case study for an automotive suspension system.

1 Introduction

Hybrid models describe processes evolving according to dynamics and logic rules.
The adjective “hybrid” stems from the fact that both continuous and discrete
quantities are needed to describe the behaviour of the process at hand. Hy-
brid systems have recently grown in interest not only for being theoretically
challenging, but also for their impact on applications. Although many physical
phenomena are hybrid in nature, the main interest is directed to real-time sys-
tems, where physical processes are controlled by embedded controllers. For this
reason, it is important to have available tools to guarantee that this combina-
tion behaves as desired. Verification algorithms for hybrid systems are aimed at
providing such a certification.

Most of the literature about verification of hybrid systems originates from
the artificial intelligence realm, and solvers rely on symbolic computation. In
this paper, we propose an approach stemming from system science and propose
a solver based on mathematical programming. As an example application, we
report a case study on an automotive suspension system.

2 Mixed Logic Dynamic (MLD) Systems

The mixed logic dynamic (MLD) form has been introduced in [5]. It is a model-
ing framework that allows to describe various classes of systems, like finite state
machines interacting with dynamic systems, piecewise linear systems, systems
with mixed discrete/continuous inputs and states, systems with qualitative out-
puts, and so on. Physical constraints, constraint prioritization, and heuristics

F.W. Vaandrager and J.H. van Schuppen (Eds.): HSCC’99, LNCS 1569, pp. 31–45, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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can also be included in the description of the system. For details, we defer to [5].
Here we only give the general MLD form

x(t+ 1) = Ax(t) + B1w(t) + B2δ(t) + B3z(t) (1a)
y(t) = Cx(t) +D1w(t) +D2δ(t) +D3z(t) (1b)

E2δ(t) + E3z(t) ≤ E1w(t) + E4x(t) + E5 (1c)

where x =
[ xc
x`

]
, is the state of the system, whose components are distinguished

between continuous xc ∈ Rnc and logical x` ∈ {0, 1}n`; y =
[ yc
y`

]
, yc ∈ Rpc

y` ∈ {0, 1}p`, is the output vector collecting quantities of interest, w =
[ wc
w`

]
is a vector of disturbances entering the system, collecting both continuous dis-
turbances wc ∈ Rmc , and binary disturbances w` ∈ {0, 1}m` (e.g. faults [4]);
δ ∈ {0, 1}r` and z ∈ Rrc represent auxiliary logical and continuous variables
respectively. The auxiliary variables are introduced whenever logic propositions
are translated into linear inequalities. The key idea of the approach is in fact to
transform logic statements into mixed-integer linear inequalities. For instance:
“X1 ∧ X2 FALSE” becomes “δ1 + δ2 ≤ 1”, or “if X1 TRUE then Pressure
P1 ≤ P0” becomes “P1 − P0 ≤ M(1 − δ1)”, where M is a large number. All
these constraints are summarized in the inequality (1c). Note that the descrip-
tion (1) is only apparently linear because of the integrality constraints. Also, the
form (1) involves linear discrete-time dynamics. One might formulate a contin-
uous time version by replacing x(t + 1) by ẋ(t) in (1a), or a nonlinear version
by changing the linear equations and inequalities in (1) to more general nonlin-
ear functions. We restrict the dynamics to be linear and discrete-time in order
to obtain computationally tractable schemes. Nevertheless, we believe that this
framework permits the description of a very broad class of systems.

3 Automatic Verification of MLD Systems

Consider a linear discrete-time hybrid system of the form (1). Given a set of ini-
tial states X (0) and a set of disturbances W, consider the following Verification
Problems:

VP1 Verify that ∀w ∈ W and ∀x(0) ∈ X (0) the state x(t) ∈ Xs, where Xs
is an assigned set of safe states

VP2 Find the maximum range for y(t)

max
t≥0,w(t)∈W,x(0)∈X (0)

{Ccxc(t) + C`x`(t) +D1w(t) +D2δ(t) +D3z(t)}
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3.1 A Simple but Numerically Impractical Solution

In principle, problem VP1 can be addressed by solving ∀T ≥ 0 the following
Mixed-Integer Feasibility Test (MIFT)

x(0) ∈ X (0)
x(T ) 6∈ Xs
w(t) ∈ W

x(t+ 1) = Ax(t) +B1w(t) +B2δ(t) +B3z(t)
E2δ(t) + E3z(t) ≤ E1u(t) +E4x(t) +E5

0 ≤ t ≤ T

(2)

and VP2 through the Mixed-Integer Program (MIP)

max
x(0),{w(t),δ(t),z(t)}Tt=0

Cx(T ) +D1w(T ) +D2δ(T ) +D3z(T )

subj. to


x(0) ∈ X (0)
w(t) ∈ W, 0 ≤ t ≤ T

x(t+ 1) = Ax(t) +B1w(t) +B2δ(t) +B3z(t)
E2δ(t) + E3z(t) ≤ E1u(t) +E4x(t) +E5

(3)

Even in the case of polyhedral sets W, Xs, X (0), solving the MIFT (2) and
the Mixed Integer Linear Program (MILP)–(3) for large T becomes prohibitive.
In fact, each problem (2) is NP-complete because of the presence of integer
variables [5], which means that in the worst case the required computation time
grows exponentially with T [12].

3.2 A General Procedure for Verification of MLD Systems

The numerical complexities discussed above are due to the presence of free in-
teger variables in the optimization problems. Note, however, that the binary
variables δ are related to conditions on the continuous states xc. Therefore, a
trajectory of the hybrid system (1) can be partitioned in subtrajectories with
δ(t) ≡ const, and analogously with x`(t) ≡ const. With this idea in mind, we
consider a hypothetic partition of the continuous state space Rnc in subregions
Ci where system (1) evolves with δ(t) ≡ δi, x`(t) ≡ x`i, namely

Ci = {xc ∈ Xc : ∃z ∈ Rrc , w ∈ Rm, such that
E3z ≤ E1w + E4

[
xc
x`i

]
+ E5 − E2δi}

The number of these subregions is at most 2r`+n` , corresponding to all 0,1 com-
binations of each component of vector

[
δ
x`

]
. However, in general the number

of nonempty sets Ci is much smaller, as most combinations will not fulfill the
constraints stemming from translations of logical propositions (for instance, the
logic proposition “[δ1 = 1] ∧ [δ2 = 1] FALSE” becomes δ1 + δ2 ≤ 1, which rules
out the combination (δ1, δ2) = (1, 1)). Without loss of generality, we assume that
the logical components x` of the state are of the form

x`(t) = eJ δ(t)
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Fig. 1. Algorithm for verification.

where eJ = [0, . . . , 0, 1, 0, . . .0] is the J-th row of the r` × r` identity matrix. In
fact, the state transition of logical states derives in general from a logic predicate
involving literals associated with components of δ(t) and x`(t), and the latter
can be expressed again as additional auxiliary variables δ`(t), by simply adding
the constraints δ`(t) ≤ x`(t), −δ`(t) ≥ −x`(t) in (1c).

The main idea underlying the algorithm is sketched in Fig. 1 and can be
summarized as follows. Assume that X (0) ⊆ Ci for some i ∈ {0, . . . , 2r`−1}.
Then, consider the set Xi(t) of all possible evolutions from X (0) driven by w(t) ∈
W and such that δ(t) ≡ δi,

Xi(t) = {x : ∃xc(0) ∈ X (0), {w(k)}tk=0 such that x(k) ∈ Ci, ∀k ≤ t}.

Note that Xi(t) = Reach(t,X (0))
⋂
Ci, where Reach(t,X (0)) denotes the reach

set from X (0). When at a certain time t̄ there exists some state xc(t̄) ∈ Reach(t,
X (0)) such that xc(t̄) 6∈ Ci, say xc(t̄) ∈ Cj (i.e. δ(t̄) = δj 6= δi satisfies the con-
straints in (1) for some w(t̄) ∈ W, z(t̄) ∈ Rrc), then Xj(0) , Reach(t,X (0))

⋂
Cj

is used to start the exploration of a new region with δ(t) ≡ δj . A certain evolution
Xi(t) is considered explored or fathomed at time Ti when Xi(Ti) ⊆ Xi(Ti − 1),
i.e. the set Xi(Ti) has shrunk or is invariant, or is empty (i.e. all trajectories
escape from X (Ti − 1)). It may happen that during the exploration inside Cj at
time t some states x ∈ X ∗ , Reach(t,Xj(0))

⋂
Ci enter again a region Ci where

an exploration has already been performed1. In this case, if X ∗ 6⊆
⋃Ti
t=0Xi(t),

∀t ≤ Ti, a new exploration is performed from X 1
i (0) = X ∗; otherwise no ac-

tion is taken. The procedure stops only when all evolutions X hi (·) have been
explored. Problem VP2 is solved by maximizing Ccxc(t)+D1w(t)+D3z(t) over
X hi (t) × W × Rrc . When the aim is to solve VP1, the procedure stops when
X hi (t)× {eJδi}

⋂
Xu 6= ∅, where Xu is the complementary set of Xs, i.e. the set

1 If the system where in continuous time, then X∗ would be a point or, at most, a
polyhedron of dimension nc − 1.
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of “unsafe” states. This algorithm is formulated in Table 1. Note that there is no
need to investigate a priori all possible regions Ci, corresponding to all possible
combinations of δ. The algorithm will explore only those combinations which are
reachable from the assigned initial state X (0).

Algorithm 1.

0. Push problem P 0
0 = {i = 0, h = 0, δi = 0, Thi = 0, Xhi (0) = X (0) ⊆ C0} on

STACK. Ymax = [−∞, . . . ,−∞]′.
1. While STACK nonempty,

1.1. Pop problem Phi from STACK.

1.2. t← 0.

1.3. If Xhi (0) ⊆
STkj
τ=1 Xkj (τ), for some fathomed problem P kj , go to 1.

1.4. Ymax ← max{Ymax,maxxc∈Xhi (t),w∈W,z∈Rrc Ccxc+C`x`i+D1w+D2δi+D3z}.
1.5. If Xhi (t) × {eJδi}

T
Xu 6= ∅, system is unsafe. Stop.

1.6. t← t + 1.
1.7. For all Cj 6= Ci such that Reach(t,Xhi (0))

T
Cj 6= ∅:

1.7.1. n← max{k : P kj is on STACK}+ 1.
1.7.2. Pnj ← {j, n, δj, Tnj = 0, Xnj (0) = Reach(t,Xhi (0))

T
Cj}.

1.7.3. Push Pnj on STACK.

1.8. Compute Xhi (t).
1.9. If Xhi (t) ⊆ Xhi (t − 1) or Xhi (t) = ∅, fathom Phi and go to 1.

1.10. Go to 1.4.

2. Stop.

Table 1. Basic algorithm for verification of hybrid systems.

As the problem of verification of hybrid systems is undecidable [1,11], there is
no guarantee that Algorithm 1 will terminate. However from a practical point of
view decidability would not be enough, as there is no difference between a non-
terminating procedure and a procedure which runs out of time or memory [2].
Nevertheless, when the proposed algorithm terminates, it provides an answer to
VP1and VP2respectively.

4 Verification of MLD Systems Based on Mathematical
Programming

Below we describe how Algorithm 1 can be implemented using Linear Program-
ming (LP) and Mixed Integer Linear Programming (MILP). We assume that the
set of disturbances W and the set of initial states X (0), as well as the safe set
Xs , {x : K1x ≤ K2}, are polyhedra, and that relations between continuous
and logic variables have the form [δ = 1] ↔ [xc ≤ 0]. The latter assumption,
which is rather general and satisfied in many applications, allows one to search
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for new subregions by simply minimizing and maximizing the components of the
continuous part of the state 2.

Because of the linear form of MLD system (1), the evolution x(t) can be
expressed as

x(t) = Atx0 +
t−1∑
i=0

Ai [B1w(t − 1− i) + B2δ(t− 1− i) + B3z(t− 1− i)] (4)

subject to (1c). Therefore, optimization of linear functions f(x(t), w(t), δ(t), z(t))
results in an MILP if the variables δ(t) are free, or LP if δ(t) are fixed (for instance
by setting δ(t) = δi to enforce x(t) ∈ Ci). The same holds for feasibility problems
of the form x(t) ∈ X , where X is a polyhedron. These considerations allow one
to rewrite Algorithm 1 as follows.

Algorithm 2.

0. Push problem P 0
0 = {i = 0, h = 0, δi = 0, Thi = 0, Xhi (0) = X (0) ⊆ C0} on

STACK. Ymax = [−∞, . . . ,−∞]′.
1. While STACK nonempty,

1.1. Pop problem Phi from STACK.

1.2. t← 0,

Mj(0)← max
x∈Xhi (0)

� x(t)
−x(t)

�

1.3. For all fathomed problems P ki :
1.3.1. For τ = 0, . . . , Tki
1.3.1.1. For v ∈ {v1, . . . , vn}=vertices of Xhi (0) solve the feasibility

problem

8>>>>>><
>>>>>>:

xc(τ) = v
(4)+(1c), t = 0, . . . , τ
w(t) ∈W
δ(t) = δi
x`(0) = x`i
xc(0) ∈ Xki (0)

1.3.1.2. If feasible ∀v, fathom Phi and go to 1.
1.4. Solve

Ȳ ←

8>>>>>><
>>>>>>:

max{w(k),z(k)}tk=0,xc(0) Ccxc(t) +D1w(t) +D3z(t) + [D2δi +C`x`i]

subj. to

8>>>><
>>>>:

(4)+(1c), k = 0, . . . , t
w(k) ∈W, k = 0, . . . , t

xc(0) ∈ Xhi (0)
x`(0) = x`i
δ(k) = δi, k = 0, . . . , t

and set Ymax ← max{Ymax, Ȳ }
2 The algorithm can be extended for [δ = 1] ↔ [Cxc ≤ 0] by minimizing/maximizing
C[j]x, where C[j] denotes the j-th row of C. Equivalently, the algorithm described
below can be used by defining new state components xaug = Cxc.
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1.5. Solve the feasibility problem defined by the constraints in 1.4.

and K
[j]
1 x(t) ≥ K [j]

2 , j = 1, . . . , number of rows of K1. If any is

feasible, system is unsafe. Stop.

1.6. t← t + 1
1.7. For j = 1, . . . , nc:
1.7.1. Solve

Mj(t)←

8>>>>>>>><
>>>>>>>>:

max{w(k),z(k)}tk=0,xc(0),δ(t)}
� x(t)
−x(t)

�

subj. to

8>>>>>><
>>>>>>:

(4)+(1c), k = 0, . . . , t
w(k) ∈W, k = 0, . . . , t
δ(k) = δi, k = 0, . . . , t − 1
δ(t) ∈ {0, 1}r`
xc(0) ∈ Xhi (0)
x`(0) = x`i

1.7.2. For each optimization in 1.7.1., if δ(t) = δj 6= δi,
1.7.2.1. n← max{k : P kj is on STACK}+ 1.
1.7.2.2. If Xnj (0) 6⊆ Xkj (0), ∀Pj(k) on STACK, push Pnj = {j, n, δj,

Tnj = 0, Xnj (0) ⊆ Cj} on STACK

1.7.2.3. Recompute 1.7.1. with the additional constraint δ(t) = δi
1.8. If Mj(t) ≤Mj(t− 1) or the problems in 1.7.1. or 1.7.2.3. are

infeasible, fathom Phi and go to 1.1.

1.9. Goto 1.4.

2. Stop.

At step (1.7.2.2.), one must define the new set X nj (0). According to Algorithm 1,
one should define X nj (0) = Reach(t,X hi (0))

⋂
Cj , where the reach set at time t

Reach(t,X hi (0)) is implicitly defined by Eqs. (4)+(1c). This definition of X nj (0),
although exact, has the disadvantage that the number of constraints defining
X nj (0) might keep growing during the execution of Algorithm 2. In this paper
we propose two alternatives, leading to inner and outer approximations of X nj (0)
respectively. The inner approximationX nj (0) = {xc(t)} (xc(t) corresponds to the
point marked as ’?’ in Fig. 1). The second consists of approximating X nj (0) with
a hyper-rectangle (dashed rectangle in Fig. 1), which is computed by covering the
points obtained as in step (1.7.2.3.) by letting δ(t) = δj . Other approximations
are possible, and will be investigated in the future. For instance, a better inner
approximation consists of taking the convex hull of these points. Ellipsoidal ap-
proximations seem to be not appropriate, as they would result in quadratic con-
straints in the optimization problems. Parallelotopic or higher order polyhedra
can be better approximations. Another technique can consist in approximating
recursively the reach sets during the exploration, so that Reach(t,X (0)) always
has a number of faces which is less than a specified limit. Finally, inner and
outer approximations can be run in parallel, by increasing their complexity until
lower and upper bounds to the verification problem converge within a desired
threshold. These ideas will be investigated in future research.

At step (1.3.1.1.) the algorithm checks the stronger condition X hi (0) ⊆ X ki (t)

for some t ≤ T ki , instead of X hi (0) ⊆
⋃Tki
i=0X ki (t). Because of convexity of the

sets X ki (t), the first condition is easier to test, as only inclusion of the vertices
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Escape
Valve

Valve

Compressor

Fig. 2. Suspension system.

of X hi (0) must be checked. Note that although the results of the verification
algorithm are not affected, the number of explored regions might increase.

4.1 Complexity of Algorithm 2

The optimization problems have the following complexity: (1.2) solves 2nc LPs;
(1.3.1.1.) one feasibility problem over linear constraints (LP); (1.4.) pc LPs;
(1.5.)m feasibility tests over linear constraints (LP), wherem=number of rows in
matrixK1, i.e. number of inequalities defining the safe set Xs; (1.7.1.) 2nc MILPs
with r` integer variables; (1.7.2.2) depends on the complexity of the sets X kj (0),
for instance requires very little computation when X kj (0) are hyper-rectangles;
(1.7.2.3.) ≤ 2nc LPs. Note that compared to the simple approach described in
Sect 3.1 where the number of integer variables involved in the optimization grows
with time, in each optimization at step (1.7.1.) the number of integer variables
remains equal to r`.

Although the number of continuous variables adds only minor computational
complexity when compared to the number of integers, Algorithm 2 solves linear
problems with a number of variables proportional to T ki . Our experience is that
the problems are usually fathomed after a small number of time steps, i.e. T ki
do not increase much. However, one might get large T ki when fast sampling is
applied to slow dynamics, for instance, because of the presence of different time
constants in the systems.

5 Verification of an Automotive Electronic Height
Control System

In this section we describe an application of Algorithm 2 to the case study
proposed first in [13], and reconsidered in [7] and [8]. The aim is to verify that
an automotive control system satisfies certain driving comfort requirements.
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5.1 Description of the System

The chassis level of the car is controlled by a pneumatic suspension system. The
level is raised by pumping air into the system, and lowered by opening an escape
valve. The configuration can be seen in Fig. 2. For the sake of simplicity, as
in [13,7], we consider an abstract model including only one wheel. The suspen-
sion system is commanded by a logic controller, whose behavior is represented in
Fig. 3. In short, the controller switches the compressor on when the level of the
chassis is below a certain outer tolerance OTl, off when it reaches again an inner
tolerance ITl, while it opens the valve when the level is above OTh, and closes
it again when the level decreases below ITh. Because of high-frequency distur-
bances due to irregularities of the surface of the road, the controller switches
based on a filtered version f(t) = 1

1+ash(t) of the measured level h of the chas-
sis. The filter is reset to f = 0 each time f returns within the inner range [ITl,
ITh]. The compressor can lift the chassis at a rate cp(t) ∈ [cpmin cpmax], and
the escape valve can lower it at a rate ev(t) ∈ [evmin evmax]. These parameters
are reported in Table 2. We model this uncertainty as unmeasured disturbances,
by letting cp(t) = cp + ∆cp(t), ev(t) = ev + ∆ev(t), where cp = cpmax+cpmin

2 ,
ev = evmax+evmin

2 , and ∆cp(t), ∆ev(t) range within [ cpmin−cpmax
2 , cpmax−cpmin

2 ] and
[ evmin−evmax

2 , evmax−evmin
2 ] respectively.

Symbol OTh OTl ITh ITl 1/a Ts cpmin cpmax evmin evmax dmin dmax fsp
Value 20 -40 16 -6 2 1 1 2 -2 -1 -1 1 0

Unit mm mm mm mm s s mm s−1 mm s−1 mm s−1 mm s−1 mm s−1 mm s−1 mm

Table 2. Model parameters

6 Modeling the Automotive Hybrid System in MLD
Form

The Electronic Height Controller is represented by the automaton depicted in
Fig. 3. We introduce auxiliary binary variables in order to translate the automa-
ton into the MLD form (1). We will use a shortened notation by writing δ instead
of [δ = 1], and δ̄ instead of [δ = 0]. Define

δ1 ↔ [f(t) ≤ ITh] , δ2 ↔ [f(t) ≤ ITl]
δ3 ↔ [f(t) ≥ OTh] , δ4 ↔ [f(t) ≤ OTl]

As OTl<ITl<ITh<OTH, it is easy to see that

δ̄1 → δ1, δ2; δ2 → δ1, δ̄3; δ3 → δ̄3
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Fig. 3. Hybrid automaton for the controller.

The three states of the automaton in Fig. 3 are represented by a two-dimensional
logic state

x` =


[

0
0

]
if compressor OFF, valve CLOSED[

0
1

]
if compressor ON, valve CLOSED[

1
0

]
if compressor OFF, valve OPEN

(5)

By using Karnough map techniques, (5) can be rewritten as

x`1(t+ 1) = x̄`1(t)δ3(t) + x`1(t)δ̄1(t) (6)
x`2(t+ 1) = x`2(t)δ2(t) + x̄`1(t)δ̄4(t) (7)

(note that typically (6)–(7) are available from the team which designed the
logic controller). By defining δ5 = x̄`1δ3, δ6 = x`1δ̄1, δ7 = x`2δ2, δ8 = x̄`2δ̄4,
δ9 = δ5 ∨ δ6, δ10 = δ7 ∨ δ8, Eqs. (6)–(7) are equivalent to x`1(t + 1) = δ9(t),
x`2(t + 1) = δ10(t). As the state

[
1
1

]
does not exist, the additional constraints

x`1 + x`2 ≤ 1, δ9 + δ10 ≤ 1 are included3.
The input u(t) of the system is redefined as

u(t) =

 cp+∆cp(t) if x`(t) =
[

0
1

]
ev +∆ev(t) if x`(t) =

[
1
0

]
0 if x`(t) =

[
0
0

] (8)

By letting δ11 = x̄`1x`2, δ12 = x`1x̄`2, with δ11 + δ12 ≤ 1, and z1 = cp δ11,
z2 = ev δ12, one gets u(t) = z1(t) + z2(t). The continuous dynamics of the car
3 Contrary to optimization over continuous variables, in mixed-integer programming

constraints involving integer variables can help the solver significantly.
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and the filter are sampled by exact discretization (by introduction of zero-order
holders), namely

f(t + 1) = e−aTsf(t) + (1 − e−aTs)h(t) (9)
h(t + 1) = h(t) + Ts[d(t) + u(t)] (10)

As the filter is reset to a set point value fsp during the transitions
[

0
1

]
→
[

0
0

]
and

[
1
0

]
→
[

0
0

]
, i.e.[

[x`(t)=
[

1
0

]
∧ x`(t+ 1)=

[
0
0

]
] ∨ [x`(t)=

[
1
0

]
∧ x`(t + 1)=

[
0
0

]
]
]
→ [f(t)=fsp ]

we introduce the variables δ13 = (δ̄9δ̄10δ14), where δ14 = x`1∨x`2, and modify (9)
in the form

f(t) = z3(t), z3(t) = [e−aTsf(t) + (1− e−aTs)h(t)]δ13(t) + fsp[1− δ13(t)]

In summary, the system has xc = [f, h]′, x` = [x`1, x`2]′, w = [∆cp,∆ev, d]′,
δ = [δ1, . . . , δ14]′, and z = [z1, z2, z3]′.

Matrix A B1 B2 B3 E1 E2 E3 E4 E5
Sparsity (%) 93.75 92.67 96.43 75.00 97.74 89.46 93.22 85.59 47.45

Table 3. Sparsity of MLD matrices

6.1 MLD Translation & HYSDEL List

The system described above is translated into the MLD form (1) by using the
language HYSDEL (HYbrid System DEscription Language) currently developed
at the Automatic Control Lab, ETH Zürich. The description of the system in
HYSDEL is reported in Table 4. The HYSDEL compiler automatically generates
the matrices of the system. The sparsity is reported in Table 3. The number of
constraints in (1c) is 59.

6.2 Numerical Results

Algorithm 2 has been implemented in Matlab using rectangular approximations
of new regions to explore, and provides a maximum range −44.54149 ≤ h(t) ≤
25.00000. The rectangular approximationsX hi (0) in the (f, h) plane are shown in
Fig. 4. The algorithm uses interpreted m-code and terminates in 761 s on a PC
Pentium II 300 MHz with 96 Mb RAM. In [7], where this verification problem
is solved analytically, the authors report the exact range −43 ≤ h(t) ≤ 23.
In [13], the authors use HyTech [2] for symbolic verification, and obtain the
range −47 ≤ h(t) ≤ 27. These bounds are slightly conservative because, in order
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% Description of variables and constants

state f,h,xl1,xl2;
input d,dc,dev;

const OTh, OTl, ITh, ITl;

const M1,M2,M3,M4,m1,m2,m3,m4;
const e;
const Ts,cbar,evbar,eats,cmax,cmin,evmax,evmin;

% Variable types

real f,h,z1,z2,z3,d,dc,dev;
logic d1,d2,d3,d4,d5,d6,d7,d8,d9,d10,d11,d12,d13,d14;

% Relations

d1 = {f-ITh <= 0, M1, m1, e};
d2 = {f-ITl <= 0, M2, m2, e};

d3 = {f-OTh >= 0, M3, m3, e};
d4 = {f-OTl >= 0, M4, m4, e};

d5 = ~xl1 & d3; % Should be accepted also: d5=(1-xl1)&d3, d5=(1-xl1)*d3
d6 = xl1 & ~d1;

d7 = xl2 & d2;
d8 = ~xl2 & ~d4;
d9 = d5 | d6;
d10 = d7 | d8;
d11 = ~xl1 & xl2;

d12 = xl1 & ~xl2;
d13 = ~(~d9 & ~d10 & d14);
d14 = xl1 | xl2;

z1 = d11 * (cbar + dc) {cmax,cmin,e};
z2 = d12 * (evbar + dev) {evmax,evmin,e};
z3 = (eats * f + (1 - eats) * h)*d13 {10*OTh,10*OTl,e};

% Other constraints

must xl1 + xl2 <= 1;
must ~(d9 & d10);
must ~(d11 & d12);

% Update

update f = z3;
update h = h + Ts * (d + z1 + z2);
update xl1 = d9;

update xl2 = d10;

Table 4. HYSDEL description of the automotive active leveler.
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Fig. 4. Evolution of Algorithm 2 in the (f, h) plane using rectangular approximations

of the new regions. The vertical thick lines represent the guard lines, where the logic

conditions switch.

to fit the model used in HyTech, the dynamics is described as k1 ≤ ẋ ≤ k2.
The authors report a computation time of 62 m on a Sun SparcStation 20 with
128 Mb RAM. In [8], the author reports computation times up to one day.

Although some conservativeness arises from the rectangular approximations,
the algorithm presented in this paper provides a larger range mainly because of
the discrete-time filter dynamics. In fact, one can easily check that the sequence
of disturbances d(t) ≡ 1, ∆cp(t) ≡ 0, ∆ev(t) ≡ 0 leads the initial state f(0) = 0,
h(0) = 14.76537 to h(16) = 24.76537 (as f(8) = 19.99999, the transition from
the logic state (0, 0) to (1, 0) happens between t = 9 and t = 10. See Fig. 5(a)).
Note that by using a point-wise inner approximation, one gets h(t) ≤ 24.35318.
Concerning the lower bound, by applying d(t) ≡ −1, ∆cp(t) ≡ 0, ∆ev(t) ≡
0 from the initial state f(0) = 0, h(0) = −5.54149, one reaches exactly the
computed lower bound h(39) = −44.54149 (in fact for f(37) = −39.99999, the
transition from the logic state (0, 0) to (0, 1) happens between t = 38 and t = 39.
See Fig. 5(b)).

These different approaches to the solution of the verification problem have
their benefits and disadvantages. The method proposed in [2] uses symbolic
computation, can handle a wide class of verification problems, but requires ap-
proximation of the dynamics and is computationally expensive. In [8], there is
no approximation of the dynamics, but the author uses parallelotopic approx-



44 Alberto Bemporad and Manfred Morari

(a) d(t) ≡ 1. (b) d(t) ≡ −1

Fig. 5. Worst-case simulation with step disturbances d(t) (thin line: f(t); thick line:

h(t)).

imations of the reach sets in order to compute the solution of the verification
problem. The approach suggested in [7] is exact, but seems to be tailored to
the particular example. The algorithm proposed in this paper promises to be
computationally affordable, can handle a wider class of hybrid models, and al-
lows the solution of verification problems that can be recast in an optimization
framework.

7 Conclusions

In this paper we have presented a novel approach to the verification of hybrid
systems. It is based on linear/mixed-integer linear optimization and relies on the
modeling formalism introduced in [5]. Computational feasibility of the approach
has been shown in a non-trivial case study. Future research will be devoted to
examine different inner/outer approximation techniques, iterative approximation
of the reach sets, and improving the efficiency of the computer codes used to test
the proposed algorithms.
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Abstract. In this paper we investigate orthogonal polyhedra, i.e. poly-
hedra which are finite unions of full-dimensional hyper-rectangles. We
define representation schemes for these polyhedra based on their ver-
tices, and show that these compact representation schemes are canonical
for all (convex and non-convex) polyhedra in any dimension. We then
develop efficient algorithms for membership, face-detection and Boolean
operations for these representations.

1 Introduction and Motivation

Traditionally, most of the applications of computational geometry are concerned
with low-dimensional spaces, motivated mainly by problems in graphics, vision
and robotics. On the other hand, the analysis of dynamical systems is often done
in state-spaces of higher dimension. Since geometry plays an important role in
the analysis of such dynamical systems, one would expect that computational
geometry will be used extensively in computer-aided design tools for control
systems. Although applied mathematicians write algorithms that operate in such
spaces (optimization, ODEs, PDEs) the point of view and the concerns are
sometimes different from those of mainstream computational geometry. The only
notable exception is the treatment of convex polyhedra in linear programming
where the points of view of applied mathematics and computational geometry
coincide.

Recently, attempts have been made to re-approach computer science and
control theory in order to build a theory of hybrid systems. These are dynamical
systems, defined over both discrete and continuous state variables, intended to
model the interaction of computerized controllers with their physical environ-
ments (see [AKNS95,M97,HS98] for a representative sample) and to extend the
scope of program verification techniques toward continuous systems. One fun-
damental problem in this domain is the following: Given a dynamical system
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defined by ẋ = f(x), where x takes its values in the state-space IRd, and given
P � IRd, calculate (or approximate) the set of points in the state-space reached
by trajectories (solutions) starting in P . In [DM98] a method called face lifting
was proposed, based on previous work of [KM91] [G96]. It consists of restricting
P to the class of polyhedra, and iteratively “lifting” the faces of the polyhedra
outward according the the maximal value of the normal component of f along
the face (see [DM98] for a detailed description and Fig. 1 for an illustration).

PP

Fig. 1. A dynamical system and trajectories starting at a set P (left) and an
approximation of the reachable states by polyhedra (right).

The main computational-geometric burden associated with this approach is
related to the representation of intermediate polyhedra (non-convex in general),
identifying their faces, decomposing them into convex subsets, and perform-
ing face lifting as well as other set-theoretic operations. Due to the compli-
cated structure of high-dimensional non-convex polyhedra, the approach taken
in [DM98] consists in restricting the class of subsets to contain only orthogonal
(axis-parallel, isothetic) polyhedra which can be written as finite unions of full-
dimensional hyper-rectangles. A special case of these polyhedra are what was
called in [DM98] griddy polyhedra, which are generated from unit hypercubes
with integer-valued vertices. Since arbitrary orthogonal polyhedra can be ob-
tained from griddy ones by appropriate stretching and translation, we restrict
our attention to the latter, and use the term orthogonal in order not to introduce
additional terminology.

The main contribution of the paper is the definition of several canonical
representation schemes for non-convex orthogonal polyhedra in any dimension.
All these schemes are vertex-based and their sizes range between O(nd) and
O(n2d) where n is the number of vertices and d is the dimension. Based on
these representations we develop relatively-efficient algorithms for membership,
face detection, and Boolean operations on arbitrary orthogonal polyhedra of
any dimension. The generalization of these results to more general classes of
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polyhedra, in particular to timed polyhedra used in the verification of timed
automata will be reported elsewhere.

Beyond the original motivation coming from computer-aided control system
design, we believe that orthogonal polyhedra and subsets of the integer grid are
fundamental objects whose computational aspects deserve a thorough investiga-
tion.

The rest of the paper is organized as follows: in section 2 we define orthogonal
polyhedra and their representation schemes. Section 3 is devoted to algorithms
for deciding membership of a point in a polyhedron. In section 4 we discuss face
detection and Boolean operations. Finally, in section 5 we mention some future
research directions.

2 Orthogonal Polyhedra and Their Representation

We assume that all our polyhedra live inside a bounded subset X = [0; m]d � IRd

(in fact, the results will hold also for X = IRd
+). We denote elements of X as

x = (x1: : : : ; xd) and the zero and unit vector by 0 and 1. A d-dimensional grid
is a product of d subsets of IN. In particular, the elementary grid associated
with X is G = f0; 1 : : : ; m− 1gd � INd. For every point x 2 X, bxc is the grid
point corresponding to the integer part of the components of x. The grid admits
a natural partial order with (m − 1; : : : ; m − 1) on the top and 0 as bottom.
The set of subsets of the elementary grid forms a Boolean algebra (2G;\;[;�)
under the set-theoretic operations.

Definition 1 (Orthogonal Polyhedra). Let x = (x1; : : : ; xd) be a grid point.
The elementary box associated with x is a closed subset of X of the form B(x) =
[x1; x1+1]� [x2; x2+1]� : : : [xd; xd+1]. The point x is called the leftmost corner
of B(x). The set of boxes is denoted by B. An orthogonal polyhedron P is a union
of elementary boxes, i.e. an element of 2B.

One can see that 2B is closed1 under the following operations:

A tB = A [B

A uB = cl(int(A) \ int(B))

:A = cl(� A)

(where cl and int are the topological closure and interior operations2) and that
the bijection B between G and B which associates every box with its leftmost
corner generates an isomorphism between (2G;\;[;�) and (2B;u;t;:). In the
sequel we will switch between point-based and box-based terminology according
to what serves better the intuition.
1 It is not closed under usual complementation and intersection.
2 See [Bro83] for definitions.
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Definition 2 (Color Function). Let P be an orthogonal polyhedron. The color
function c : X ! f0; 1g is defined as follows: If x is a grid point than c(x) = 1
iff B(x) � P ; otherwise, c(x) = c(bxc).

We say that a grid point x is black (resp. white) and that B(x) is full (resp.
empty) when c(x) = 1 (resp. 0). Note that c almost coincides with the charac-
teristic function of P as a subset of X. It differs from it only on right-boundary
points (see figure 2).

P

Fig. 2. An orthogonal polyhedron and a sample of the values of the color func-
tion it induces.

Definition 3 (Facets and Vertices). In the following we consider z to be an
integer in [0; m), x = (x1; : : : ; xd) and a polyhedron P with a color function c.
– The i-predecessor of a point x is xi− = (x1; : : : ; xi−1; : : : ; xd). We use xij−

as a shorthand for (xi−)j−.
– An i-hyperplane is a (d− 1)-dimensional subset Hi;z of X consisting of all

points satisfying xi = z.
– An i-facet of P is Fi;z(P ) = clfx 2 Hi;z : c(x) 6= c(xi−)g: We say that

elements of Fi;z(P ) are i-traversed.3 Note that a facet is an orthogonal poly-
hedron in IRd−1 rather than in IRd.

– A vertex is a (non-empty) intersection of d distinct facets. The set of vertices
of P is denoted by V (P ).

– An i-vertex-predecessor of x is a vertex of the form (x1; : : : ; xi−1; z; : : : ; xd),
z � xi. The first i-vertex-predecessor of x, denoted by xi , is the one with
the maximal z.

When x has no i-predecessor (resp. i-vertex-predecessor) we write xi− = ? (resp.
xi = ?).
3 A facet can be decomposed into two parts according to the orientation, that is,
Fi,z = F+

i,z ∪F−i,z where F+
i,z = Fi,z ∩ {x : c(x) = 0} and F−i,z = Fi,z ∩ {x : c(x) = 1}.

We call any such F+ or F− an oriented facet.
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One can check that these definitions capture the intuitive meaning of a facet
and a vertex and, in particular, that the boundary of an orthogonal polyhedron
is the union of its facets. Another useful concept is that of neighborhood:

Definition 4 (Neighborhood). The neighborhood of a grid point x is the set

N (x) = fx1 − 1; x1g � : : :� : : :fxd − 1; xdg

(the vertices of a box lying between x − 1 and x). For every i, N (x) can be
partitioned into left and right i-neighborhoods

N i−(x) = fx1 − 1; x1g � : : :� fxi − 1g � : : :� fxd − 1; xdg

and
N i(x) = fx1 − 1; x1g � : : :� fxig � : : :� fxd − 1; xdg

A representation scheme for 2B (or 2G) is a set E of syntactic objects such
that there is a surjective function  from E to 2B (i.e. every syntactic ob-
ject represents at most one polyhedron and every polyhedron has at least one
corresponding object). If  is also an injection we say that the representation
scheme is canonical (every polyhedron has a unique representation). There are
two obvious representation schemes for orthogonal polyhedra. One is the trivial
explicit representation consisting of an enumeration of the values of c on every
grid point, i.e. a d-dimensional zero-one array with md entries. The other is the
Boolean representation based on all the formulae generated from inequalities of
the form xi � z via Boolean operations. Clearly this is a representation but not
a canonical one even if we restrict formulae to be in disjunctive normal form (a
union of hyper-rectangles).

The vertex representation, around which this paper is built, consists of the
set f(x; c(x)) : x is a vertexg, namely the vertices of P along with their color.
One of the main results of the paper is that this is indeed a representation
scheme for 2B (canonicity is evident). Note that the set of vertices alone is not
a representation due to ambiguity (see Fig. 3). Also notice that not every set of
points and colors is a valid representation of a polyhedron.

We will also use the neighborhood representation in which additional infor-
mation is attached to each vertex, namely the color of all the 2d points in its
neighborhood. Transforming a vertex representation into this one (whose size
is O(n2d)) can be performed as a pre-processing stage. Finally we extend the
extreme vertex representation, which was proposed independently by Aguilera
and Ayala in [AA97,AA98] for 3-dimensional orthogonal polyhedra, and show
that it is a representation for any dimension.

3 Deciding Membership

In this section we show that all the abovementioned representation schemes are
valid by providing decision procedures for the membership problem: Given a
representation of a polyhedron P and a grid point x, determine c(x), that is,
whether B(x) � P .
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Fig. 3. Two orthogonal polyhedra and their corresponding vertex representa-
tions. Note that they have the same set of vertices and only the color of one of
the vertices distinguishes one from the other.

3.1 Vertex Representation

Observation 1 (Vertex Rules).
1) A point x is on an i-facet iff

9x0 2 N i(x) s:t: c(x0i−) 6= c(x0) (1)

2) A point x is a vertex iff

8 i 2 f1; : : : ; dg9x0 2 N i(x) s:t: c(x0i−) 6= c(x0) (2)

3) A point x is not a vertex iff

9 i 2 f1; : : : ; dg8x0 2 N i(x) c(x0i−) = c(x0) (3)

Example: Take d = 2 and x = (x1; x2). Then:
x is on a 1-facet iff c(x1 − 1; x2 − 1) 6= c(x1; x2 − 1) _ c(x1 − 1; x2) 6= c(x1; x2).
It is on a 2-facet iff c(x1 − 1; x2 − 1) 6= c(x1 − 1; x2) _ c(x1; x2 − 1) 6= c(x1; x2).
It is a vertex if both of the above hold and a non-vertex if
c(x1 − 1; x2− 1) = c(x1; x2 − 1) ^ c(x1 − 1; x2) = c(x1; x2) _
c(x1 − 1; x2− 1) = c(x1 − 1; x2) ^ c(x1; x2 − 1) = c(x1; x2).
This is illustrated in Fig. 4.

Lemma 1 (Color of a Non-Vertex). Let x be a non-vertex and let j be a
direction such that for every x0 2 N j(x) − fxg, c(x0) = c(x0j−). Then c(x) =
c(xj−).

Proof. Since x is not a vertex there exists i such that for every x0 2 N i(x)
c(x0) = c(x0i−). If j = i we are done and c(x) = c(xi−). Otherwise, we know
that not being on an i-facet implies, in particular, c(xij−) = c(xj−). In the j-
direction we have c(xij−) = c(xi−) and using c(xi−) = c(x) and the transitivity
of equality we get c(x) = c(xj−) (see Fig. 5). ut

Consequently we can calculate the color of a non-vertex x based on the color of
all points in N (x)− fxg: just find some j satisfying the conditions of Lemma 1
and let c(x) = c(xj−). This gives immediately a decision procedure for the
membership problem:
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c(x1 ; x2 − 1) = c(x1; x2)^
c(x1 − 1; x2 − 1) = c(x1; x2 − 1)

c(x1; x2 − 1) 6= c(x1; x2)

1

3

c(x1 − 1; x2 − 1) 6= c(x1; x2 − 1)

c(x1; x2 − 1) 6= c(x1 ; x2)^
c(x1 − 1; x2 − 1) 6= c(x1 ; x2 − 1)

2

4

x x

xx

Fig. 4. Some examples of the vertex and facet conditions for a point x =
(x1; x2): 1) x is not on a 1-facet. 2) and 3) x is on a 1-facet (for different
reasons). In these cases it is also on a 2-facet and hence a vertex. 4) The point
is on 1-facet but not on a 2-facet

xi−

xj−xij−

xk−

xjk−xijk−

xik−

x

Fig. 5. An illustration of the proof of Lemma 1: horizontal lines indicate equali-
ties in the i direction and dashed lines equalities in the j direction. The equality
between c(x) and c(xj−) is derived.
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Theorem 1 (Membership for Vertex Representation). The membership
problem for vertex representation can be solved in time O(ndd2d) using space
O(nd).

Proof. We start at x and call recursively the membership procedure of all the
2d − 1 point in N (x) − fxg. Termination is guaranteed because we go down in
the partial-order on 2G and either encounter vertices or reach the origin. We
can avoid duplicate calls to the same point by memorizing the visited points and
thus visit every point in the grid at most once. This gives an O(Nd2d) algorithm
where N is the size of the grid.

This algorithm is not very efficient because in the worst-case one has to
calculate the color of all the grid points between 0 and x. We can improve it using
the notion of an induced grid: let the i-scale of P be the set of the i-coordinates
of the vertices of P and let the induced grid be the Cartesian product of its
i-scales (see Fig. 6). One can see that the induced grid is the smallest (coarsest)
grid containing all the vertices, that every rectangle in this grid has a uniform
color and that the size of the grid is O(nd). Hence, calculating the color of a
point reduces to finding its closest “dominating” point on the induced grid and
applying the algorithm to that grid in O(ndd2d) time. ut

x

x0

Fig. 6. A polygon, its induced grid, and a point x dominated by x0.

Corollary 1 (Main Result). The vertex representation is a canonical repre-
sentation for orthogonal polyhedra.

3.2 Neighborhood Representation

By fixing d we now suggest an O(n logn) membership algorithm for the neigh-
borhood representation, based on successive projections of P into polyhedra of
a smaller dimension.

Definition 5 (i-Slice and i-Section). Let P be an orthogonal polyhedron and
z an integer in [0; m).
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– An i-slice of P , is the d-dimensional orthogonal polyhedron Ji;z(P ) = Pufx :
z � xi � z + 1g.

– An i-section of P , is the d− 1-dimensional orthogonal polyhedron Ji;z(P ) =
Ji;z(P ) \Hi;z.

These notions are illustrated in Fig. 7.

Clearly, the membership of x = (x1; : : : ; xd) in P can be reduced into mem-
bership in Ji;xi(P ), which is a (d − 1)-dimensional problem. By successively
reducing dimensionality for every i we obtain a point whose color is that of x.
We show how the main computational activity, the calculation of i-sections, can
be done using the neighborhood representation.

x2
x

P 0 = J1;x1
(P)

x1

x

P J2;x2
(P 0)

x

J1;x1
(P) J2;x2

(P 0)

Fig. 7. Calculating the membership of x = (x1; x2) in P : P is transformed via
its 1-slice J1;x1(P ), into a 1-section P 0 = J1;x2(P ). Then P 0 is transformed, via
its 2-slice J2;x2(P 0), into its 2-section J2;x2(P 0) which is a point. The vertices of
P which are xi for some x 2 H1;x1 are indicated.

Lemma 2 (Vertex of a Section). Let P be a polyhedron and let P 0 be its
i-section at xi = z. A point x is a vertex of P 0 iff y = xi 6= ? and for every
j 6= i, there exists x0 2 N i(y) \ N j(y) such that c(x0j−) 6= c(x0). Moreover,
when this condition is true, the neighborhood of x relative to Ji;z(P ) is given by
N i(y).
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Proof. First, observe that x is a vertex of P 0 if it satisfies that condition itself,
i.e. for every j 6= i, there exists x0 2 N i(x) \N j(x) such that c(x0j−) 6= c(x0).4

Assume x satisfies the condition. There exists y = (x1; : : : ; xi−1; z; : : : ; xd)
such that c(N i(y)) = c(N i(x)) and c(N i−(y)) 6= c(N i(y)) with z maximal with
this property. Since c(N i(y)) = c(N i(x)), y satisfies the condition as well and
since c(N i−(y)) 6= c(N i(y)), y is a vertex of P . Since z is maximal with this
property we have y = xi .

Conversely assume y = xi exists and it satisfies the condition. Then
c(N i(x) = c(N i(y)), because otherwise, by the above reasoning, there would
be a vertex between x and y. Hence x satisfies the condition as well. ut

Theorem 2 (Membership for Neighborhood Representation). The mem-
bership problem for the neighborhood representation can be solved in time
O(nd2(logn+ 2d)).

Proof. First observe that it takes O(nd logn) to determine the vertices y which
are xi for some x 2 Hi;z. There are at most n such points. Using the pre-
vious lemma it is possible to determine, using O(d2d) time, whether each of
the corresponding points on Hi;z are vertices of the section. Hence it takes
O(nd(logn + 2d)) to get rid of one dimension, and this is repeated d times
until P is contracted into a point. ut

Remark: A similar algorithm with the same complexity can be used to calculate
the color of all the points in a neighborhood of x which we describe informally.
The algorithm takes double slices (which are d-dimensional thick sections of
width two) of P , as illustrated in Fig. 8, and successively reduces P into the
neighborhood of x. This variation on the algorithm is used for doing Boolean
operations.

3.3 Extreme Vertex Representation

The next representation scheme, inspired by the representation proposed by
Aguilera and Ayala [AA97,AA98] for 3-dimensional polyhedra, can be viewed as
a compaction of the neighborhood representation. Instead of maintaining all the
neighborhood of each vertex, it suffices to keep only the parity of the number
of black points in that neighborhood — in fact, it suffices to keep only vertices
with odd parity. We use �(x), �i(x) and �i−(x) to denote the parity of the
number of black points in N (x), N i(x) and N i−(x), respectively. We will use
the convention �(?) = 0.

Definition 6 (Extreme Points). A point x is said to be extreme if �(x) = 1.

4 Note the difference from the condition for being a vertex of P : there, the i-coordinates
of the x′s can be either z or z − 1 but here we insist on z. This is the reason some
vertices of P disappear after making a section (see Fig. 7).
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x1

x x

Fig. 8. Calculating the color of a neighborhood of a point.

By enumerating all the possible configurations in dimension 1, 2 and 3, it can
be checked that this definition coincides with the geometrical definition presented
in [AA97,AA98] for these dimensions.

Observation 2. Any extreme point x is a vertex.

Proof. By induction on the dimension d. The assertion for d = 1 is immediate.
Now in dimension d, choose an arbitrary direction i 2 f1; : : : ; dg. Exactly one of
the neighborhoods N i−(x) and N i(x) contains an odd number of black points.
Assume without loss of generality that it is N i(x). By induction hypothesis such
a neighborhood implies that x is a vertex in Ji;xi(P ). This means that for every
j 6= i, there exists x0 2 N j(x) such that c(x0j−) 6= c(x0). Since one cannot have
c(x0) = c(x0i−) for all x0 2 N i(x), x is a vertex of P . ut

The converse is not true and vertices need not be extreme as one can see in
Fig. 9.

The extreme vertex representation consists in representing an orthogonal
polyhedron by the set of its extreme vertices.5 Note that in dimension 1 all
vertices are extreme and hence the vertex and extreme vertex representations
practically coincide.

In order to do successive projections on this representation we need a rule,
similar to Lemma 2, for determining which points are extreme vertices of an
i-section. The following is a corollary of Lemma 2:

Corollary 2. Let x = (x1; : : : ; xi−1; z; xi; : : : ; xd) be a point and let y = (xi−)i 

be its (strict) i-vertex-predecessor. Then �i−(x) = �i(y).

Proof. Observation 2 implies that if �i−(x) = 1 then xi− must be a vertex of
Ji;z−1(P ). By Lemma 2, N i−(x) = N i(y).

5 To be more precise, an additional bit for the color of the origin is needed. From this
information, the color of all extreme vertices can be inferred.
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Fig. 9. All the vertices of the two polyhedra are extreme except vertices A;B; C
and D.

Conversely, Observation 2 implies that if �i(y) = 1 then for every j 6= i, there
exists x0 2 N i(y) \N j(y) such that c(x0j−) 6= c(x0). By applying Lemma 2 to
xi− one gets that N i−(x) must be equal to N i(y). ut

Note that when �i−(x) = �i(x) = 0, N i−(x) = N i(y) need not hold.

Lemma 3 (Extreme Vertices of a Section). Let P be a polyhedron and let
P 0 = Ji;z(P ). A point x is an extreme vertex of P 0 iff it has an odd number of
extreme i-vertex-predecessors.

Proof. First note that x is extreme iff �i−(x) 6= �i(x). We prove by induction
on the number of vertex predecessors of x. Assume x has no vertex predecessors.
In this case �i−(x) = 0 and �i(x) = 1 iff x is extreme. Suppose it is true for
n− 1 vertex predecessors and let x have n strict vertex predecessors y1; : : : ;yn.
By the induction hypothesis �i(yn) is equal to the number of extreme vertices
among y1; : : : ;yn. By Corollary 2, �i(yn) = �i−(x) and we have x not extreme
if �i(x) = �i−(x) = �i(yn) and x extreme if �i(x) 6= �i−(x) = �i(yn). In both
cases �i(x) coincides with the parity of the number of extreme vertices. ut

One gets immediately:

Corollary 3. Given an orthogonal polyhedron P and two integers i; z, one can
compute in time O(dn logn) an extreme vertex representation of Ji;z(P ).

Applying the successive projection technique we get:

Theorem 3 (Membership for Extreme Vertex Representation). The ex-
treme vertex representation is canonical for orthogonal polyhedra in arbitrary
dimension and the membership problem for this representation can be solved in
time O(nd2 logn).

4 Other Operations

While our representations might be very compact, their usefulness will be mea-
sured by how much can algorithms operate on them without retrieving the color



58 Olivier Bournez, Oded Maler, and Amir Pnueli

of every point. As it turns out, face detection is rather simple, and Boolean op-
erations can be performed on neighborhoods of vertices and potential vertices
whose number is quadratic in the number of vertices.

4.1 Face Detection

The problem of face detection is the the following: Given a orthogonal polyhedron
P , a direction i and an integer z, calculate the facet Fi;z.

Observation 3 (Vertices of Facets). Let ci;z be the color function of the facet
Fi;z(P ), i.e. ci;z(x) = 1 iff c(xi−) 6= c(x). Then, x is a vertex of Fi;z iff it is a
vertex of P with xi = z and it satisfies the vertex condition relative to ci;z, that
is, for every j 6= i there exists x0 2 N j(x)\N i(x) such that ci;z(x0j−) 6= ci;z(x).

For the neighborhood representation one just needs to check the above condition
for every vertex of P . Extreme vertices always satisfy the condition and hence
one gets:

Theorem 4 (Face Detection). The face detection problem for orthogonal poly-
hedra can be done in O(nd2d) using neighborhood representation and in O(n)
using the extreme vertex representation.

4.2 Boolean Operations

Complementation is trivial for all our representations. Intersection and union
are similar and we discuss the first (the second can be performed anyway via
de-Morganization). We assume two orthogonal polyhedra P1 and P2 with n1 and
n2 vertices respectively. After intersection some vertices disappear and some new
vertices are created (see Fig. 10). However not every point is a candidate to be
a vertex of the intersection.

P1 \ P2

P1

P2

Fig. 10. Intersection of two polyhedra. In the middle one can see all the candi-
dates for being vertices of the intersection.

Lemma 4. A point x is a vertex of P1\P2 only if for every i, x is on an i-facet
of P1 or on an i-facet of P2.
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Proof. If there where some i such that x was not i-traversed in both polyhedra,
it remains so after intersection. ut

Lemma 5. Let x be a vertex of P1 \ P2 which is not an original vertex, and
let I1 (resp. I2) be the set of directions i for which x is on an i-facet of P1

(resp. P2). Then there exists a vertex y1 of P1 and a vertex y2 of P2, such that
x = max(y1;y2) where max is applied coordinate-wise.

Proof. First we observe that if x is traversed at directions I1 in P1 then there
is a vertex y such that it agrees with x on all the I1 coordinates and is smaller
than x in the remaining directions. The same reasoning applies to P2. ut

From this we can conclude that the candidates for being vertices of P1 \ P2 are
restricted to the following set:

V (P1) [ V (P2) [ fx : 9y1 2 V (P1)9y2 2 V (P2) s:t: x = max(y1;y2)g

whose number is not greater then n1+n2 +n1n2. Combining this with the slicing
results we have (assuming n1n2 >> n1 + n2):

Theorem 5 (Boolean Operations). The intersection of two orthogonal poly-
hedra with n1 and n2 vertices can be calculated in time O(n1n2d

22d(n1 + n2))
using the extreme vertex representation.

Proof. For every pair of vertices calculate their max as a potential vertex of the
intersection. Then compute the color of its neighborhood (if it was not a vertex
of P1 and P2). Finally calculate point-wise the intersection of the neighborhoods
of each point and determine whether or not it is a vertex of P1 \ P2 using the
standard vertex rules. Note that when the vertices of a given polyhedron are
sorted in a lexicographical order as a preprocessing step, it takes O(nd2) time
to determine the color of an arbitrary point. ut

5 Past and Future Directions

Orthogonal polyhedra were studied intensively by research communities such as
Computer Graphics, Solid Modeling, Computational Geometry, etc. An elaborate
survey of these disciplines, their results and methodologies is outside the scope
of this paper, but it is fair to say that at least the first two, for obvious reasons,
rarely look at dimensions higher than 3. The work reported in [AA97,AA98],
which we extended to arbitrary dimension, is the only one we have found relevant
to our approach.

We have investigated a representation scheme for orthogonal polyhedra and
devised algorithms for the basic operations on them. These algorithms have been
implemented and will be integrated into the system described in [DM98]. In this
direction, it will be interesting to give a characterization of “typical” orthogonal
polyhedra arising from continuous operations, and evaluate the average case
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complexity of the representation and algorithms on these. Applications of this
technique to the analysis of programs with integer variables should be examined
as well.

We are currently extending our results to the more general class of polyhe-
dra manipulated by verification and synthesis algorithms for timed automata,
generated by the (finitely many) elements of the “region graph” [AD94].
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Abstract. An approximate verification method for hybrid systems in
which sets of the automaton are over-approximated, while leaving the
vector fields intact, is presented. The method is based on a geometrically-
inspired approach, using tangential and transversal foliations, to obtain
bisimulations. Exterior differential systems provide a natural setting to
obtain an analytical representation of the bisimulation, and to obtain
the bisimulation under parallel composition. We define the symbolic ex-
ecution theory and give applications to coordinated aircraft and robots.

1 Introduction

We consider a hybrid system which is viewed as a two level system with a finite
automaton at the top level and a dynamical system corresponding to each loca-
tion at the lower level. Former approaches to reachability problems for hybrid
systems have taken the view that the initial and final regions, and the enabling
conditions and reset conditions are fixed by the problem specification. To obtain
a computationally tractable algorithm, a bisimulation is formed with respect to
these constraints. Here we are interested in obtaining bisimulations for verifi-
cation of the safety problem for multiple autonomous agents modeled by their
kinematics.

A primary focus of research is to extend the class of hybrid systems that have
a finite bisimulation. Two fundamental and potentially compelling questions are:
can a bisimulation of a hybrid system be found analytically? and, what geometric
structure should the continuous dynamics of the hybrid system possess in order to
have a �nite bisimulation? We provide some results on these questions, but our
approach is, in general, approximate. In particular, the initial and final regions,
enabling conditions, and reset conditions will be approximated so that they are
compatible with the bisimulation. This work has been inspired by the papers by
Caines [2,3] and the groundbreaking paper of Alur and Dill [1].

1.1 Notation

x0 refers to the updated value of a variable x after a transition is taken, and
ẋ refers to the time derivative. dH is the Hausdorff metric. σ 2 Σ� refers to a
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finite string of events σi 2 Σ. All manifolds, vector fields, curves and maps are of
class C1. Manifolds are assumed to be connected, paracompact, and Hausdorff.
C1(M), X (M), and Ωk(M) denote the sets of smooth real-valued functions,
smooth vector fields, and k-forms defined on a manifold M . The wedge product
of α, β 2 Ω(M) is denoted α^β. Ω(M) = �1k=0Ω

k(M) with the wedge product
is the exterior algebra on M . d : Ωk(M)! Ωk+1(M) is the exterior derivative.
ω 2 Ωk(M) is exact if there exists an α 2 Ωk−1(M) such that ω = dα.

2 Hybrid automata

A hybrid automaton is a system A = (Q, Σ, D, Q0, I, E, J, Qf) consisting of the
following components:

State space Q = L � M consists of a finite set L of control locations and
n continuous variables x 2 M , where M is an n-dimensional differentiable
manifold.

Events Σ is a finite observation alphabet.
Vector fields D : L ! X (M) is a function assigning an autonomous vector

field to each location. We will use the notation D(l) = fl. For location l, the
dynamics are given by ẋ = fl(x), fl 2 X (M).

Initial conditions Q0 : L! 2M is a function assigning an initial set of states
for each location. If the automaton is started in location l, then x 2 Q0(l)
at t = 0. We assume Q0(l) � I(l).

Invariant conditions I : L ! 2M is a function assigning for each location
an invariant condition on the continuous states. The invariant condition
I(l) � M restricts the region on which the continuous states can evolve for
location l.

Control switches E is a set of control switches. e = (l, σ, l0) is a directed edge
between a source location l and a target location l0 with observation σ 2 Σ.

Jump conditions J : E ! G�R is a function assigning to each edge a guard
condition and a reset condition. G is the set of guard conditions g on the
continuous states, where g �M is compact. R is the set of reset conditions
r where r : M ! 2M is a compact set-valued map. We use the notation
G(e) = ge and R(e) = re, and we assume for each e = (l, σ, l0) 2 E, ge � I(l),
re(ge) � I(l0).

Final condition Qf � Q is a set of final states. We will assume there is one
final location so that Qf = flfg�Xf , Xf �M , and we assume Xf � I(lf ).

Semantics A state is a pair (l, x) satisfying x 2 I(l). The invariant can be
used to enforce edges from location l. In location l the continuous state evolves
according to the vector field fl. Σ(l) will denote the set of events possible at
l 2 L and E(l) will denote the set of edges possible at l 2 L. An edge is enabled
when the discrete location is l and the continuous state satisfies x 2 ge, for
e 2 E(l). When the transition e = (l, σ, l0) is taken, the event σ is recorded,
the discrete location becomes l0, and the continuous state is reset (possibly non-
deterministically) to x0 := re(x).
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For σ 2 Σ a σ-step is a tuple �!� Q�Q and we write q
�! q0. Define φlt(x)

to be a trajectory of fl at l, starting from x and evolving for time t. For t 2 IR+,
define a t-step to be the tuple t!� Q�Q. We write (l, x) t! (l0, x0) iff (1) l = l0,
(2) at t = 0, x0 = x, and (3) for t � 0, x0 = φlt(x), where φ̇lt(x) = fl(φlt(x)). We
will use the label λ to represent a t-step with an arbitrary time passage.

A trajectory π of A is a finite or infinite sequence of the form π : q0
�0! q1

�1!
q2

�2! . . . where q0 2 Q0, and for all i � 0, qi 2 Q, τi 2 Σ [ IR+. We assume
throughout a non-zeno condition: every trajectory of A admits a finite number
of σ-steps in any bounded time interval. Finally, given a set of initial states
Q0 � Q, the reach set of A, ReachA, is the set of states that can be reached by
any trajectory of A.
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Fig. 1. Double scroll hybrid automaton.

Example 1. Consider the hybrid automata of Figure 1. The invariants for loca-
tions l1, l2, l3 are x � 1, jxj � 1, x � −1, respectively. The dynamics in each
location are either affine linear or linear. It has been shown that this hybrid
automaton has a homoclinic orbit and by Shilnikov’s theorem the system has a
Smale horseshoe implying the existence of a chaotic attractor [4].

Bisimulation A bisimulation of A is a binary relation ’� Q�Q satisfying the
condition that for all states p, q 2 Q, if p ’ q and σ 2 Σ [ fλg, then
(1) if p

�! p0, then there exists q0 such that q
�! q0 and p0 ’ q0, and

(2) if q
�! q0, then there exists p0 such that p

�! p0 and p0 ’ q0.

3 Verification

In this section we develop an approach to verification that approximates the
enabling, reset, initial and final conditions, but leaves the vector fields intact.
An equivalence relation that gives a bisimulation is defined, and its existence for
a vector field will be shown, in a local sense.

Let K be a subset of an n-dimensional manifold M homeomorphic to the
closed, unit n-cube in IRn. For each l 2 L we construct a finite cover of K,
denoted Cl, consisting of a finite collection of compact n-dimensional cells ci
such that K = [mi ci. The boundary of each cell consists of a set of 2n faces of
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dimension (n− 1) and a collection of edges of dimension n− 2 to 1 and a set of
2n vertices. We require int(ci) 6= ; and int(ci) \ int(cj) = ;, 8i 6= j, ci, cj 2 Cl.

Let C be such a cover of K. The diameter of c 2 C is ρ(c) = supfd(x, y)j
x, y 2 cg, where d is a Riemannian metric defined on M . The mesh of C is
µ(C) = supfρ(c)jc 2 Cg. The resolution α of C is α(C) = inffρ(c)jc 2 Cg. A
cover C 0 re�nes1 cover C if µ(C 0) < α(C).
Fact If C has a resolution α(C) > 0, then there exists a re�nement of C,
denoted C 0 with α(C 0) > 0.

If V is a closed subset of K, we say (V )� is a µ-approximation of V with
respect to C with mesh µ, given by

(V )� = fc 2 C j c \ V 6= ;, µ(C) = µg.

If P = flg � U � Q, then we write (P )� = flg � (U)�.
Fact dH(V, (V )�) � µ.

Let C(K) = fCl j l 2 Lg be the set of covers of K for automaton A. C(K)
induces an equivalence relation ’ on Q. We say q ’ q0, where q = (l, x) and
q0 = (l0, x0) iff
(1) l = l0,
(2) x 62 K iff x0 62 K,
(3) if x, x0 2 K, then x 2 c iff x0 2 c, 8c 2 Cl.

We say cover Cl of K at l is a stable partition of the flow if for all l, x, x0, y
and t � 0, if (l, x) ’ (l, x0) and y = φt(x), then there exists a y0 and t0 � 0 such
that y0 = φt0(x0) and (l, y) ’ (l, y0).

Suppose we are given a collection of stable partitions C(K) of K � M for
hybrid automaton A. We write C(K, µ) if µ(Cl) = µ > 0 for all l 2 L. We define
the approximate hybrid automaton

A� = (Q, Σ, D, Q0
�, I�, E, J�, Q

f
�).

Q, Σ, D, and E are unchanged. Q0
�, I�, J�, and Qf

� are the µ-approximations of
the respective sets. That is,

Q0
�(l) = (Q0(l) \K)�,

I�(l) = (I(l) \K)�,

J�(e) = ((ge \K)�, (re)�)
Qf
� = lf � (Xf \K)�.

Let e = (l, σ, l0) and m(x) be the number of cells having non-empty intersection
with the point x. We define Ox to be the set of points that lie in the same
intersection of cells as x. That is,

Ox =
n

y 2
m(x)\

i=1

ci
�� 8ci 2 Cl . x 2 ci

o
. (1)

1 We use a nonstandard definition of refinement of covers.
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The set-valued map (re)� is defined point-wise by

(re)�(x) = (re(Ox) \K)�.

The modified reset map ensures that the points of Ox are “indistinguishable”
after the reset. This operation introduces extra non-determinacy in the approx-
imated model because the identity map is not preserved, in general.

We will say A� is an over-approximation of A on K if the following additional
conditions are satisfied: (1) Q0(l) � K, each l 2 L, (2) ge, re(ge) � K, each
e 2 E, (3) Xf �K, and (4) I(l) � K.
Fact If A� is an over-approximation of A on K, then ReachA

��
K
� ReachA�

��
K

.

Approximate Verification Problem:
Given hybrid automaton A, C(K, µ) with µ > 0, and P � L�K, determine if
(P )� \ReachA� = ;.

Remarks:

1. If (P )� \ ReachA� = ; and A� is an over-approximation of A on K, then
P \ReachA = ;. However, if either (P )�\ReachA� 6= ; or A� is not an over-
approximation of A on K, we have no conclusive answer about the original
safety problem.

2. If (P )� \ ReachA� = ; for µ > 0 then for all δ < µ, (P )� \ ReachA� = ;.
Therefore, we can find a coursest µ-approximation A�� which verifies that
the original system is safe.

Theorem 1 (Stable Partitions). Given hybrid automaton A and K � M
homeomorphic to the closed, unit n-cube, suppose there exists C(K, µ), a collec-
tion of stable partitions of K. Then ’ is a bisimulation for A�.

Proof. Consider first a t-step. Suppose (l, x) ’ (l, y). Suppose there exists t1 � 0
such that x0 = φt1(x). By the stability of Cl, there exists t2 � 0 and y0 such
that y0 = φt2(y) and (l, x0) ’ (l, y0). Next consider a σ-step. Let (l, x) be a state
satisfying x 2 (ge)� for some e = (l, σ, l0) 2 E(l) and suppose (l, x) ’ (l, y).
After the σ-step x is reset to some x0 2 (re(O))�. (l, x) ’ (l, y) implies y 2 (ge)�
and Oy = Oy. In particular, letting y0 = x0, we have y

�! y0 and (l0, x0) ’ (l0, y0).
Reversing the data in the above two steps provides the converse statements.

3.1 Local existence

Consider a point q = (l, x), l 2 L, x 2 M . We say q is a regular point of A if
(1) fl(x) 6= 0, and (2) x 62 ∂ge, 8e 2 E(l). For such a point we can show that
“locally” a stable partition for A exists. That is, at regular point q, we can find
flg�U, U �M , a neighborhood of q, and a partition Cl of flg�U that gives a
bisimulation on L�M . Almost all the interesting behavior of the hybrid system
is excluded here, but the intent is to show that locally vector fields have the right
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structure for bisimulation, and to give the reader a flavor of the more substantial
result to come later.

A �rst integral of ẋ = f(x), x 2 M is a function g : M ! IR satisfying
Lfg = 0, where Lfg is the Lie derivative of g along f . One can see that that if
φ : I ! M is an integral curve, then g � φ = c, c 2 IR; that is, integral curves
stay on level sets of g.

A bisimulation ’ of automaton A is said to be a local bisimulation on P �
L�M if p 62 P and p0 62 P together imply p ’ p0.

Theorem 2 (Local Existence). Let q = (l, x0) be a regular point of hybrid
automaton A. Then there exists flg � U , a neighborhood of q, with U � M
closed, such that if A satis�es
1) Q0 � flg � U ,
2) any trajectory of A that leaves flg � U never returns to it, unless it is reset,
then there exists a local bisimulation of A on flg � U .

Proof. By the Flow Box Theorem [9], there exists a closed neighborhood U of x0

and a diffeomorphism h : U ! V � IRn, where V = [−1, 1]n, such that ẋ = fl(x)
expressed in y = h(x) coordinates is

ẏ1 = 0, ẏ2 = 0, ...ẏn = 1. (2)

There exist n− 1 independent functions y1 = c1, . . . , yn−1 = cn−1 that are first
integrals of (2), and they define (n−1) mutually transverse submanifolds, passing
through each y = (c1, . . . , cn−1, yn). A submanifold transverse to the flow of (2)
is given by yn = cn. Fix N 2 ZZ+ and define ∆ = 1

N > 0. Take the subcollection
of submanifolds y1 = w1, . . . , yn = wn, where wi 2 f0,�∆,�2∆, . . . ,�1g. Call
this collection of submanifolds S = fs�g and let U = U n[�fs�g. U is the union
of (2N)n disjoint open sets fc�g. Let s̃� = h−1(s�) and c̃� = h−1(c�).

We can define the equivalence relation ’ on L � M . For p = (l, x) and
q = (l0, x0), we say p ’ q iff
1) l = l0,
2) x /2 U iff x0 /2 U ,
3) if x, x0 2 U , then x 2 s̃� iff x0 2 s̃� and x 2 c̃� iff x0 2 c̃� , 8α, β.
’ is clearly a local bisimulation on U , using the fact that no trajectories of

A enter U without either being initialized there or being reset there. Finally, ’
by construction, has a finite number of equivalence classes.

4 Construction of bisimulations

In this section we elaborate on the geometric construction suggested in the pre-
vious section to show how to derive an analytical representation of the bisimu-
lation. The main geometric tool is foliations. The reader is referred to [7], [12]
for background.

Given an n-dimensional manifold M a smooth foliation of dimension p or
codimension q = n − p is a collection of disjoint connected subsets F = fs�g
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whose disjoint union forms a partition of M . The foliation satisfies the property
that each point of M has a neighborhood U and a system of coordinates y :
U ! IRp � IRq such that for each s�, the (connected) components of (U \ s�)
are given by yp+1 = c1, . . . , yp+q = cq, where ci 2 IR. Each connected subset
is called a leaf of the foliation. We are interested in foliations whose leaves are
regular submanifolds of dimension p in M , and we construct the foliations using
submersions. A foliation globally defined by a submersion is called simple.

Let f 2 X (M). We will define two types of simple co-dimension one foliations
with respect to f , called tangential and transversal foliations. For this we require
a notion of transversality of foliations.

A map h : M ! N is transverse to foliation F of N if either h−1(F ) = ;,
or if for every x 2 h−1(F ), h�TxM + Th(x)F = Th(x)N . A submanifold P on M
is transverse to foliation F of M if the inclusion map i : P ! M is transverse
to F . A foliation F 0 is said to be transverse to F if each leaf of F 0 is transverse
to F . A foliation in general does not admit a transversal foliation, but a local
submanifold Σx of M such that Σx intersects every leaf in at most one point (or
nowhere) and TxΣx + TxF = TxM can be found.

A tangential foliation F of M is a co-dimension one foliation that satisfies
f(x) 2 TxF, 8x 2 M ; that is, f is a cross-section of the tangent bundle of F .
A transversal foliation F? of M is a co-dimension one foliation that satisfies
f(x) 62 TxF, 8x 2M . A tangential foliation is therefore an invariant of the flow,
whereas integral curves hit the leaves of a transversal foliation transversally.

We construct a collection Fi of n − 1 tangential foliations on K � M and
one transversal foliation Fn := F? on K. Additionally, we require a regularity
condition on this collection of n foliations: each pair of foliations (Fi, Fj), i 6= j
is transverse. If the foliations are constructed via submersions, the following
lemma provides an algebraic test for regularity.

Lemma 1. Let M be an n-dimensional manifold and de�ne hi : M ! IR, i =
1, ...n, a collection of submersions on M . If dhi are linearly independent on
K �M , then the foliations de�ned by h−1(IR) are mutually transverse on K.

We will not use all of the leaves of a foliation, but only some finite subset of
them. We discretize a simple co-dimension one foliation as follows. Let h : M !
IR be the submersion of a simple co-dimension one foliation F . Given an interval
[a, b], a gridsize ∆ = b−a

N
> 0 with N 2 ZZ+ , define the finite collection of points

W = fa, a + ∆, . . . , bg. Then, h−1(W ) is the discretization of F on h−1([a, b]).
A bisimulation can be constructed using foliations by elaborating the follow-

ing steps:

1. Find (n − 1) simple co-dimension one tangential foliations on K � M , for
each fl, l 2 L.

2. Construct either a local or global (on K) transversal foliation for each fl.
3. Check the regularity condition for mutual transversality on K.
4. Discretize the foliations to obtain a cover Cl with mesh µ, for each l 2 L.
5. Construct the approximate system A� by approximating the enabling and

reset conditions, and the initial and final regions using Cl for each l.
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Theorem 3 (Foliations). Given hybrid automaton A, µ > 0, and an open
U � M on which, 8l 2 L, fl 2 X (M) is non-vanishing, suppose there exists a
set of n − 1 simple, mutually transversal co-dimension one tangential foliations
on U . Then there exists K �M homeomorphic to the closed, unit n-cube and a
collection of stable partitions on K such that A� has a �nite bisimulation.

Proof. Suppose that the collection of tangential foliations for each l is denoted
fFigli=1;:::;n−1 and the associated submersions are hli, i = 1, . . . , n − 1. We can
find a closed set K � U such that (1) hi(K) = [−1, 1] (by rescaling hi, if
needed), and (2) there exists hln independent of hli, i = 1, . . . , n − 1, for each
l 2 L. Define the coordinates y1 = h1, . . . , yn = hn. Fix N 2 ZZ+ and define
∆ = 1

N > 0. Take the subcollection of submanifolds y1 = w1, . . . , yn = wn, where
wi 2 f0,�∆,�2∆, . . .,�1g. Call this collection of submanifolds S = fs�g and
let K = K n [�fs�g. K is the union of (2N)n disjoint open sets fc�g. Let
s̃� = h−1(s�) and c̃� = h−1(c�).

As in the Local Existence theorem, we can define the equivalence relation ’
on L�M . For p = (l, x) and q = (l0, x0), we say p ’ q iff
1) l = l0,
2) x /2 K iff x0 /2 K,
3) if x, x0 2 K, then x 2 s̃� iff x0 2 s̃� and x 2 c̃� iff x0 2 c̃�, 8α, β.
’ defines a stable partition on K with a finite number of equivalence classes,

so we can invoke the Stable Partitions Theorem to obtain the bisimulation of
A�.

Example [Timed automata] A timed automaton has dynamics, in Pfaffian form
(see section 5), given by fdx1 − dt, . . . , dxn− dtg. There are n− 1 independent
tangential foliations defined by the submersions: x1 − x2 = c1, . . . , xn−1 − xn =
cn−1, where ci 2 IR. A transversal foliation is xn = dn though the partition of [1]
uses more transversal foliations because of the nature of the enabling and reset
conditions: x1 = d1, . . . , xn = dn. Each of the leaves of the transversal foliations
are transverse to every integral curve. The partition for timed automata is exact,
in the sense that it is not necessary to over-approximate regions.
Example [Brunovsky normal form] Consider the Brunovsky normal form for
linear systems in IR4 given by

ẋ1 = x2

ẋ2 = x3

ẋ3 = x4

ẋ4 = u.

The three tangential foliations are

x1 −
x2x4

u
+

x3x
2
4

2u2
− x4

4

8u3
= c1

x2 −
x3x4

u
+

x3
4

3u2
= c2

x3 −
1
2u

x2
4 = c3.
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A transversal foliation is x4 = c4. We confirm the regularity condition on the
foliations by checking the rank of the matrix:

Dh =

2

6664

1 −x4

u
x2

4

2u2 −x2

u
+ x3x4

u2 − x3
4

2u3

0 1 −x4

u −x3

u + x2
4

u2

0 0 1 −x4

u
0 0 0 1

3

7775 .

This matrix is full rank for all u 6= 0; therefore, the partition is defined on all
IR4.

4.1 Topological conjugacy

Two vector fields f and g are topologically conjugate if there exists a homeo-
morphism h : M ! N , and h takes integral curves φt of f to integral curves
ψt of g while preserving the parameter t. In particular, h � φt(x) = ψt(h(x))
and g = h�f . Suppose we have constructed a set of tangential and transversal
foliations fF1, . . . , Fn−1, Fn = F?) of K �M for f .

Theorem 4. Suppose f and g are topologically conjugate vector �elds with home-
omorphism h : M ! N and the set of foliations fFig de�nes a stable partition on
l�K, K �M for f. Then there exists a stable partition on l�h(K), h(K) � N
for g.

Proof. Suppose each foliation Fi is constructed by submersion ξi : M ! IR.
Define the set of foliations fGig constructed by submersions ηi = ξi �h−1 : N !
IR. Then note that Lgηi = d(ξi � h−1)(h�f) = dξi � f = Lf ξi. Therefore, ηi
form (n− 1) tangential foliations and one transverse foliation for g, and if ξi are
independent, then so are ηi. Finally, the homeomorphism h maps fixed points of
f to fixed points of g, so a stable partition defined on K for f non-vanishing on
K, is well-defined for h(K) and g is non-vanishing on h(K).

5 Exterior differential systems

Tangential foliations of a vector field can be found using first integrals. A natural
setting for finding first integrals is provided by exterior differential systems. The
reader is referred to [10,12] for background.

A set of independent one-forms ω1, . . . , ωq generates a Pfaffian system I =
fω1, . . . , ωqg = f

P
fkω

kjfk 2 C1(M)g. The Frobenius theorem says that if
I satisfies the Frobenius condition dωk ^ ω1 ^ � � � ^ ωq = 0, for k = 1, . . . , q,
then it admits coordinates h1, . . . , hq such that I = fdh1, . . . , dhqg. In this case
the Pfaffian system is said to be completely integrable and the hi are the first
integrals of I. We adapt the proof of the Frobenius theorem to obtain our main
result on existence of bisimulations.



70 Mireille Broucke

Theorem 5 (First Integrals). Given hybrid automaton A, µ > 0, and an open
U � M on which, 8l 2 L, fl 2 X (M) is non-vanishing, there exists K � M
homeomorphic to the closed, unit n-cube and a collection of stable partitions such
that A� has a �nite bisimulation.

Proof. The approach is to find a codistribution of one-forms fw2, . . . , wng such
that wi = dhi = 0. Then we will show that the n − 1 independent functions
hi : K ! IR are submersions and by construction first integrals. They will
provide n − 1 simple, co-dimension one tangential foliations, so we can invoke
the Foliations theorem to show existence of a bisimulation.

Fix l, and let f1 = fl. On some open V � U we can find n − 1 smooth
complementary vector fields f2, . . . , fn such that spanff1, . . . , fng = IRn at each
x 2 V and ff1, . . . , fng is clearly involutive on V . Let φit(x) be the flow of fi.
Fix x0 2 V . There exists W , a neighborhood of 0 in IRn such that the map
G : W ! V given by

(a1, . . . , an) 7! φ1
a1
� � � � � φnan(x0).

is well defined. Since the φ’s commute, we can change the order of integration
�

∂G

∂ai

�

0

=
∂

∂ai
φiai � φ1

a1
� � � � � φi−1

ai−1
� φi+1

ai+1
� � � � � φnan(x

0)

= fi(x0).

Since the fi’s are independent, @G
@ai

is nonsingular, so G−1 exists locally on V 0 �
V by the Inverse Function Theorem. Let [h1(y), . . . , hn(y)]T = G−1(y), y 2 V 0.
By definition �

∂G−1

∂y

�
�
�
∂G

∂a

�
= I.

In particular,
∂hi
∂y
� f1 = 0

for i = 2, . . . , n. So h2, . . . , hn are the desired functions. Since G−1(y) has rank
n, the hi are independent submersions.

Remark: The map G is nonsingular everywhere that ffig are a comple-
mentary, involutive collection of vector fields, and V 0 is as large as the range of
G.

5.1 Parallel composition

Bisimulation for hybrid systems is, in general, not closed under parallel compo-
sition of automata. Here we give a sufficient condition on the Pfaffian form of
the continuous dynamics of each control location so that if two hybrid automata
have a finite bisimulation, then so does their parallel composition. We refer the
reader to [6] for the definition of composition of hybrid automata.
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Theorem 6 (Parallel Composition). Given hybrid automata A1 = (L1 �
Mn

1 , Σ1, D1, Q
0
1, I1, E1, J1, Q

f
1) and A2 = (L2 �Mm

2 , Σ2, D2, Q
0
2, I2, E2, J2, Q

f
2),

suppose there exist K1 �M1, K2 �M2 such that, via the First Integrals theorem,
bisimulations for A1� and A2� exist. If for each pair (l, l0), l 2 L1, l

0 2 L2 there
exists a one-form of the Pfa�an system at l

h(dx1, . . . , dxn)− dt = 0,

and a one-form of the Pfa�an system at l0

h0(dxn+1, . . . , dxn+m)− dt = 0,

such that the one-form

h(dx1, . . . , dxn) − h0(dxn+1, . . . , dxn+m) = dα

is exact, and α is independent of the �rst integrals on K1 and K2 of the vector
�elds at l and l0, respectively, then a bisimulation of (A1 � A2)� exists.

Proof. ¿From the First Integrals theorem, we have n− 1 first integrals for each
fl, l 2 L1 and m − 1 first integrals for each fl0 , l

0 2 L2, giving n + m − 2 first
integrals for the vector field f = [fl fl0 ]T . But we require n + m − 1 first
integrals to construct the bisimulation. The missing first integral is provided by
the exact form α. Using the fact that h(dx1, . . . , dxn) has the form dxi

fi(x)
for some

i = 1, . . . , n, and similarly for h0, it can be verified that α satisfies Lfα = 0.

6 Applications

A domain of models that we wish to apply this theory to is kinematic models of
rigid bodies. The symmetry in kinematics allows first integrals to be constructed.
We demonstrate the ideas with several examples.
Example [Planar Aircraft] Consider the coordination problem of two aircraft A
and B flying at a fixed altitude near an airport [11]. Each aircraft is modeled by
a hybrid system in which an automaton location corresponds to an atomic ma-
neuver performed with constant control inputs. The control inputs are changed
instantaneously upon switching control locations. The state is g 2 SE(2) and X
is an element of the Lie algebra se(2). Assuming the aircraft does not exercise
it’s pitch control, the kinematic dynamics of aircraft A are given by ġ = gX
where

g =

2

4
cos φ − sinφ x
sinφ cos φ y

0 0 1

3

5

and

X =

2

4
0 −u1 u2

u1 0 0
0 0 0

3

5 .
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φ is the yaw angle, and the inputs u1, u2 control the yaw and velocity, respec-
tively, of the aircraft. There are two tangential foliations given by equations

u1x− u2 sinφ = cx

u1y + u2 cos φ = cy

and a transversal foliation given by φ = c�. Letting the state variables and
inputs of aircraft B be φB, xB, yB, u1B, and u2B, analogous expressions for the
tangential and transversal foliations are obtained for aircraft B. An additional
tangential foliation is found for the parallel composition of the two systems given
by

u1BφA − u1AφB = cAB .

We check the regularity condition on the five tangential foliations and either of
the two transversal foliations. Namely,

Dh =

2

6666664

u1A 0 −u2A cos φA 0 0 0
0 u1A −u2A sinφA 0 0 0
0 0 u1B 0 0 −u1A

0 0 0 u1B 0 −u2B cos φB
0 0 0 0 u1B −u2B sinφB
0 0 0 0 0 1

3

7777775
.

This matrix has full rank so long as u1A, u1B 6= 0, so the partition is defined
globally on IR4 � T2. If, in addition, u1A

u1B
is rational, a finite bisimulation on

K �T2, for compact K � IR4, exists.
Example [Mobile robot] Consider the coordination problem of two mobile
robots A and B, operating in a closed workspace. The robots are modeled using
hybrid automata, with each control location corresponding to an atomic ma-
neuver, such as “move forward”, or “change direction”. Each location of the
automaton has a kinematic model of the associated maneuver using constant
control inputs. The control input changes instantaneously upon switching loca-
tions. The kinematic model for each robot, converted to chained form [8] is the
following:

ẋ1 = u1

ẋ2 = u2

ẋ3 = x2u1

ẋ4 = x3u1.

There are three tangential foliations given by the equations

x2 −
u2

u1
x1 = c2

x3 −
u1

2u2
x2

2 = c3

x4 +
1
3

�
u1

u2

�2

x3
2 −

u1

u2
x2x3 = c4.
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and a transversal foliation given by: x1 = c1.
To show these foliations define a bisimulation for each robot, we must check

the regularity condition:

Dh =

2

6664

1 0 0 0
−u2

u1
1 0 0

0 −u1

u2
x2 1 0

0 −u1

u2
x3 +

�
u1

u2

�2

x2
2 −u1

u2
x2 1

3

7775 .

This matrix has full rank so long as u1 6= 0 and u2 6= 0. Thus, the partition for
each robot is defined globally on IR4.

When we take their parallel composition, an extra tangential foliation is
introduced:

u1Bx1A − u1Ax1B = cAB.

A calculation similar to the previous example shows that a bisimulation for the
parallel composition exists.
Example [Linear systems] Finally, we consider a hybrid automaton in which
each location of the automaton contains an affine linear system. The dynamics
of each location are given by:

ẋi = λixi + bi, i = 1, . . . , n

where λi, bi 2 IR. We assume for each i that λi, bi are not both zero. The tan-
gential folations are

1
λ1

ln jλ1x1 + b1j −
1
λ2

ln jλ2x2 + b2j = c1

...
1

λn−1
ln jλn−1xn−1 + bn−1j −

1
λn

ln jλnxn + bnj = cn−1.

A transversal foliation is given by

1
2λ1
jλ1x1 + b1j2 +

1
2λ2
jλ2x2 + b2j2 + � � �+ 1

2λn
jλnxn + bnj2 = cn.

We check the regularity condition as follows:

Dh =

2

666666664

1
j�1x1+b1j −

1
j�2x2+b2j 0 . . . 0

0 1
j�2x2+b2j −

1
j�3x3+b3j . . . 0

0 0 0
...

...
...

0 0 1
j�n−1xn−1+bn−1j −

1
j�nxn+bnj

jλ1x1 + b1j jλ2x2 + b2j . . . jλn−1xn−1 + bn−1j jλnxn + bnj

3

777777775

.

After some algebraic manipulation, we can show this matrix has full rank so long
as x1 6= − b1

�1
, . . . , xn 6= − bn

�n
; that is, we avoid a set of hyperplanes. This divides

IRn into quadrants where the bisimulation can be constructed.
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7 Symbolic execution theory

In this section we consider the implementation of the theory of approximate
verification in a symbolic model checking algorithm.

A theory T of A is a set of predicates that are assigned truth values by
the states of A. We write [p] 2 Q for the set of states that satisfy predicate p.
hRi denotes the set of formulas of T that define a region R � Q. A theory is
decidable if it can be decided for each predicate p of T whether [p] is empty. The
theory T permits the symbolic analysis of A if (1) T is decidable, (2) T is closed
under boolean operations and Pre and Post operations, and (3) hQfi 2 T ,
hQ0(l)i 2 T , l 2 L.

Suppose the tangential and transversal foliations on K for each l 2 L are
defined by submersions hli(x) = ci. Let S be the class of formulas

hli(x) % ci

with ci 2 IR, % = f�, <, =, >,�g, l 2 L, i = 1, . . . , n, and all finite conjunc-
tions and disjunctions of these expressions. A finite automaton with its symbolic
execution theory is said to be e�ectively presented [5].

Theorem 7. A� with the theory S is e�ectively presented.

Proof. S is a symbolic execution theory of A�. For (1) the regions Q0
�, I�, J�,

and Qf
� in L�K can be represented by formulas in S, (2) hPre(R)i 2 S and

hPost(R)i 2 S for hRi 2 S by construction, and (3) S is decidable. Consider
an atomic formula ψ(x) for a closed region: 9x.(c1 � h1(x) � d1) ^ � � � ^ (cn �
hn(x) � dn). ψ(x) is equivalent to the quantifier free expression (c1 � d1)^ � � �^
(cn � dn).

8 Critique and future work

This paper opens up avenues for applying model checking algorithms to the
verification of safety problems for hybrid systems consisting of coordinating au-
tonomous agents, and especially hybrid systems where the continuous level is
a kinematic model. Model checking may provide a vast improvement in effi-
ciency over simulation-based approaches for validating hybrid system perfor-
mance, though potential gains may not be as great as those reported for model
checking of circuit designs and protocols.

There are some limitations and obstacles to be overcome. First, it is likely
that model checking will still be a computationally expensive tool. Initially, the
number of autonomous agents will be small and the continuous dynamics will
be low- dimensional, at least until further breakthroughs appear on this frontier.
The approach becomes more interesting when more of the ”burden of control”
can be placed at the logic level. Some work that remains to be done is obtaining
the approximate automaton automatically, given the analytical representation
of its bisimulation.
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The paper suggests some areas for future investigation. First, the paper de-
velops a local geometric theory of bisimulation. A global theory is needed. The
most promising approach is to use symmetry to obtain global first integrals.
Also, a theory of robustness of hybrid systems is needed in light of the approxi-
mations that are introduced to complete the verification. We plan to report on
these directions in future papers.
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Abstract. This paper presents a computational technique for verifying
properties of hybrid systems with arbitrary continuous dynamics. The
approach is based on the computation of approximating automata, which
are finite-state approximations to the (possibly infinite-state) discrete-
trace transition system for the hybrid system. The fundamental com-
putation in the generation of approximating automata is the mapping
of sets of continuous states to the boundaries of the location invariants.
This mapping is computed by intersecting flow pipes, the sets of reach-
able states for continuous systems, with the invariant boundaries. Flow
pipes are approximated by sequences of overlapping convex polygons.
The paper presents an application of the computational procedure to a
benchmark hybrid system, a batch evaporator.

1 Introduction

Hybrid system behaviors can be described by an infinite-state transition system
[7]. A standard approach to verifying properties of a hybrid system is to find an
equivalent transition system called a bisimulation with a finite number of states
[10,11]. There are two principle difficulties with this approach. First, a finite-
state bisimulation exists only for certain classes of hybrid systems [6,10,11].
Since a finite-state bisimulation may not exist in general, one cannot guarantee
a procedure for computing a bisimulation will terminate. The second problem is
that any procedure for computing a bisimulation for a hybrid system requires the
computation of flow pipes, that is, the collection of continuous-time trajectories
emanating from a set of initial states [12]. Although flow pipes can be computed
exactly in certain cases [1,3,10,11], sets of continuous trajectories can only be
approximated numerically for most continuous systems. Moreover, the errors
in these approximations typically grow with simulation time, making them too
conservative to obtain meaningful results.

This paper concerns an approach to verification that addresses both of these
problems. The first problem is dealt with by verifying finite-state transition sys-
tems that are conservative approximations (i.e. simulations), rather than bisimu-
lations, of the infinite-state transition system. Previous papers have presented al-
gorithms for computing finite-state transition systems for hybrid systems, called

F.W. Vaandrager and J.H. van Schuppen (Eds.): HSCC’99, LNCS 1569, pp. 76–90, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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approximating automata [2,3,4]. In this paper we observe that the algorithm
for constructing and refining approximating automata can be viewed as a mod-
ification of the iterative procedure for computing a bisimulation. Although it
cannot be guaranteed the verification question can be resolved using approxi-
mating automata, there are cases where verification can be accomplished with
this approach even when a finite-state bisimulation does not exist [2,3,4].

The second problem is addressed by computing polygonal approximations to
flow pipes for continuous dynamic systems. The procedure for computing flow
pipe approximations from [4] is summarized briefly in this paper. An attractive
feature of this procedure is that the approximation error does not grow with
the simulation time. We show how the flow pipe approximations are used in the
algorithm for computing approximating automata. The complete procedure is
illustrated for the benchmark hybrid system problem from [8].

2 Transition Systems and Bisimulations

This section introduces the formal definitions and procedures used for verifying
properties of hybrid systems. The fundamental abstract structure for represent-
ing the system dynamics is the transition system defined as follows.

De�nition 1. A transition system T is a 3-tuple T = (Q,!, Q0) where Q is
the set states, !� Q � Q is the set of transitions, and Q0 � Q is the set of
initial states.

Given q and q0 2 Q, the notation q ! q0 indicates that (q, q0) 2!. Sets of valid
trajectories for a transition system are defined in the obvious way for sequences
of states. Trajectories can be of finite length or infinite length.

De�nition 2. (Pre/Postcondition Sets) Given a transition system T = (Q,!
, Q0), and a set P � Q, the precondition of P , denoted Pre(P ), is defined as
Pre(P ) = fq 2 Q j 9p 2 P, q! pg; the postcondition of P , denoted Post(P ), is
defined as Post(P ) = fq 2 Q j 9p 2 P, p! qg.

De�nition 3. (Simulation) Let T1 = (Q1,!1, Q01) and T2 = (Q2,!2, Q02)
be transition systems. A simulation relation of T1 by T2 is a binary relation
�� Q1 �Q2 such that:

i. If q1 � q2 and q1 !1 q01, then there exists q02 such that q2!2 q02 and q01 � q02;
ii. For each q1 2 Q01, there exists q2 2 Q02 such that q1 � q2.

We say T2 simulates T1, denoted T1 � T2, if there exists a simulation relation of
T1 by T2. T2 is also called a simulation of T1.

De�nition 4. (Bisimulation) Let T1 = (Q1,!1, Q01) and T2 = (Q2,!2, Q02)
be transition systems. A bisimulation relation between T1 and T2 is a binary
relation �� Q1 � Q2 such that � is a simulation relation of T1 by T2 and
�−1� Q2 �Q1 is a simulation relation of T2 by T1.
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We say the transition systems T1 and T2 bisimulate each other, denoted T1 � T2,
if there exists a bisimulation relation between T1 and T2. An approach to finding
a bisimulation of a transition system uses quotient transition systems, defined as
follows.

De�nition 5. (Quotient Transition System) [6,10,11] Given a transition system
T = (Q,!, Q0) and a partition P of Q, the quotient transition system of T is
defined as T/P = (P,!P , Q0/P), where for all P, P 0 2 P, P !P P 0 iff there
exist q 2 P and q0 2 P 0 such that q ! q0, or equivalently Post(P )\P 0 6= ;, and
Q0/P = fP 2 P j P \Q0 6= ;g.
It is easy to see that the relation �= f(q, P ) 2 Q� P j q 2 Pg is a simulation
relation of T by T/P. Therefore, T � T/P. The quotient system T/P is a
bisimulation of T with the relation �= f(q, P ) 2 Q � P j q 2 Pg if and only if
the partition P satisfies

8P, P 0 2 P, either P \ Pre(P 0) = ; or P \ Pre(P 0) = P. (1)

In words, (1) states that all states in each P 2 P behaves uniformly; given
another P 0 2 P, either all states or no state in P can reach some state in P 0

in one transition. Condition (1) leads to the following general procedure for
computing a bisimulation of a transition system using quotient systems.

Bisimulation Procedure (BP) [6,10,11]:
set P = P0

% check termination condition
while 9P, P 0 2 P such that ; 6= P \ Pre(P 0) 6= P f

% partition refinement
split P into P1 = P \ Pre(P 0) and P2 = P n Pre(P 0)
set P = (P n fPg) [ fP1, P2g

g
Note that (1) is precisely the termination condition of BP. In each iteration of
BP, the partition refinement scheme uses the information obtained from Pre(P 0)
to split P into the part that can reach P 0 and the part that cannot. Also note
that the Pre(�) operation in BP is with respect to the transition relation ! of
T, not the transition relation !P of the quotient system T/P.

The termination condition serves to guarantee that the quotient system is
a bisimulation of T when BP terminates. However, when transition systems
are used to represent hybrid systems there is no guarantee the procedure will
terminate. In the sequel we show that it may be possible to perform verification
successfully using the quotient transition system obtained from a partition before
the termination condition is satisfied. One can also use an approximation to the
quotient transition system, rather than the exact quotient system, provided it
is based on a conservative approximation to the Post operator. Moreover, we
note that the partition refinement can be performed using heuristics if it is not
convenient to compute the Pre operator as required in BP. This may affect the
rate at which a useful quotient transition system is obtained, but it may be
adequate since it is not necessary to converge to a bisimulation. These concepts
are developed and illustrated in this paper. Further theoretical analysis of the
use of simulations and approximations for verification and control is given in [9].
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3 Polyhedral-Invariant Hybrid Automata

We consider a class of hybrid system called polyhedral-invariant hybrid automata
(PIHA) defined as follows using the formalism from [10,11] (with some restric-
tions).

De�nition 6. A polyhedral-invariant hybrid automaton is a tuple H = (X, X0,
F, E, I, G, R) where

{ X = XC �XD where XC � Rn is the continuous state space and XD is a
finite set of discrete locations.

{ F : a function that assigns to each discrete location u 2 XD a vector field
fu(�) on XC .

{ I : XD ! 2XC assigns to u 2 XD an invariant set of the form I(u) � XC

where I(u) is a nondegenerate convex polyhedron.
{ E � XD �XD is a set of discrete transitions.
{ G : E ! 2XC assigns to e = (u, u0) 2 E a guard set that is a union of faces

of I(u).
{ X0 � X is the set of initial states of the form X0 =

S
i(Pi, ui) where each

Pi � I(ui) is a polytope and ui 2 U . Here, the notation (P, u) means the set
f(x, u) 2 X j x 2 Pg.

{ I,G, and E must satisfy the following coverage assumption.

8e = (u, u0) 2 E, G(e) � I(u0).

De�nition 7. Given an initial hybrid system state (x0, u), the continuous tra-
jectory in location u, denoted by ζ(x0;u)(�), evolves according to the following
conditions:

i. ζ(x0;u)(0) = x0; and
ii. ζ̇(x0;u)(t) = fu(ζ(x0;u)(t)), 8t � 0 (until a discrete transition occurs).

PIHA are equivalent to switched continuous dynamic systems in which there are
no jumps in the continuous state trajectory. The set of states through which a
location is entered is called an entry set which is defined as follows.

De�nition 8. Given a PIHA H, the set of entry states for the locations is
defined as

Xentry = f (x, u0) 2 X j for some (x, u) 2 X and (u, u0) 2 E, x 2 G((u, u0))g

We assume that at each (x, u) 2 Xentry, fu(x) points into the interior of I(u)
(denoted int(I(u))). This means the continuous state trajectory always initially
enters the interior of the invariant when the system makes a transition to the
new location.

Transition systems provide an effective formalism for defining the semantics
of a hybrid automaton. Henzinger [7] described the complete untimed behavior
of a hybrid automaton using the time-abstract transition system. In this paper,
we are interested in the behaviors of the PIHA H only at the times when discrete
transitions occur. To abstract away the continuous dynamics and obtain the pro-
jection of the hybrid system behaviors onto the instants of discrete transitions,
we define the discrete-trace transition system for H as follows.



80 Alongkrit Chutinan and Bruce H. Krogh

De�nition 9. Given a PIHA H, its discrete-trace transition system is given by
TH = fQH ,!H, X0g where QH = X0 [Xentry

S
u2XDfq

?
u g and the transition

relation !H is defined as

i. Discrete Transitions. (x, u) !H (x0, u0) iff u0 6= u and there exist e =
(u, u0) 2 E and t1 > 0 such that ζ(x;u)(t1) = x0, x0 2 G(e), and ζ(x;u)(t) 2
int(I(u)) for all t 2 (0, t1).

ii. Null Transitions. (x, u)!H q?u iff ζ(x;u)(t) 2 I(u) for all t � 0.

The discrete transition comprises all the continuous-state trajectories in the
hybrid system between location transitions. The null transition comprises all
the continuous-state trajectories that remain in a location indefinitely. Although
null transitions can occur in general, we will assume that all continuous-state
trajectories in a PIHA eventually lead to a location transition. This is similar to
the liveness assumption in [10].

4 Verification Using Approximations

In this section we introduce the verification problem and describe how it can be
solved using an alternative to BP.

4.1 CTL Speci�cations

Temporal logic is a well-established formulation for specification of finite-state
transition systems [5]. The specification problem is formulated by attaching a
finite set of atomic propositions to a transition system whose individual values
are either true or false for each state in the transition system. The transition
graph of the transition system is unfolded into an infinite computation tree. A
temporal logic called computation tree logic (CTL) can then be used to specify
system evolutions in terms of the atomic propositions along some or all paths of
the computation tree. It has been shown in [5] that a CTL formula for a transi-
tion system corresponds to a region in the state space of the transition system
for which the CTL expression is true. Furthermore, the region corresponding to
a CTL formula can be computed using fixed-point iterations. For a finite tran-
sition system, such fixed-point computations are guaranteed to terminate. The
transition system satisfies the specification if all initial states are included in the
region corresponding to the CTL specification.

The same concept for specification of finite-state transition systems can be
extended to infinite-state transition systems (e.g. TH). Atomic propositions can
be assigned to each state of TH and the computation tree for TH (with an un-
countable number of nodes) can be obtained by unfolding its transition graph.
CTL specification can be interpreted as before in the case of finite-state transi-
tion systems. The problem here is that the fixed-point computation for the CTL
formula will not terminate because the state space of the transition system is
uncountable.
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4.2 Veri�cation Using Simulations (Approximating Automata)

In the bisimulation approach to hybrid system verification, BP is applied to find
a partition of the state space that will give a finite-state bisimulation of the
infinite-state transition system. Verification of properties for the bisimulation is
then equivalent to verification of properties of the original transition system. The
problem with this approach is that a finite bisimulation may not exist, meaning
BP will not converge and the verification step cannot be performed. Even when
a finite-state bisimulation exists, it may take a very long time for BP to converge
to the solution.

We propose using finite-state simulations, called approximating automata,
rather than bisimulations to verify properties of the original hybrid system.
Since quotient systems are, in general, simulations of the underlying transition
system, one could attempt to perform verification on the quotient system in any
iteration of BP. If the property is verified, there would be no need to refine the
quotient system further. If not, another refinement iteration can be executed and
verification can be attempted on the new quotient transition system. Continuing
this process, it is sometimes possible to conclude whether or not the hybrid
system satisfies the desired property before a bisimulation is achieved [2,3,4].
The restriction here is that since simulations are conservative approximations,
only universal properties can be verified. In the context of CTL, a universal
property is a property that holds along all paths in the computational tree.

To slow down the state explosion resulting from the partition refinement,
we refine only the states in the quotient system that are relevant to the CTL
specification. In the process of a CTL verification, one obtains the set of initial
states in the current quotient system that satisfy the CTL specification. Since the
specification is universal, the verification result cannot be improved by refining
these states and their descendants. Thus, one should only refine the initial states
that do not satisfy the CTL specification and their descendants. Integrating this
additional refinement criterion into the bisimulation procedure, we obtain the
Approximating Automata Procedure (AAP) shown in figure 1. In AAP, TBR is
the set of states “to be refined” in each iteration. It consists of the set REFINE,
the states that should be refined from the bisimulation requirement, and the set
reach((P n SPEC) \X0/PN), the states that should be refined from the CTL
specification requirement. Choices of bisimulation termination condition and
refinement method are left unspecified since there are various alternatives for
these steps, as discussed in section 2.

5 Approximating the PIHA Quotient System

This section discusses a computational method for approximating a quotient
system of the discrete-trace transition system TH where H is a PIHA, the first
step in AAP. Given a partition P, we use the flow pipe approximation [4] to
conservatively approximate postcondition sets which are essential in defining the
transition relation!P of TH/P (see definition 5). We assume that the partition
of the state space for TH is of the form

P = f(π, u) 2 X0 [Xentry j π is a convex polytope and u 2 XDg.
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Approximating Automata Procedure (AAP):
initialize N = 0 and PN = P0

repeat for the partition PN
compute (or approximate) TH/PN (see section 5)
compute SPEC = {P ∈ PN | P satisfies CTL specification for TH/PN}
if X0/PN ⊆ SPEC

stop = 1 % specification is satisfied
else

compute REFINE = {P ∈ PN |∃P ′ ∈ PN
violating bisimulation termination condition}

if REFINE == ∅
stop = 1 % bisimulation obtained and specification is false

else
compute TBR = reach((PN \ SPEC) ∩X0/PN ) ∩REFINE
if TBR == ∅

stop = 1 % no state worth refining and specification is false
else

stop = 0 % refine partition
PN+1 = PN
for each P ∈ TBR

split P using refinement method into P1, P2 such that
P1 ∪ P2 = P and P1 ∩ P2 = ∅

set PN+1 = (PN+1 \ {P}) ∪ {P1, P2}
endfor
N = N + 1

endif
endif

endif
until (stop == 1)

Fig. 1. Verification procedure using simulations

To approximate the postcondition set for each (π, u) 2 P, we start by computing
an outer approximation to the set on the boundary of I(u) that can be first
reached from π under the flow equation ẋ = fu(x) starting from continuous
states in π. We will refer to such set as the forward mapping of π for location
u, denoted FMAPu(π). The procedure for computing FMAPu(π) is given in
figure 2. The forward mapping procedure computes outer approximations to the
flow pipe segments from π under the differential equation ẋ = fu(x), denoted
R̂u[t;t+�t](π), and takes the intersection of the flow pipe segment approximation

with the boundary of I(u) in each time step until R̂u[t;t+�t](π) lies completely

outside of I(u). (Note that R̂u[t;t+�t](π) is guaranteed to eventually leave the
location under the assumption there are no null events for PIHA.)

The approximation to the flow pipe segment for each time step [t, t + ∆t]
is computed as follows. First, a set of enclosing normal vectors, ci, is chosen.
By enclosing, we mean that the half-space intersection

T
ifxjcTi x � dig forms a

closed polyhedron for some constants di. The flow pipe segment is computed by
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Forward Mapping Procedure:
initialize t = 0, FMAPu(π) = ∅, and stop = 0
repeat

compute flow pipe segment R̂u[t,t+∆t](π)

if
(
R̂u[t,t+∆t](π) ∩ I(u) == ∅

�

stop = 1
else

FMAPu(π) = FMAPu(π) ∪
(
R̂u[t,t+∆t](π) ∩ δI(u)

�

t = t+∆t
endif

until (stop == 1)

Fig. 2. Procedure for computing forward mapping set given (π, u)

solving, for each normal vector ci, the optimization problem

max
x0;t

cTi ζ(x0;u)(t)

s.t. x0 2 π, t 2 [t, t + ∆t] (2)

Let d�i be the solution to (2) for ci. The flow pipe segment is given by R̂u[t;t+�t](π)
=
T
ifxjcTi x � d�i g.

To find the set of normal vectors for the optimization problems, we use the
heuristics depicted in figure 3a. The trajectories starting from the vertices of π
are simulated using an ODE solver to the two time points t and t + ∆t. The
normal vectors are then taken from the normal vectors on the faces of the convex
hull of these points. After obtaining the normal vectors, we solve (2) for each ci
to obtain the flow pipe segment as depicted in figure 3b. For more details on the
flow pipe approximation, see [4].

)(pttV D+

)(ptV

)(pttV D+

)(ptV

(a) Initial directions from convex hull (b) Solving optimization problems
for flow pipe segment

Fig. 3.

Using the forward mapping procedure, the overall procedure for approximat-
ing the quotient system TH/P is given in figure 4. The procedure constructs
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the transition relation !P directly from the forward mapping sets. Alterna-
tively, the postcondition sets can be used to define the quotient system as in
definition 5. The postcondition sets can be obtained from the mapping sets by
Post((π, u)) =

S
u0s:t:(u;u0)2E(FMAPu(π) \ I(u0), u0).

Quotient System Approximation Procedure:
% compute forward mapping sets
for each (π, u) ∈ P

compute FMAPu(π)
endfor
% define transition relation
for each (π, u) ∈ P

for each (π′, u′) ∈ P, (π′, u′) 6= (π, u)
define (π, u)→P (π′, u′) if FMAPu(π) ∩ π′ 6= ∅ and (u, u′) ∈ E

endfor
endfor

Fig. 4. Procedure for approximating the quotient system TH/P

6 Application: Verification of a Batch Evaporator

The example hybrid system considered in this paper is a batch evaporator taken
from Kowalewski and Stursberg [8]. The evaporation process diagram is shown in
figure 5. The process follows the following production sequence. First, tank T1 is
filled with a solution which is evaporated until a desired concentration is reached.
Tank T1 is then drained as soon as tank T2 is emptied from the previous batch.
For safety reasons, the heating is shut off when the alarm temperature, Talarm,
is reached. When the temperature in tank T1 falls below a certain temperature,
Tcrys, crystallization will occur and spoil the batch. Our objective is to verify
that the alarm temperature is chosen appropriately such that from a given set of
initial conditions the temperature in tank T1 never falls below the crystallization
temperature before T1 is completely drained.

The control inputs to the system are the status of the heater (on/off) and
the valve positions V15 and V18 (open/closed). Three configurations of the inputs
are currently employed. We specify an input configuration by a discrete variable
u. The three configurations u1, u2, and u3, are tabulated below.

Con�guration Heating V15 V18 Description
u1 on closed open heating T1

u2 off closed open cooling T1/drain T2

u3 off open closed cooling/drain T1

The continuous state variables are the liquid level in T1, the liquid level in
T2, and the temperature in T1, denoted by H1, H2, and T , respectively. The
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Fig. 5. Batch evaporation diagram

continuous dynamics depends on the input configuration. For configuration u1,
the state equations are

Ḣ1 = 0

Ḣ2 = −3.333 · 10−4
√

19.62H2

Ṫ =
5000− 24(T − 283)

1.23 · 105H1 − 1.327 · 109T−2 + 2.819 · 106T−1 + 6.433 · 103 − 10.513T
.

For u2, the state equations are

Ḣ1 = 0 Ḣ2 = −3.333 · 10−4
√

19.62H2

Ṫ =
−24(T − 283)

1.23 · 105H1 + step(T − 373)R(T )

R(T) =
(
−1.327 · 109T−2 + 2.819 · 106T−1 + 6.433 · 103 − 10.513T

�
,

where step(�) denotes the standard step function. Finally, the state equations for
u3 are

Ḣ1 = −6.667 · 10−4
√

19.62H1

Ḣ2 = 3.333 · 10−4
√

19.62H1

Ṫ =
−0.036(T − 283)(0.03 + 0.628H1)

29.1H1
.

The production sequence described previously can be translated into the
PIHA shown in figure 6. Locations u1, u2, and u3 correspond directly to the
input configurations u1, u2, u3. Locations u4 and u5 are empty locations with



86 Alongkrit Chutinan and Bruce H. Krogh

trivial continuous dynamics. They are used to indicate the failure and success
of the production sequence, respectively. Locations u1, u2, and u3 have the same
invariant given by the rectangular box,

fH1min � H1 � H1max ^H2min � H2 � H2max ^ Tcrys � T � Talarmg,

which represents the physical limits and thresholds on the continuous state vari-
ables.

The system starts with location u1 and initial conditions H1 2 [0.2, 0.22] m,
H2 2 [0.28, 0.3] m, and T = 373K. Since the liquid level in each tank in the
ODE model can only reach zero asymptotically, we approximate the event that
a tank is empty by a small threshold Himin, i = 1, 2. The numerical values for
the limits on the rectangular invariant box for all locations are

Himin = 0.04 m , Himax = 0.4 m , i = 1, 2,
Tcrys = 338 K , and Talarm = 395 K.

Our verification problem can be restated as

H1 0.2 0.22,[ ] m˛ Ù
H2 0.28 0.3,[ ] m˛ Ù

T 373 K=

T T alarm‡

H2 H2min£

H1 H1min£

heating

cooling/
drain T2

cooling/
drain T1

success
failure

u1

ẋ f u1
x( )=

x H1 H2 T
T=

u5

ẋ 0=

u3

ẋ f u3
x( )=

u4

ẋ 0=

T T alarm‡

H2 H2min£

H1 H1min£

H1 H1min£

T T crys£ Ú

H1 H1max‡ Ú
H2 H2max‡

T T crys£ Ú

H1 H1max‡ Ú
H2 H2max‡

T T crys£ Ú

H1 H1max‡ Ú
H2 H2max‡

u2

ẋ f u2
x( )=

Fig. 6. PIHA for the batch evaporator

Verify that all trajectories from the initial continuous state set XC
0 =

f0.2 � H1 � 0.22, 0.28 � H2 � 0.3, T = 373g in location u1 eventually
reach location u5.
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which translates directly into the CTL expression AF (u = u5).
The verification was performed using AAP with the quotient system TH/P

approximated as described in section 5. The continuous part of the entry set
for each location is the face(s) of the invariant box that is(are) the guard(s) on
all its incoming transitions as shown in figure 6. The heuristics based on the
vector field variation that is used to obtain the initial partition for each face is
described briefly as follows.

Taking the whole invariant face as the starting point for the partition, we
estimate the vector field variation on the face by taking the samples of the
quantity cT fu(xi), where c is the normal vector to the face and u is the parent
location, from points xi on the face. We take the difference between the maximum
and minimum samples as the variation estimate. If the variation is greater than
the tolerance, the polytope is divided into two subsets by a hyperplane that pass
roughly through the middle of the polytope. Each polytope is divided recursively
until all polytopes in the partition satisfy the vector field variation tolerance.

The initial entry set partition P0 is shown in figure 8. Since each face of the
invariant box can be identified with a unique location, the location associated
with each face is not shown in the figure. Each continuous subset in the entry
set partition will be referred to as a patch. The initial continuous state set XC

0

is not partitioned further because it is already a small set.
Using the forward mappings computed for the partition P0, we compute the

transition relation for the quotient system TH/P0 as described in section 5. The
forward mapping is illustrated in Fig. 7.
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Partition 3: Patch 2
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Fig. 7. Forward mapping approximation: the light-shaded patch is the initial set
and its forward mapping to the boundary of the invariant box is composed of
dark-shaded patches.

The transition relation for the initial quotient system TH/P0 is shown in fig-
ure 8. By our convention, the initial state is always the last state in the transition
table. For example, patch 21 is the initial state representing (XC

0 , u1) in figure
8. Some patches are identified as “indeterminate.” These are patches containing
singularity points for the vector field and the mapping cannot be computed for
them. However, as we shall see, these patches finally become unreachable from
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the initial set as the refinement proceeds with each iteration of the verification
procedure. Thus, they do not affect our verification result.

The TBR set for the first iteration of the verification procedure is also shown
in figure 8. Although patch 21 should be in the TBR set, we choose not to
refine the initial state at all in this example to keep the presentation simple as
there will only one initial state in each quotient system. Patches in the TBR
set are simply split in half to form the next partition P1. We do not use the
refinement method in BP because it is costly and difficult to implement with flow
pipe approximations and convex polyhedral representation of sets. The quotient
system TH/P1 is computed with the new partition and the process continues.

After three iterations, we find that the TBR set is empty. This is because
the initial state (patch 40 in figure 9) already satisfies the specification. Since
TH/P3 is a simulation of TH , every trajectory of TH is contained in TH/P3 and
we conclude that TH for the batch evaporator also satisfies the specification.
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Fig. 8. Quotient System T/P0
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Fig. 9. Quotient System T/P3

7 Discussion

This paper presents a computational method for verifying properties of poly-
hedral-invariant hybrid automata (PIHA) with arbitrary continuous dynamics
in the locations. The verification procedure is based on approximating automata
computed as the quotient transition systems from partitions of the infinite state
space for the discrete-trace transition system. The continuous-state flow pipes
are approximated using sequences of convex polyhedra. Important research is-
sues to be explored include: extending the flow pipe approximation technique to
handle systems with uncertain dynamics, such as differential inclusions; numer-
ical methods to guarantee outer approximations using floating-point arithmetic;
and incorporating methods for identifying null transitions, that is, identifying
when there are trajectories that do not leave invariants for a location. The com-
putational procedures described in this paper are currently being incorporated
into a Matlab/Simulink tool for specifying and analyzing PIHA.



90 Alongkrit Chutinan and Bruce H. Krogh

References

1. R. Alur, T.A. Henzinger, and P.-H. Ho. Automatic symbolic verification of em-
bedded systems. IEEE Trans. on Software Engineering, 22(3):181–201, Mar 1996.

2. A. Chutinan and B.H. Krogh. Computing approximating automata for a class of
hybrid systems. submitted to Mathematical Modeling of Systems: Special Issue on
Discrete Event Models of Continuous Systems, 1997.

3. A. Chutinan and B.H. Krogh. Computing approximating automata for a class of
linear hybrid systems. In Hybrid Systems V, Lecture Notes in Computer Science.
Springer-Verlag, 1998.

4. A. Chutinan and B.H. Krogh. Computing polyhedral approximations to dynamic
flow pipes. submitted to 37th IEEE Conference on Decision and Control: Invited
Session on Synthesis and Verification of Controllers for Hybrid Systems, 1998.

5. E. Clarke, O. Grumberg, and D. Long. Verification tools for finite-state concurrent
systems. In Proceedings of A Decade of Concurrency: Reflections and Perspectives,
pages 124–75, REX School/Symposium, Noordwijkerhout, The Netherlands, 1-4
June 1993. Springer-Verlag, Berlin, Germany, 1994.

6. T.A. Henzinger. Hybrid automata with finite bimulations. In Z. Fülöp and
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Abstract. In this article we investigate how to generate flight trajecto-
ries for an autonomous helicopter. The planning strategy that we propose
reflects the controller architecture. It is reasonable to identify different
flight modes such as take-off, cruise, turn and landing, which can be used
to compose an entire flight path. Given a set of nominal waypoints we
generate trajectories that interpolate close to these points. This path gen-
eration is done for two different cases, corresponding to two controllers
that either govern position or velocity of the helicopter. Based on a given
cost functional, the planner selects the optimal one among these multiple
paths. This approach thus provide a systematic way for generating not
only the flight path, but also a suitable switching strategy, i.e. when to
switch between the different controllers.

1 Introduction

For autonomous mobile robots in general and for aerial based ones in particular,
the need to function in a dynamic, changing environment is a crucial and impor-
tant feature in a successful design. If a robot detects an obstacle, or a helicopter
flies too close to the ground, an immediate, appropriate action is required. In a
purely reactive control system, this problem can be addressed by introducing an
obstacle avoidance behavior based on, for instance, potential field methods [1,2].
However, a control system that is commanded to track reference trajectories,
which is the case in this article, has to replan the trajectories on-line. Therefore
any solution to the planning problem that relies too heavily on time consuming
optimization techniques is likely to run into problems.

In this article we propose a solution to the trajectory planning problem that
is based directly on the controller architecture itself. It turns out that it is reason-
able to identify different flight modes such as take-off, cruise, turn and landing,
as well as different controllers, such as velocity and position controllers, tracking
different reference signals [7]. Given a set of waypoints defined as states of a
linear system (position, velocity and acceleration), the planning task becomes to
generate a trajectory that interpolates among these points, subject to additional

F.W. Vaandrager and J.H. van Schuppen (Eds.): HSCC’99, LNCS 1569, pp. 91{102, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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smoothness constraints on the path. The waypoints are used as soft constraints
in the construction of the path, allowing for a trade off between accuracy and
smoothness.

This path generation is done for two different linear systems, each corre-
sponding to a different controller. A cost functional determines which of the two
paths is optimal with respect to smoothness and interpolation accuracy. We thus
provide a systematic way for generating not only a feasible flight path, but also a
suitable switching strategy, i.e. when to switch between the different controllers.

Our solution is based on techniques from linear optimal control theory. The
main idea is to compose the flight path from motion primitives, normally referred
to as flight modes, such as take-off and landing. The planner finds an optimal
path and decides what controller provides the optimal solution for that path
segment.

Our approach offers the major advantage that it does not only propose ref-
erence trajectories, but also advises the control system when to switch between
the different controllers.
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Fig. 1. The helicopter tracks a reference path through given way points. Different
controllers are active at different parts of the route.

The article is structured as follows: In Section 2 we introduce the helicopter
model followed by, in Section 3, a discussion of the switched path planning al-
gorithm. We then conclude with some simulation results, showing the numerical
feasibility of our proposed method.

2 The Helicopter Model

In [4], an approximate model of the helicopter dynamics is derived, based on the
assumption that some of the cross-coupling terms can be neglected. Under this
assumption, the model becomes

P̈ = R

0

@
0
0
−TM

1

A+

0

@
0
0
1

1

A

�̇ = Ψ!
!̇ = J−1(� − ! � J!);

(1)

where P = [x; y; z] are the scaled Cartesian coordinates of the helicopter’s center
of mass and R 2 SO(3). Furthermore, � are the Euler angles (roll (�), pitch
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(�) and yaw ( )), ! the helicopter’s angular velocity and � describes the exter-
nal torque that is applied to the helicopter’s center of gravity. This nonlinear,
dynamic system is driven by the inputs [TM ; TT ; a1s; b1s], where TM and TT are
the normalized main and tail rotor thrusts respectively while a1s and b1s are the
longitudinal and lateral tilt of the main rotor.

Notice that the model (1) is highly nonlinear. Therefore control theoretical
issues such as stability and tracking become much more complicated than for
other mobile robots, for which the dynamics are fairly simple. In the helicopter
case, we can not, for instance, let the robot stop and “think” while reasoning
about the next action. Since we can not rely on computationally expensive opti-
mization algorithms it seems questionable whether optimal planning for the full
dynamic helicopter model is a realistic option. This is something that we need
to take into account when our planner is designed.

The complex dynamics give rise to the need for additional considerations. In
order to use a behavior based approach where, traditionally [1], desired motion
directions are proposed, we in the helicopter case need to generate trajectories
that correspond to the desired outputs of the active behavior.

In this article we only investigate point-to-point motions to describe the
behavioral spectrum of the robot. From a behavior based view-point, this path
generation can be regarded as an integral part of a general motion behavior.

2.1 Controller Design

In [7], different control designs are investigated, such as linear robust control,
fuzzy control, and nonlinear feedback linearization. Due to the fact that the
number of states is greater than the number of inputs, different controllers are
designed to govern specific outputs, such as position or velocity tracking1. There-
fore the overall behavior of the helicopter mainly depends on the currently active
set of controllers. Different flight modes, such as take-off, cruising or hovering,
employ their own collection of controllers, and in this article, we show how to
select these controllers in a systematic way.

There are a number of reasons for introducing these different flight modes.
First of all, flight modes provide building blocks for composing more complex be-
haviors such as searching or investigating objects on the ground. In addition, be-
haviors can be decomposed and analyzed in terms of these motion primitives[8],
also used by human pilots. Furthermore, the flight mode approach allows us, at
least partially, to decouple the state variables and to guarantee the stability of
individual controllers for certain flight envelopes.

From the perspective of this article, on the other hand, we simplify the plan-
ning task by partitioning the overall path into smaller segments. This divide and
conquer approach to the planning problem significantly reduces the computa-
tional complexity of the trajectory generation.

1 This is due to practical considerations and not a theoretical consequence of the
system dynamics.
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2.2 Di�erential Flatness

Before we describe the planning task, some comments about differential flatness
need to be made. The model (1) is differentially flat, as shown in [4], since it
can be feedback linearized. In other words, there exists a diffeomorphism from
the states of the nominal trajectory to the states in the helicopter model. If we
assume that we fly in the so called coordinated flight mode, where we actively keep
the side slip angle zero, then the heading of the helicopter can be reconstructed
directly from the nominal trajectory. From this, all of the remaining states in
the model (1) can be calculated, as shown in [4].

Hence we can recover the states of the helicopter from the flight trajectory
and its derivatives, and this is a desired property for two reasons. First of all
we want to be able to, given a desired trajectory, use this for controlling all of
the states, and thus the flatness property makes it possible for us to obtain the
desired state trajectory as well as the nominal inputs of the helicopter. Secondly,
we could use this property for imposing constraints on the trajectory, constraints
that come from the fact that we only can apply limited inputs in order to avoid
saturation.

So, what the flatness property can help us with is to transform the nonlinear,
coupled system into a system with decoupled x; y; z-states. This makes it possi-
ble for us to view these states as separate when planning the paths, at the same
time as we still design output trajectories that are compatible with the nonlin-
ear helicopter dynamics [6] (under the assumption that we do not saturate the
actuators.)

The way this can be viewed is that the nominal trajectory provides the
reference inputs for the actual tracking controller, designed on the full helicopter
model. This controller can also be augmented by error feedback if necessary [4].

3 Planning for the Switched Control System

Based on the discussion in the previous section, the coarse behavior of the he-
licopter dynamics can be simplified into a linear system governed by either the
position or the velocity controller. Although this simplification can not be used
for the controller design itself, it serves as a valid abstraction of the dynam-
ics for planning purposes. The trajectories generated by the planner are then
tracked using the controllers, designed with respect to the full, nonlinear heli-
copter model.

We want the trajectories to have at least continuous second derivatives. Thus
the paths fed into the position or velocity controller are produced by control
systems on the form

x(3) = kp(u− x) position control
x(3) = kv(u− ẋ) velocity control.

(2)

The reason for this construction is that if we minimize the L2-norm of the control
input (which will be the case in the next subsection) we get smooth signals. This
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means that in the position control case, x will stay close to the smooth controlled
input. This results in small variations in x as well, which is a desired feature when
the position controller is used. The same argument can then be applied in the
velocity controller case.

Notice that these linear systems are used for trajectory planning only and
not for control. We can thus neglect the stability issues since our control law is
designed in a way that drives the linear system from waypoint to waypoint [3].

By setting x̄ = (x; ẋ; ẍ)T and using a similar notation in the y- and z-
direction, and letting

Ap =

0

@
0 1 0
0 0 1
−kp 0 0

1

A ; bp =

0

@
0
0
kp

1

A

Av =

0

@
0 1 0
0 0 1
0 −kv 0

1

A ; bv =

0

@
0
0
kv

1

A
(3)

the overall system becomes

0

@
˙̄x
˙̄y
˙̄z

1

A =

0

@
Ax̄+ bux
Aȳ + buy
Az̄ + buz

1

A where
�
A
b

�
=

8
>><

>>:

�
Ap
bp

�
position control

�
Av
bv

�
velocity control

(4)

This system decouples into three subsystems, which evolve independently
in R3. Even though we are not obliged to switch between position and velocity
control simultaneously in all the three subsystems, we prefer to consider them as
one system, since the output (either position or velocity) is what the helicopter
is asked to track.

3.1 Trajectory Planning

In this subsection, a general framework for generating trajectories for linear,
single-input, multiple outputs control systems is presented based on linear op-
timal control theory. The main idea is to use soft constraints on the position,
velocity and acceleration of the system at given, discrete times, ti; i = 1; : : : ; m.
The planning task becomes to find the control, u, which drives the individual
subsystems of (4) close to the prespecified points in state space, (x̄k; ȳk; z̄k; tk).
Notice that a general interpolation point can be formed by an arbitrary combina-
tion of constraints on position, velocity and acceleration along each dimension.

For example, the first subsystem of (4) becomes

˙̄x = Ax̄+ bu; x̄ 2 R3
; u 2 R: (5)

In addition to the soft constraints, we want to minimize the L2-norm of the
control signal Z T

0

1
2
u2(s)ds (6)
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because it smoothes the generated path. The flatness property, discussed earlier,
implies that the actual variations in the internal states of the nonlinear helicopter
model become smooth as well. There is much to gain in terms of performance
and smoothness by using soft interpolation constraints rather than demanding
exact interpolation.

Given a set of basis functions

gi(t) =
�
eA(ti−t)b t � ti
0 t > ti;

(7)

we obtain the (translated) states, x̂, of (5) to be

x̂(ti) = x̄(ti)− eAti x̄0 =
Z ti

0

eA(ti−s)bu(s)ds

=
Z T

0

gi(s)u(s)ds; i = 1; : : : ; m: (8)

The convex cost functional that we want to minimize, with respect to u, becomes

J(u) =
Z T

0

1
2
�u(s)2ds+

mX

k=1

1
2
(x̂(tk)− �k)T �k(x̂(tk) − �k); (9)

where �k is the waypoint that we want the system to drive closely to at time tk,
and

�k =

0

@
�k1 0 0
0 �k2 0
0 0 �k3

1

A : (10)

Here, �kj indicates how important it is that x̂’s jth component is close to the
desired point at the time tk. If no constraint on that component is imposed at
this time, we simply let �kj = 0.

Taking the Fréchet derivative of this functional [5] with respect to u and
setting it equal to 0, based on the guess that

u(t) = �T g(t); (11)

where
g(t) =

(
g1(t)T ; : : : ; gm(t)T

�T
; (12)

gives us
� = (�I + T G)−1T �: (13)

In (13), the terms T and G are defined as

T =

0

B@
�1 0

. . .
0 �m

1

CA (14)
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and

G =
Z T

0

g(s)g(s)T ds: (15)

It should be pointed out that in [3] it was proved that this problem is a
convex optimization problem. Thus our necessary optimality conditions are in
fact sufficient ones as well.

One advantage of this approach is that even though we only control a single
input, we are able to impose constraints on all of the states as shown in Figure
2.
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Fig. 2. Interpolation through points specified simultaneously for the position
(upper graph), velocity (middle graph) and acceleration (lower graph). The rea-
son why the trajectory seems to interpolate through and not just close to the
desired points is due to the fact that we, in this case, chose to let the �k:s be
large, giving a higher priority to interpolation rather than smoothing.

3.2 Motion Primitives

The planning task becomes to generate a feasible trajectory assuming a spe-
cific motion primitive for the current segment. In the cruising case, we ask the
helicopter to maintain a given altitude, h, while moving horizontally at a con-
stant velocity, vc. Assuming, without loss of generality, that we want to fly in
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x-direction, the constraints become
0

BBBBBBBBBBBB@

x
ẋ
ẍ
y
ẏ
ÿ
z
ż
z̈

1

CCCCCCCCCCCCA

(t0) =

0

BBBBBBBBBBBB@
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0
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h
0
?

1

CCCCCCCCCCCCA

!

0

BBBBBBBBBBBB@

x
ẋ
ẍ
y
ẏ
ÿ
z
ż
z̈

1

CCCCCCCCCCCCA

(t1) =

0

BBBBBBBBBBBB@

?
vc
?
?
0
?
h
0
?

1

CCCCCCCCCCCCA

; (16)

where the ? indicates that no constraint is imposed on that state at that time.
The same type of way points can be identified for other motion primitives.

The planning for each of the segments can be done separately, using the final
state configuration from one motion as the initial value for the next. Although
this divide and conquer approach does not guarantee a global optimum, it pro-
vides a good solution requiring a minimal computational effort. For the linear
optimal control problem in itself, this may not be such a big benefit, but we
already in the introduction talked about the switched planning. This refers to
the case when we switch between different A:s and b:s and, as we will see in
the next subsection, this leads to a combinatorial optimization problem which
complexity increases with the number of waypoints.
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Fig. 3. Here a cruise motion in the x-direction is planned and the upper graph
shows the position, the middle the velocity while the lower shows the acceleration
of the planned path. In the figures, x is solid, y is dotted, and z is dash-dotted.
The reason why ẍ 6= 0 is that in this case our initial condition was not ẍ(t0) = 0.
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3.3 Controller Scheduling

In order to make the optimization problem numerically tractable, we assume
that switchings are only allowed to occur at the waypoints. In the future we
plan to employ reinforcement learning to learn an optimal control switching
policy. Whenever the reinforcement learner inserts new switching points into the
coarse flight path, the planner replans the trajectory ON-line using these new
waypoints.

For a motion primitive composed of M waypoints, the number of possible
switching policies is 3 � 2M . Since we keep the number of waypoints small within
each motion primitive, this does not lead to a too large number of possible
policies from a computational point of view.

We define a functional for evaluating the performance for each of these dif-
ferent 3 � 2M solutions, as

Jj(u) =
1
2
�

Z T

0

(ujx(t)2 + ujy(t)2 + ujz(t)2)dt

+
1
2

mX

k=1

�
(x̂j(tk)− �xk)T �xk(x̂j(tk)− �xk) (17)

+ (ŷj(tk)− �yk)T �yk(ŷj(tk)− �yk)
+ (ẑj(tk)− �zk)T �zk(ẑj(tk) − �zk)

}
;

where ujx is the control signal corresponding to the j:th switching strategy for
the x-subsystem. In the same way, x̂j are the states for this subsystem driven
by ujx.

It should be noted that we do not need to calculate the entire functional for
each j since old results can be reused in order to reduce the numerical complexity.

The planner generates the final trajectory using the path number j? 2 [1; 3 �
2M ] with the lowest value on the functional. This corresponds to the path that is
optimal with respect to a weighted sum of a waypoint-fitting and a smoothness
criterion.

Figure (5) shows an entire flight path.

4 Conclusions

This article investigates the problem of generating optimal flight trajectories for
an autonomous helicopter. We propose a planning strategy that partitions the
optimization problem into isolated segments. The planner can employ different
controllers in order to generate a smooth trajectory that minimizes the deviation
from the given, constraining waypoints.

Our approach constitutes a systematic way for not only generating the flight
path, but also provides a suitable switching strategy, i.e. when to switch between
the different controllers.
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Fig. 4. Simulation of different motion primitives.The upper figures shows 3D-
plots of the position and the velocity respectively in the motion primitive. The
lower left plots show x; y and z while the right ones show ẋ; ẏ and ż. The P:s
and the V:s indicate what controller is active at each part of the path.
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Fig. 5. Here, a simulation of a planned route, built up from different motion
primitives (take-off, cruise and turn) and controllers is displayed.

Our approach also offers an analytical solution to the planning problem that
does not require any computationally expensive numerical optimization. There-
fore the planner is able to generate trajectories ON-line under the real time
constraints given by the operation of the helicopter.
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Abstract. This paper presents Coho, a reachability analysis tool for
systems modeled by non-linear, ordinary differential equations. Coho
represents high-dimensional objects using projections onto planes corre-
sponding to pairs of variables. This representation is compact and allows
efficient algorithms from computational geometry to be exploited while
also capturing dependencies in the behaviour of related variables. Reach-
ability is performed by integration where methods from linear program-
ming and linear systems theory are used to bound trajectories emanating
from each face of the object. This paper has two contributions: first, we
describe the implementation of Coho and, second, we present analysis
results obtained by using Coho on several simple models.

1 Overview

Reachability analysis is the basis for many verification tasks. This paper ad-
dresses reachability for systems modeled by ordinary differential equations
(ODEs). In this context, the state of the system is a point in Rd, where d
is the dimension (i.e. number of variables) of the system. Given two regions,
A � B � Rd, the reachability problem is to show that all trajectories that start
in A remain in B, either during some time interval, [0; tend], or for all time.

To verify a safety property, one must show that all trajectories are contained
in a region satisfying the property. Examples of safety properties include: air-
craft are adequately separated [TPS97], an arbiter circuit never asserts grants
to both of its clients simultaneously [MG96], and the level of water in a tank is
in a specified interval[ACH+95]. To verify these properties, one can determine a
region that contains all possible trajectories of the system. If this region is con-
tained in the region that satisfies the desired property, then the safety property
holds for the system. This paper presents a method for constructing a region
that contains all possible trajectories of a system.

F.W. Vaandrager and J.H. van Schuppen (Eds.): HSCC’99, LNCS 1569, pp. 103{116, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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In this paper we describe a technique for reachability analysis of systems
modeled by ODEs. Such systems present two challenges. First, closed form so-
lutions exist only for special cases (e.g. linear models and a few others). Mathe-
maticians have proven enough negative results for closed form solutions that it
is clear that little progress can be made by strictly analytical means. Thus, we
must use approximation techniques (such as numerical integration) to analyze
real systems. With care, these techniques can be designed in a way that ensures
the approximations always lead to an over estimation of the reachable space.
Thus, our verification is sound—incorrect designs will never be falsely verified,
but we may fail to verify a correct system because of our approximations.

The second challenge is that we are interested in systems with moderately
high dimensionality. The circuit models that motivate our work typically have
five to twenty variables. Algorithms to represent and manipulate general d-
dimensional polyhedra typically have time and space complexities with expo-
nents of d or d=2 [PS85]. Thus, we will consider a restricted class of high-
dimensional objects that can be efficiently represented and manipulated.

yx

z

y

x

z

xy

z

yx

z

Projections

Maximal
Reachable
Space

Fig. 1. A three dimensional “projectahedron”

In [GM98] we presented the theory for an approach to reachability analysis
where high dimensional objects are represented by their projections onto two
dimensional subspaces with each projection corresponding to a pair of variables.
For example, figure 1 shows how a three-dimensional object (the “anvil”) can
be represented by its projection onto the xy, yz, and xz planes. The high di-
mensional object is the largest set of points that satisfies the constraints of each
projection. We call objects that are represented by this technique “projectahe-
dra.”

Projectahedra offer several advantages. Ignoring degeneracies, faces of the
object represented by a projectahedron correspond to edges of its projection
polygons. Our reachability analysis requires flows from each face to be consid-
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ered, and the projectahedron representation allows many operations on faces
to be carried out as simple operations on polygon edges. The projection poly-
gons are two-dimensional and can be manipulated efficiently using well-known
algorithms from computational geometry [PS85].

We do not require the projection polygons to be convex; thus, non-convex,
high-dimensional objects can be represented by projectahedra. As is shown
in section 4, the reachable regions arising from ODE models are often highly
non-convex. However, even non-convex projections cannot represent all possi-
ble high-dimensional polyhedra. For example, projectahedra cannot represent
objects with indentations on their faces (i.e. a cube where some or all of the
faces have hemispherical concavities). Instead, such objects will be mapped to
projectahedra where their indentations are filled-in. Since we are only verifying
safety properties, the resulting over approximation of the reachable space does
not compromise the soundness of our analysis.

Given an object represented by a projectahedron, we must determine how
this object evolves according to the ODE model for the system. As this prob-
lem cannot be solved analytically for general models, we pursue a numerical
approach. We require the ODE model to have bounded derivatives. This means
that trajectories are continuous, and it is sufficient to consider the set of points
reachable from points on the boundary of the projectahedron. Our algorithm
approximates the non-linear model with a linear model and an error bound.
By constructing a separate approximation for each face at each time step, the
error bounds can be fairly tight. The face is then transformed by the linear ap-
proximation and moved outward by the worst-case error. This approach allows
general models to be used. Currently, linearization is done manually, and model
generation requires significant effort.

This paper makes two contributions to the verification of systems with ODE
models. Section 3 describes Coho, our implementation of the techniques men-
tioned above. For brevity, we focus on the top-level structure of the implemen-
tation and describe a few of the “surprises” we encountered. Then section 4
presents several examples where we have used Coho. We start with the linear
two- and three-dimensional models presented in [DM98]. We then analyze two
systems with non-linear models: a Van der Pol oscillator, and a three-dimensional
“play-dohTM” example, where the region is compressed in one dimension while
being stretched and folded along another.

2 Computing Reachability

Coho is based on the techniques for reachability presented in [GM98]. This sec-
tion presents a brief summary of this approach. Consider a general, ODE model:

ẋ = f(x) (1)

where x 2 Rd. Given A0 � Rd such that x0 2 A0, we are interested in answering
reachability questions such as: Given t 2 R+, find At � Rd such that x(t) 2 At.
For general ODE models, closed form solutions are not possible. Therefore, we do
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not hope to compute the smallest reachable set. Instead, we want to compute a
conservative projectahedron for At. Our reachability computation is an iterative,
integration algorithm. We describe a single time-step of this algorithm below.

Each edge of a projection polygon corresponds to a d − 1 dimensional face
of the projectahedron. At each step, we compute a conservative estimate of the
convex hull of this face, and then determine a new convex region that contains
any point reachable from this hull at the end of the time step. We then project
this hull back onto the basis for the projection polygon corresponding to the
face. This computation is performed for each edge of the projection polygon to
compute a bounding projection polygon at the end of the time step. By updating
each projection polygon in this manner, we obtain a projectahedron that contains
all points reachable at the end of the time step.

To compute a conservative approximation of the convex hull of a face, we
intersect the constraints for the polygon edge with the constraints for the convex
hulls of each of the projection polygons. To compute the set of points that are
reachable from this hull, we approximate the model from equation 1 with the
differential inclusion:

x 2 H ) ẋ 2 Ax+ b+ U (2)

where H is the conservative approximation of the convex hull for the face, A 2
Rd � Rd is a matrix, b 2 Rd is a vector, and U 2 (R � R)d is a hypercube
(i.e., the Cartesian product of d intervals). For the examples presented in this
paper, we compute A, b, and U by performing a power-series expansion about
a point near the center of H. Because H is convex, it can be represented by a
linear program, and we can use linear optimization techniques to obtain fairly
accurate approximations for f .

We now consider the inhomogeneous linear system

ẋ = Ax+ b+ u(t) (3)

where u is any function such that u(t) 2 U . By chosing a worst-case u, we obtain
a conservative approximation of the reachable region. In our implementation,
we approximate u with a linear bounds. This produces a linear program for the
approximation of the points reachable from the face, and we obtain a projection
of the face back to the coordinates of the projection polygon from this linear
program.

3 Implementation

At the top-level, Coho is divided into one component that performs numeric com-
putations and another that performs geometric operations. As shown in figure 2,
at each time step the numeric component inputs a projectahedron, updates each
face, and outputs a new projectahedron. In this process, each edge of each pro-
jection polygon is transformed to a polygon that contains the projection of the
corresponding face at the end of the time step. The geometric component merges
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Fig. 2. Top-level of Coho

the polygons associated with a single projection, and computes an approxima-
tion with fewer vertices. The geometric component outputs the resulting polygon
and its convex hull. This completes a single step of the integration. Details of
the algorithm are presented in [GM98].

3.1 Matlab and Java

Currently, Coho implements the numeric component in Matlab [The92] and the
geometric component in Java [AG96]. This approach builds on the strengths of
both environments. Matlab provides comprehensive, optimized and well-tested
implementations of linear programming, matrix exponentiation, and other ma-
trix operations—greatly simplifying the implementation of the integrator. Fur-
thermore, the interactive interface and plotting capabilities facilitated the anal-
ysis and visualization of the systems described in this paper.

Although Matlab currently provides a few simple geometric operations, its
capabilities are not sufficient for our purposes. Thus, we implemented a com-
putational geometry package in Java. With its type safety, garbage collection,
and object oriented abstractions, Java is much better suited for implementing
non-numeric algorithms than Matlab’s scripting language. These features also
gave Java a clear advantage over C or C++: the geometry package was devel-
oped without the use of or need for a debugger; our experience suggests that
this would not have been possible in C or C++.

The geometric operations were encapsulated as a filter, taking one type of
projectahedron and returning a different format of a similar projectahedron (see
figure 2). This filter is a Matlab script that writes its parameter projectahedron
to a file, invokes the Java program as a shell command, and reads the result
from a second file.

We were initially concerned that the time to start the Java Virtual Machine
(JVM) would be prohibitive. In practice, starting the JVM each time step takes
about as long as the numeric computations for the time step. The time spent
performing geometric operations is small by comparison. We believe that the
cost of the numeric operations is dominated by the time spent solving the large
number of linear optimization problems that occur in our formulation. An imple-
mentation optimized for our application would almost certainly result in much
improved performance. Likewise, with some programming effort we could change
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the interface between Matlab and Java so that the JVM would be started only
once. For the examples described in this paper, the total elapsed time was a
few seconds per time step running on a 250 MHz UltraSparc 2 workstation with
Matlab 5.1 and JDK 1.2-beta4.

3.2 Numerical computation

The numeric phase of a time step begins by loading a polygon and its convex
hull for each projection of the system. The convex hulls are then bloated outward
slightly for safety. Each projection’s bloated convex hull can be translated into a
set of linear inequalities in the projection’s two coordinates. The combination of
all the projections’ linear inequalities describes a convex region containing the
projectahedron.

At this point, the movement of each edge of each projection’s polygon can
be computed independently. Each edge represents a face of the projectahedron,
and the objective is to compute the furthest outward that points on the face
could move during a time step. For each face, the following computations occur.

Restriction: The convex region computed from the convex hulls is further
restricted to a box around the edge in the coordinates of the edge by four
more linear inequalities. In the full dimensional space this is equivalent to
constructing a slab around the face being examined.

Linearize Model: A user supplied function computes a linearization of the
system derivatives which is valid over the slab. This model includes linear
and constant terms, and must give bounds on the error introduced by the
linearization within the slab. The user function has access to the slab’s de-
scription in terms of the collection of linear inequalities computed in the
previous step. Typically, linear programs are run to find bounds on each
variable within the slab, from which the linearization and errors computed.

Advance Time: The linear model is used to move the slab forward in time—
currently by matrix exponential, although future versions may use better
integration routines.

Map Extent: The slab’s end of step shape will still be described by a collection
of linear inequalities after time is advanced. Building a polygon from these
inequalities requires mapping out the region they contain. The mapping is
accomplished by running a series of linear programs on the time advanced
set of inequalities. Note that the slab may rotate during the time step, so its
projection may not be a simple rectangle.

Add Errors: So far, the slab’s movement is entirely controlled by the linearized
model. To treat the error, we add a constant derivative offset within the
error bounds throughout the time step, in such a way as to bloat the slab’s
projection outward as much as possible.

Each edge of each projection’s polygon therefore produces an “edge polygon”
at the end of the time step; this polygon contains the projection of all points
that could be reached from the corresponding face within the time step. The
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union of all such polygons, and the region contained within that union, is the
projection of an over approximation of the projectahedron at the end of the time
step. Since the next time step must start with a single polygon for each projec-
tion, the geometric filter is called at this point to simplify the projectahedron ’s
description.

3.3 Geometric computation

The input to the geometric phase is a list of edge polygons for each projection:
the union of these polygons contains the boundary of the new projection. The
resulting polygon may have many more edges than the polygon at the beginning
of the time step. To avoid unbounded growth in the number of polygon edges, we
conservatively reduce the vertex count. Finally, as projectahedra evolve, degen-
eracies may occur in the projection polygons: edges may become very short, or
vertex angles may become highly acute or highly obtuse. In fact, these degenara-
cies occur frequently when the projectahedron becomes very narrow along one
or more axes, which is typical when approaching an attractor or similar phase
space feature.

The five steps of the geometric phase are described below. The constant � is
used to test for potential numerical degeneracies—the current implementation
uses � = 10−12.

Short edge removal: If the length of an edge is less than � times the dis-
tance from the origin of the endpoint furthest from the origin, then one of
the vertices is deleted. If only one vertex remains at the end of this step,
it is replaced by a square with edges of length 2�. If exactly two vertices
remain, the segment is replaced with a bounding rectangle whose major axis
is parallel to the segment and that encloses the segment by �.

Special case for highly acute vertices: Each edge polygons is convex. If a
vertex of one of these polygons is highly acute (angle less than � radians),
then the edge polygon must be very thin. Such polygons are replaced by a
bounding rectangle whose major axis is parallel to the bisector of the angle
and that encloses the original edge polygon by �.

Polygon merge: For each projection, the edge polygons are merged to produce
the boundary of the new projection polygon.

Topological simplification: Having computed the boundary in the previous
step, we now find the left most vertex, which must be on the outer boundary.
An edge tour starting at this vertex gives the outer boundary of the pro-
jection’s new polygon. This operation “fills-in” the interior of the projection
polygon.

Vertex count reduction: Typically, the polygon produced by the preceding
steps of the geometric phase will have many more vertices than the projection
polygon had at the beginning of the time step. To prevent an explosion in
the number of vertices, we must compute a conservative approximation of
the polygon that has a reasonable vertex count.



110 Mark R. Greenstreet and Ian Mitchell

0 1

1

0
0 1

0

1

0 1
0

1

simplify simplify

y

y z

z

x

x x

x
0 1

1

0

e0

e1

e2

e0
′

e2
′

v0

Fig. 3. Vertex count reduction

We say that a vertex is convex (resp. concave) if the polygon is locally convex
(resp. concave) at that vertex. Consider a pair of adjacent convex vertices
(such as the two rightmost vertices of the xy projection in the top half of
figure 3). Let e1 be the edge joining these two vertices and e0 and e2 be
the other two edges incident on these vertices. If e0 and e2 intersect on the
outside of e1, then the two vertices can be replaced by this intersection.
The resulting polygon contains all points in the original polygon; thus, this
simplification is safe. Likewise, any concave vertex can be safely eliminated
(as in deletion of v0 from the xz polygon in figure 3).
The selection of vertices to remove is done in a greedy manner. All operations
increase the size of the polygon, and each has a cost which is a weighted sum
of the increase in the area of the projection polygon and the increase in area
of its hull. Currently, the two weights are equal. Vertices are deleted until
the total cost reaches a preset fraction of the original polygon area. In the
examples below, we used a threshold of 2%—the resulting polygons typically
had less than fifteen vertices.
The removal of concave vertices can create short edges or highly obtuse
vertices (angles within � of �). Such degeneracies are eliminated when they
occur by deleting appropriate vertices.

3.4 Surprises

Of course, not all went as expected when we first used Coho. Originally, we only
used the area of the polygon in computing the cost of deleting a vertex. However,
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projection polygons are approximated by their convex hulls in many places in
our algorithm; thus, an approximation that enlarges the convex hull is in some
sense more costly than one that does not. We found that by including the area
of the convex hull in our cost function, we obtained tighter bounds with our
reachability analysis.

A second surprise was the difficulty caused by infeasible vertices. Recall that
at the beginning of each time step, each edge of each projection polygon corre-
sponds to a face of the projectahedron. The numerical phase of the algorithm
computes a convex bound for this face, moves it forward in time, and project it
back to the basis plane to produce an edge polygon. The edge polygons for ad-
jacent edges should overlap, and this is guaranteed if the vertex where the edges
met was feasible at the beginning of the time step. We discovered that the over
approximations used in our algorithm can produce infeasible vertices. However,
the extent of the over estimate is not necessarily the same for all projections.
This can produce sets of edge polygons that fail to form a closed boundary.

For example, consider the projectahedron as depicted in figure 3. Assume
that both polygons have an extent of [0; 1] in x before the vertex reduction step.
The vertex elimination operation in the geometric component replaces the two
rightmost vertices of the xy projection with a single vertex. This gives the xy
projection polygon an x extent of [0; 1:1]. Vertex elimination for the xz polygon
eliminates a single vertex along the concave section of the boundary, leaving the
extent of the polygon unchanged. After vertex elimination, the rightmost vertex
of the xy polygon is infeasible (because no point with that x value lies in the xz
polygon).

Infeasible vertices led to incomplete boundaries in some of our earlier trials.
Our solution is to detect infeasible vertices (using linear programming) and to
treat a sequence of adjacent edges as a single piece of the boundary, extending
the sequence until both endpoints are feasible. This procedure guarantees that
the numeric component will produce a complete boundary that contains the
true boundary at each time step. In the example above, edges e0

0 and e2
0 would

be treated as a single triangle instead of two separate edges in the next numeric
phase of the analysis.

4 Examples

This section presents our initial experience applying Coho to examples from the
literature as well as some of our own design.

4.1 Dang and Maler’s linear examples

In [DM98], Dang and Maler analyzed five systems with linear models and two
with non-linear models. Here, we use Coho to analyze their five linear systems.
Four of these are two-dimensional models from [HS74]. Figure 4 show the models
and Coho’s analysis for two of those examples, the node and sink. We also
ran Coho on their center and saddle examples with similar results. When our
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Fig. 4. Two-dimensional, linear models

analysis is compared with the “face-lifting” technique of Dang and Maler, Coho
appears to be much more accurate. This can be seen in the node example where
the boundaries of our polygons approach the origin without touching the axes,
as should be the case for that model. With face-lifting, a much larger area is
computed for the node, and it has extensive contact with the axes. Our sink
analysis is likewise more accurate, clearly showing distinct cycles of the spiral
where face-lifting merges them together.

The greater accuracy of Coho arises from several factors. First, Coho’s ”ap-
proximate” linearizations of the models are exact (to within the accuracy of
double precision floating point arithmetic) for these linear examples; the error
bound for these models is zero. Second, face-lifting quantizes the reachable re-
gion on a relatively coarse fixed grid, while Coho can place polygon vertices
at any location representable in double precision. On the other hand, the fixed
quantization of face-lifting may make it more amenable for use with symbolic
techniques such as timed automata. This does not appear practical for Coho’s
polygonal projections.

Figure 5 shows Dang and Maler’s 3-dimensional example. We have not yet
implemented reconstruction of 3-dimensional objects from their projections, so
the figure just shows the two projections. The figure in [DM98] does not provide
enough detail to support a comparison of accuracy. However, our figure clearly
shows how Coho automatically increases the number of vertices in the projection
polygons to maintain the requested accuracy. The evolution from rectangle to
elliptical “blobs” shows how Coho adjusts the orientation of edges according to
its linearization of the ODE model.

Two non-linear models were presented in [DM98]. At the present time, we
must manually derive code to linearize a non-linear model and compute the error
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projection: x vs. y projection: z vs. y
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Fig. 5. Dang and Maler’s 3-dimensional Model

bounds. This derivation is the most tedious and error-prone aspect of using Coho,
and we are looking into ways to automate it. However, this, and the very recent
completion of Coho, are the reasons that we have not yet analyzed Dang and
Maler’s non-linear examples. Instead, we present two examples of our own design
that exhibit behaviors that are qualitatively different than those of linear models.

4.2 Van der Pol’s oscillator
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Fig. 6. Van der Pol’s oscillator

Our first non-linear example is a Van der Pol oscillator adopted from [HS74].
Our model is symmetric in x and y; the equations and a cycle of the oscillator
are shown in figure 6. This system also shows how invariants can be verified
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using reachability analysis: to establish an invariant set, it is sufficient to choose
a region Q0 and integrate for one period of the oscillator to produce Q1. If Q1 is
contained inQ0, then the region traced out during the integration is an invariant
set.

During our first attempts at this example, the reachable region quickly be-
came very long and skinny, stretching along the trajectory of the oscillation.
This stretching occurs because the non-linear terms in the ODE stabilize the
amplitude but not the phase of trajectories. Recall that Coho uses error bounds
from a model’s linear approximation to bloat edges outward—a conservative
strategy to maintain the soundness of our analysis. While over estimation of the
reachable region’s amplitude is damped by the non-linear terms of the oscillator,
over estimation of the region’s phase tends to accumulate, and the region gets
longer and longer.

On the straight segments of the oscillator’s trajectory, this stretching causes
little harm. However, as the oscillator makes a sharp turn at the corners, the over
estimated phase can spill into large over estimates of amplitude. If the amplitude
isn’t damped before the next corner, the region grows without bound.

To prevent this explosion in region size, we divide a complete oscillation into
two portions. The starting region lies on the positive x-axis, and we track this
region through half a cycle until it has completely crossed the negative x-axis.
We manually identify the segment of the negative x-axis where any portion of
the region crossed, and restart from this segment. This second region is tracked
around to its crossing of the positive x-axis. Figure 6 clearly shows that all
trajectories starting in the original region cross through the second starting
region, and all trajectories from the second starting region cross through the
original starting region. Thus, we have identified an invariant set.

This technique can be extended to allow verification of a hybrid system whose
dynamics depend on a current discrete “mode”. As the region being tracked
crosses a boundary between two modes, we can record the portion of the bound-
ary touched by the region. Once we have finished tracking the region in the old
mode—most likely because it has moved completely into the new mode—the
analysis is restarted using the new mode’s continuous dynamics. The initial con-
ditions for this restart are those portions of the boundary crossed by the region
in the old mode. In the computation of the Van der Pol oscillator’s invariant set,
for example, different ODEs could have been used for the top and bottom halves
of the state space, simulating a system with one mode for positive y and another
for negative y. It should be noted that this strategy would have problems deal-
ing with a region which straddled or jittered along the boundary between two
modes.

4.3 Squishing “Play-Doh”

Our example of a three dimensional non-linear system corresponds to squishing
a lump of modeling clay. Consider a region shaped roughly like an octagonal
hockey puck (or tuna can, for those unfamiliar with the Canadian obsession).
Orient the puck so that its projection in the x-y plane is the octagon, and in the



Reachability Analysis Using Polygonal Projections 115

projection: x vs. y projection: x vs. z

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

X

Y

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

X

Z
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Fig. 7. Play-Doh

x-z plane a rectangle. The playdoh system takes this puck and squishes (in the y
direction) toward the y = x line, while bending the puck in its narrow dimension
(the z direction) into a “V” shape. A small shrinking factor is applied in the x
direction to offset Coho’s over approximations. The resulting region is a thick,
bent V lying at a 45 degree angle. While the squishing process is linear, bending
is accomplished by a quadratic non-linear derivative function.

Although encountering many infeasible vertices and requiring many vertices
introduced during numeric phases to be removed, Coho manages to track the
two projections without an explosion in vertex count. Note, however, that the
regions do not stay symmetric; a result caused by degeneracy handling code in
the geometric phase.

5 Conclusions

This paper has presented Coho, a reachability analysis tool for systems mod-
eled by ordinary differential equations. Coho uses projectahedra, an efficient
method for representing high-dimensional objects as their projections onto two-
dimensional subspaces. Non-linear models are handled by creating local lineariza-
tions for each face of the projectahedron. Each linear approximation includes an
error bound which ensures the soundness of the analysis. We described the im-
plementation of Coho, and have presented several example analyses, including
linear and non-linear systems in two and three dimensions.

Implementation of Coho was completed recently; clearly, more examples will
be needed to thoroughly validate our approach. The initial results presented in
this paper are encouraging. The reachable state space estimates computed by
Coho are more accurate than published results by other methods. The increased
accuracy can be attributed to Coho’s use of exact methods for analyzing linear



116 Mark R. Greenstreet and Ian Mitchell

systems combined with a flexible representation of reachable space that does not
require vertices to lie on fixed grid-points.

Our set of examples has at least one obvious limitation—in all cases, system
derivatives are completely determined by current state. In many real systems,
input and modeling uncertainties lead to models where only constraints on the
derivatives, but not exact values, can be determined. In [Gre96], we described
several such models based on Brockett’s annulus construction [Bro89]. We intend
to try Coho on similar models. The examples in this paper were based on two
and three dimensional systems. Coho was designed with models of up to twenty
variables in mind. We are eager to try Coho on higher dimensional models.
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Abstract. This paper introduces a new switching logic inspired by the
hysteresis switching logic considered in [7,11]. The new logic also uses
hysteresis to prevent chatter, but unlike its predecessor in [7,11], it is
“scale-independent” as well. The logic is shown to have the requisite
properties for adaptive control applications.

1 Introduction

“Scale-independence” is a property of certain switching algorithms used in an
adaptive context which is key to proving an algorithm’s correctness when oper-
ating in the face of noise and disturbance inputs [9]. The concept of dwell-time
switching – exploited in [9] and elsewhere – has the advantage of being scale-
independent. However, the existence of a prescribed dwell-time makes it im-
possible to rule out the possibility of finite escape in applications of dwell-time
switching to the adaptive control of nonlinear systems [6]. On the other hand,
the popular idea of hysteresis switching [7,11] does not have this shortcoming.
Unfortunately, hysteresis switching is not a scale-independent algorithm. The
objective of this paper is to introduce a new form of chatter-free switching that
does not employ a prescribed dwell-time and which is scale independent. We call
this logic “scale-independent hysteresis switching” and we prove its correctness
for applications to adaptive control [6].

Consider the hybrid dynamical system

ẋ = fσ(x, t), x(0) = x0 (1)

where {fp : p ∈ P} is an indexed family of locally Lipschitz functions taking
values on a finite dimensional space X and defined on X × [0,∞), and σ is a
piecewise constant switching signal taking values in P. The switching signal σ
is chosen so as to cause the performance signals

πp
4= Π(p, x, t), p ∈ P (2)
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to have certain desired properties. Here, Π is a performance function from P ×
X×[0,∞) to IR that is continuous with respect to the second and third arguments
for frozen values of the first.

The algorithm used to generate σ considered in this paper is called a scale-
independent hysteresis switching logic and can be regarded as a hybrid dynamical
system SH whose input is x and whose state and output are both σ. To specify SH
it is necessary to first pick a positive number h > 0 called a hysteresis constant.
SH’s internal logic is then defined by the computer diagram shown in Figure 1
where the πp are defined by (2) and, at each time t, q 4= arg minp∈P Π(p, x, t).
In interpreting this diagram it is to be understood that σ’s value at each of its

Initialize σ

(1+h)πq ≤ πσ

σ = q

yn

Fig. 1. Computer Diagram of SH.

switching times t̄ is equal to its limit from the right as t ↓ t̄. Thus if t̄i and
t̄i+1 are two consecutive switching times, then σ is constant on [t̄i, t̄i+1). The
functioning of SH is roughly as follows. Suppose that at some time t0, SH has just
changed the value of σ to p. σ is then held fixed at this value unless and until
there is a time t1 > t0 at which (1 + h)πq ≤ πp for some q ∈ P. If this occurs,
σ is set equal to q and so on. This type of logic has numerous applications in
adaptive and supervisory control [7,11,8,1,6,2,3,5].

The main result of this paper is the scale-independent hysteresis switching
theorem. This theorem states that under appropriate “open-loop” assumptions,
switching will stop at some finite time. Being able to establish that switching
stops in finite time is crucial to the stability analysis of adaptive and supervisory
control algorithms using hysteresis switching.

The switching logic described above is new. Its main advantage over the
hysteresis switching logic considered in [7,11] is that it is “scale-independent”
in that its output σ remains unchanged if its performance function/input signal
pair {Π, x} is replaced by another pair {Π̄, x̄} satisfying

Π̄(p, x̄, t) = ϑΠ(p, x, t), ∀p ∈ P, t ≥ 0

where ϑ is a positive time function. This is because, for any fixed time t,
(i) the value of p that minimizes Π(p, x, t) is the same value of p that min-
imizes Π̄(p, x̄, t) and (ii) (1 + h)Π(q, x, t) ≤ Π(p, x, t) is exactly equivalent
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to (1 + h)Π̄(q, x̄, t) ≤ Π̄(p, x̄, t) for every p, q ∈ P. Scale-independence often
simplifies considerably the analysis of estimator-based supervisory control algo-
rithms [9,10,6,2,3,5].

This paper is organized as follows. Section 2 contains the statement and proof
of the scale-independent hysteresis switching theorem. This theorem states that
under appropriate “open-loop” assumptions, switching will stop at some finite
time. In Sect. 3 it is illustrated how the scale-independence property can be used
to apply the scale-independent hysteresis switching theorem to some systems for
which the “open-loop” assumptions stated in Sect. 2 might be violated. Section 4
contains some concluding remarks.

2 Scale-Independent Hysteresis Switching Theorem

Let X0 denote a given subset of X , and S the class of all piecewise-constant
functions s : [0,∞)→ P. In what follows, for each pair {x0, s} ∈ X0×S, T{x0,s}
is the length of the maximal interval of existence of solution to the equations

ẋ = fs(t)(x, t), x(0) = x0

and x{x0,s} is the corresponding solution. The following “open-loop” assumptions
are made:

Assumption 1 (Open-Loop). For each pair {x0, s} ∈ X0×S the following is
true:

1. There exists a positive constant ε such that for each p ∈ P, the performance
signal πp

4= Π(p, x{x0,s}, t) is bounded below on [0, T{x0,s}) by ε.
2. For each p ∈ P, the performance signal πp

4
= Π(p, x{x0,s}, t) has a limit1

{which may be infinite} as t→ T{x0,s}.
3. There exists at least one p∗ ∈ P such that the performance signal

πp∗
4= Π(p∗, x{x0,s}, t) is bounded on [0, T{x0,s}).

First note that, because of the definition of SH, σ(0) must be such that
πσ(0)(0) is strictly smaller than (1 + h)πp(0) for every p ∈ P. Thus, because of
the Lipschitz continuity of the fp and the continuity of Π, there must exist an
interval [0, t1) of maximal length on which πσ(0) remains strictly smaller than
(1 + h)πp for every p ∈ P. This means that σ is constant on [0, t1). Either
this interval is the maximal interval of existence for x or it is not, in which
case x is bounded on [0, t1) {cf. [4]}. If the latter is true, a switch must occur
at t1 and therefore πσ(t1)(t1) ≤ πp(t1) for every p ∈ P. Again, because of the
Lipschitz continuity of the fp, the continuity of Π, and the assumed boundedness
below of each hπp by a positive constant, there must exist an interval [t1, t2) of
maximal length on which πσ(t1) remains strictly smaller than (1+h)πp for every

1 This assumption holds, for example, if the performance signals are monotone func-
tions of time.
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p ∈ P. σ will then be constant on such an interval. Continuing this reasoning
one concludes that there must be an interval [0, T ) of maximal length on which
there is a unique pair {x, σ} with x continuous and σ piecewise constant, which
satisfies (1) with σ generated by SH. Moreover, on each strictly proper subinterval
[0, τ) ⊂ [0, T ), σ can switch at most a finite number of times.

To establish existence of solution to (1) with σ generated by SH, only the
first Open-Loop Assumption was used. The remaining assumptions enable us to
draw conclusions regarding the limiting behavior of σ as t → T . The following
is the main result of this chapter.

Theorem 1 (Scale-Independent Hysteresis Switching). Let P be a finite
set, assume that the Open-Loop Assumptions 1 hold and, for fixed initial state
{x0, σ0} ∈ X0×P, let {x, σ} denote the unique solution to (1) with σ generated by
SH with input x. If [0, T ) is the largest interval on which this solution is defined,
there is a time T ∗ < T beyond which σ is constant and πσ(T∗)

4
= Π(σ(T ∗), x, t)

is bounded on [0, T ).

Proof. Let {x, σ} denote the unique solution to (1) with σ generated by SH and
suppose that [0, T ) is the largest interval on which this solution is defined. Also,
let ε be a positive constant that bounds below each performance signal πp, p ∈ P.
For each t ∈ [0, T ), the switching logic guarantees that

πσ(t)(t) < (1 + h)πq(t) (3)

with πq(t) ≤ πp(t) for every p ∈ P. This is because if at some time t (3) were
violated, σ would have to switch {at that precise instant of time} to that value
q in P that minimizes πq(t) and therefore (3) would still be valid.

Because of the third Open-Loop Assumption 1, there is some p∗ ∈ P such
that πp∗(t) is bounded on [0, T ) by some positive constant K. From this and (3)
one must have πσ(t)(t) ≤ (1+h)K on [0, T ). Because of this and the monotonicity
of the πp, if a performance signal πp becomes larger than (1 + h)K, σ will not
switch to p ever again that. Thus, after some finite time T̄ < T , σ(t) must remain
inside the following nonempty set

P∗ 4=
{
p ∈ P : |πp(τ)| ≤ (1 + h)K, τ ∈ [0, T )

}
To conclude the proof it is then enough to shown that there is a time T ∗ ∈ [T̄ , T )
beyond which σ actually becomes constant. Because of the second Open-Loop
Assumption 1, for each p ∈ P∗, πp(t) converges to a finite limit as t→∞. Thus,
for each p ∈ P∗, there must exist a time Tp ∈ [T̄ , T ) such that

|πp(t) − πp(τ)| <
hε

2
, ∀t, τ ∈ [Tp, T ) (4)

Because P is a finite set, P∗ is also a finite set and therefore the set {Tp : p ∈ P∗}
has a maximum element. Let T1 ∈ [T̄ , T ) be such element. If there is no switching
in [T1, T ) then one can take T ∗ 4= T1 and the proof is finished. Otherwise, let
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T2 ∈ (T1, T ) be the time instant at which the next switching occurs. For a given
t ∈ [T2, T ), let q be that element in P that minimizes πq(t). Since σ(T2), q ∈ P∗,
T1 ≥ Tσ(T2), and T1 ≥ Tq , from (4) one concludes that

πσ(T2)(T2) > πσ(T2)(t)−
hε

2
and πq(T2) < πq(t) +

hε

2
(5)

But σ(T2) is the element p ∈ P that minimizes πp(T2), thus πσ(T2)(T2) ≤ πq(T2).
From this and (5) one concludes that

πσ(T2)(t) −
hε

2
< πσ(T2)(T2) ≤ πq(T2) < πq(t) +

hε

2

and therefore that

πσ(T2)(t) < πq(t) + hε (6)

Moreover, because of the first Open-Loop Assumption 1, πq(t) > ε. From this
and (6) one concludes that

πσ(T2)(t) < (1 + h)πq(t)

Thus there can be no more switching at any time t ∈ [T2, T ) and one can take
T ∗
4= T2. ut

3 Relaxing the Open-Loop Assumptions

The scale-independence property can be use to somewhat relax the “open-loop”
assumptions stated in the previous section. Suppose that the following assump-
tions hold.

Assumption 2 (Relaxed Open-Loop). There exists a positive time-function
ϑ such that for each pair {x0, s} ∈ X0 × S the following is true:

1. There exists a positive constant ε such that for each p ∈ P, the scaled per-
formance signal π̄p

4
= ϑΠ(p, x{x0,s}, t) is bounded below on [0, T{x0,s}) by

ε.
2. For each p ∈ P, the scaled performance signal π̄p

4= ϑΠ(p, x{x0,s}, t) has a
limit {which may be infinite} as t→ T{x0,s}.

3. There exists at least one p∗ ∈ P such that the scaled performance signal
π̄p∗

4
= ϑΠ(p∗, x{x0,s}, t) is bounded on [0, T{x0,s}).

In light of the scale independence property, SH’s output σ remains unchanged
if its performance function/input signal pair {Π, x} is replaced by another pair
{Π̄, x̄} satisfying

Π̄(p, x̄, t) = ϑΠ(p, x, t), ∀p ∈ P

Since Assumptions 2 guarantee that the Open-Loop Assumptions 1 hold for the
pair {Π̄, x̄}, we obtain the following corollary of Theorem 1.
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Corollary 1 (Scale-Independent Hysteresis Switching). Let P be a finite
set, assume that the Relaxed Open-Loop Assumptions 2 hold and, for fixed ini-
tial state {x0, σ0} ∈ X0 × P, let {x, σ} denote the unique solution to (1) with
σ generated by SH with input x. If [0, T ) is the largest interval on which this
solution is defined, there is a time T ∗ < T beyond which σ is constant and
π̄σ(T∗)

4= ϑΠ(σ(T ∗), x, t) is bounded on [0, T ).

It should be emphasized that in supervisory control it is often the case that
Assumptions 1 might be violated, whereas Assumptions 2 can be shown to
hold [6,2,3,5].

4 Conclusions

A new type of switching logic called scale-independent hysteresis switching was
introduced. This logic is inspired on the one in [7,11], but has the advantage
that it is scale-independent in that its output remains unchanged if the per-
formance signals are scaled by a positive time function. The reader is referred
to [7,11,8,1,6,2,3,5] for the use of hysteresis switching logics in adaptive and
supervisory control.
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Abstract. In this paper, a well-posedness (existence and uniqueness of
solutions) problem of bimodal systems given by two linear systems is ad-
dressed, where the definition of solutions of Carathéodory is used. This
problem is a basic problem in the study of well-posedness for discontinu-
ous dynamical systems. We give here a complete answer to this problem.
The obtained result shows that the well-posedness of bimodal systems
can be characterized by two properties: the preservation property of the
lexicographic inequality relation between the two regions specifying the
two modes, and the smooth continuation property.

1 Introduction

Various kinds of models describing hybrid systems with a corresponding theoret-
ical framework have been developed in the literatures (see e.g., [8, 11]). However,
when we consider general hybrid systems, it is not easy to analyze properties of
their solutions and to obtain systematic tools for deriving controllers as in the
case of linear dynamical systems or smooth nonlinear dynamical systems. As a
result, several recent papers treat special classes of hybrid systems to make the
analysis easier and to obtain general theoretical tools ([13,9, 15, 10, 16,6] etc.).
Especially, in [15,10, 16, 6], a special class of hybrid systems called complemen-
tarity systems has been formulated. This system is a generalization of physical
systems with jump phenomena which occurs between unconstrained motion and
constrained motion, such as the collision of a mass to a hard wall, and can de-
scribe various hybrid systems including relay type systems. In addition, several
algebraic and checkable conditions for the well-posedness, that is, the existence
and uniqueness of the solutions of such systems, have been derived.

On the other hand, for physical phenomena such as the collision to an elastic
wall, the system has a discontinuous vector field and does not exhibit jumps and
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sliding modes. As far as we know, necessary and sufficient conditions for the well-
posedness of such systems have not been obtained within a general framework,
although we can find some results relating to well-posedness of such systems in
[5, 7, 14, 4, 1, 17]. When we consider solutions without jumps, there are, roughly
speaking, two kinds of definitions of solutions, namely, Carathéodory’s definition
and Filippov’s definition [4]. The latter yields the concept of a sliding mode. In
the case of physical systems such as the collision to an elastic wall, the solution
belongs to the former, although we need to extend Carathéodory’s definition, in
a straightforward manner, to the case of discontinuous vector fields.

Thus in this paper, we discuss a well-posedness problem in the sense of
Carathéodory of a bimodal system where two linear dynamics are interconnected
by the rule that some criterion value is negative or positive. The resulting dy-
namics belongs to the class of so-called piecewise linear systems. This problem is
a most fundamental one of well-posedness problems for discontinuous dynamical
systems, because we do not treat jump phenomena and we do not use the concept
of a sliding mode. Therefore, as a first step to various developments of hybrid
systems, it will be very meaningful to clarify to what extent this fundamental
problem can be analyzed. Furthermore, it is desirable from practical points of
view that there exist no sliding modes in feedback control systems.

After the description of the bimodal systems to be studied here, we give some
mathematical preliminaries on the lexicographic inequality and the smooth con-
tinuation of the solution, which will play a significant role in the answer to the
well-posedness problem. Next, we derive a necessary and sufficient condition for
the bimodal system to be well-posed under Carathéodory’s definition of solu-
tions. The obtained condition is easily checkable, and several extensions will be
possible. Finally, as an application to switching control systems, in the case that
two state feedback gains are switched according to a criterion depending on the
state, we give a characterization of all feedback gains for which the closed loop
system remains well-posed.

In the sequel, we will use the following notation for lexicographic inequalities:
for x ∈ Rn, if for some i, xj = 0 (j = 1, 2, · · ·, i− 1), while xi > (<)0, we denote
it by x � (≺)0. In addition, if x = 0 or x � (≺)0, we denote it x � (�)0. We use
the notation ∗ representing any fixed but unspecified number or matrix. Finally,
In denotes the n× n identity matrix.

2 Bimodal Systems

2.1 Description of Bimodal Systems

Consider the piecewise linear system given by

ΣO

{
mode 1 : ẋ = Ax, if y = Cx ≥ 0
mode 2 : ẋ = Bx, if y = Cx ≤ 0 (1)

where x ∈ Rn, y ∈ R, and A and B are n × n matrices (in general different).
For simplicity of notation, we use here ẋ(t) in (1), although there may be a set

(of measure 0) of points of time where the solution is not differentiable. Formally,
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the system ΣO is given by its integral form which is called the Carathéodory
equation:

x(t) = x(t0) +
∫ t

t0

f(x(τ))dτ (2)

where f(x) is a discontinuous vector field given by the right hand side of (1). We
call the x(t) given by this equation the solution in the sense of Carathéodory.

Then the well-posedness for the system ΣO is defined as follows.

Definition 1. The system ΣO is said to be well-posed at x0 if there exists a
unique solution locally in the sense of Carathéodory at the initial state x0 in Rn.
In addition, the system ΣO is said to be well-posed if it is well-posed at every
initial state x0 ∈ Rn.

The following result shows that we only have to prove local existence and
uniqueness of solutions at every initial state in order to show the well-posedness
of the system ΣO .

Lemma 1. If there exists an ε > 0 such that a unique solution x(t) of ΣO exists
on [0, ε) in the sense of Carathéodory from every initial state x0 ∈ Rn, then the
system ΣO is well-posed and the solution is absolutely continuous on any interval
of R.

Proof. Since there exists a local unique solution from every initial state, we can
make a successively connected solution. Then the solution x(t) in (2) is given
by x(t) = eSi(t−ti)eSi−1(ti−ti−1) · · · eS0t1x(0) for all t ∈ [ti, ti + ε), where i ∈
{0, 1, 2, · · ·} is the switching number, tj is a switching time (t0 = 0), and Sj = A
or B (j = 0, 1, 2, · · ·, i). Since there exists a positive real number a such that
max{‖ eAt ‖, ‖ eBt ‖} ≤ eat for all t ≥ 0, it follows that ‖ x(t) ‖≤ eat ‖ x(0) ‖
for all t ∈ [ti, ti + ε) and all i ∈ {0, 1, 2, · · ·}. Noting that there exists a unique
solution for all t ≥ t∞ even when t∞ < ∞ (i.e., a finite accumulation point
of switching times exists), we have x ∈ L∞e (extended L∞ space). Thus there
exists a unique solution x(t) on [0,∞). In addition, since f(x) ∈ L1e (with f(x)
defined by (2)) holds from x ∈ L∞e, it follows from Lebesgue integral theory
that the solution given by (2) is absolutely continuous on any interval of R. ut

It is well-known that a sufficient condition for a system given by a first-
order differential equation to be well-posed is that it satisfies a global Lipschitz
condition. When we apply this to the system ΣO , it follows that a sufficient
condition for well-posedness is that there exists a K such that B = A + KC.
Note that in this case the vector field is necessarily continuous in the state x.

Now, how about the case of discontinuous vector fields? Let us consider the
following example shown in Fig. 1. The equations of motion of this system are
given by 

mode 1 :
[

ẋ1

ẋ2

]
=

[
0 1
0 0

] [
x1

x2

]
, if y = [1 0]

[
x1

x2

]
≥ 0

mode 2 :
[

ẋ1

ẋ2

]
=

[
0 1
−k −d

] [
x1

x2

]
, if y = [1 0]

[
x1

x2

]
≤ 0

(3)
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Fig. 1. Collision to elastic wall

From simple calculations, we see that this system is well-posed (without jumps
and sliding modes), although the vector field is discontinuous in x when d 6= 0.

On the other hand, we can easily find an example which is not well-posed,
as shown below.

mode 1 :
[

ẋ1

ẋ2

]
=

[
0 1
0 0

] [
x1

x2

]
, if y = [1 0]

[
x1

x2

]
≥ 0

mode 2 :
[

ẋ1

ẋ2

]
=

[
0 −1
0 0

] [
x1

x2

]
, if y = [1 0]

[
x1

x2

]
≤ 0

In fact, if the initial state x(0) satisfies x1(0) = 0 and x2(0) = 1, then the
solution x(t) in mode 1 belongs to the region x1 > 0, and the solution x(t) in
mode 2 belongs to the region x1 < 0. Thus there exist two solutions for this
initial state.

Within the type of physical systems as given by (3), there will exist many
systems with discontinuous vector fields, but which are well-posed. What alge-
braic structure exists in the vector field of such a system? Can we extend this
property to the general case from the mathematical viewpoint? The purpose of
this paper is to address these questions.

Remark 1. Let us consider the system given by
mode 1 :

[
ẋ1

ẋ2

]
=

[
0 −1
0 0

] [
x1

x2

]
, if y = [1 0]

[
x1

x2

]
≥ 0

mode 2 :
[

ẋ1

ẋ2

]
=

[
0 1
0 0

] [
x1

x2

]
, if y = [1 0]

[
x1

x2

]
≤ 0

The system is not well-posed at (x1, x2) = (0, 1) in the sense of Definition 1.
However, if we use Filippov’s definition, there exists a unique solution from the
initial state (x1(0), x2(0)) = (0, 1). In fact, the system ΣO can be rewritten
by ẋ = 1

2 (1 + u)Ax + 1
2 (1 − u)Bx, using a relay-type input of u = sgn(y).

Thus when (x1(0), x2(0)) = (0, 1), there exists a unique solution given by the
equivalent control input u = 0. Certainly, Filippov’s definition is very important
from the practical viewpoint as well as the mathematical viewpoint. However, in
this paper, as a first step, we concentrate on the well-posedness in Definition 1.
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Remark 2. When we consider the case of d → ∞ in the example (3), a jump
of the solution will occur. Such a system can be treated within the framework
of complementarity systems. Thus we conjecture that there is some relation
between complementarity systems and the system given by (1). In other words,
there may be some possibility to approximate the complementarity system, i.e.,
the discontinuous dynamical system with jumps, by a system without jumps
given by (1). Some researchers have already studied the relation between two
solutions for a simple physical system as in Fig. 1 (see e.g., [2]), and we plan to
return to this issue in a future paper.

2.2 Equivalent Representation of Bimodal System Σo

For the system ΣO , define the following row-full rank matrices.

TA
4=


C

CA
...

CAh−1

 , TB
4=


C

CB
...

CBk−1

 (4)

where h and k are the observability indexes of the pairs (C, A) and (C, B) (cf.
[3]), respectively. In addition, let S+

A , S−A , S+
B , and S−B be sets defined by

S+
N

4
= {x ∈ Rn | TNx � 0}, S−N

4
= {x ∈ Rn | TNx � 0} (5)

for N = A, B. Then noting that TAx = [y, ẏ, · · · , y(h−1)]T for the system ẋ = Ax

and TBx = [y, ẏ, · · · , y(k−1)]T for the system ẋ = Bx, we consider the system
given by

ΣAB

{
mode 1 : ẋ = Ax, if x ∈ S+

A

mode 2 : ẋ = Bx, if x ∈ S−B
. (6)

We call TA and TB the rule (or observability) matrices of the system ΣAB .
The well-posedness for the system ΣAB is defined similar to Definition 1. The
following result shows that the system ΣO is well-posed if and only if the system
ΣAB is well-posed.

Lemma 2. The system ΣAB is equivalent to the original system ΣO, i.e., both
systems have the same solutions.

Proof. If y(t) = Cx(t) ≥ 0 for ẋ = Ax, then TAx(t) � 0. Conversely, if TAx(t) �
0 for ẋ = Ax, then y(t) = Cx(t) ≥ 0 is obvious. When TAx(t) = 0, the definition
of the observability index implies that y(t) ≡ 0. The case of ẋ = Bx is similar.
Thus modes 1 and 2 of ΣAB are equivalent to those of ΣO , respectively, which
implies that they have the same solutions. ut

Thus, we will discuss the well-posedness of the system ΣAB in the next
sections. Note that the claim in Lemma 1 is still true for ΣAB .
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3 Preliminaries on Lexicographic Inequalities and
Smooth Continuation

3.1 Lemmas on Lexicographic Inequalities

First, we give some lemmas on lexicographic inequalities. All the proofs are
omitted due to limited space [12]. Throughout this subsection, x will be a vector
in Rn.

Lemma 3. Let T be a m×n real matrix with m ≤ n and rank T =rank T1 = r,
where T = [TT

1 TT
2 ]T and T1 ∈ Rr×n. Then Tx � (�)0 if and only if T1x � (�

)0.

This lemma shows that the row full-rank submatrix T1 of the matrix T is
enough for representing the relation by the lexicographic inequality. Thus the
following result is obtained: let T be a m×n matrix and tTi be the ith row vector

of T . Let also Ti
4= [t1 t2 · · · ti]T. Suppose that rank Ti = rankTi+1 = i. Then

from Lemma 3, we can use, in place of T , T̃ = [t1 · · · ti ti+2 · · · tm], which is
made by removing the i + 1th column ti+1 from T . Hence we can assume that
T is row-full rank, whenever we consider Tx � (�)0.

Definition 2. Let Ln be the set of n×n lower-triangular matrices. In addition,
let Ln

+ be the set of elements in Ln with all diagonal elements positive.

The following lemma shows that the set Ln
+ characterizes the coordinate

transformations conserving the lexicographic inequalities property.

Lemma 4. Let T be an n× n real matrix. Then x � (�)0↔ Tx � (�)0 if and
only if T ∈ Ln

+.

From the definition of the lexicographic inequality, if follows that for any
nonsingular n× n matrix T we have the property

{x ∈ Rn | Tx � 0}
⋃
{x ∈ Rn | Tx � 0} = Rn,

{x ∈ Rn | Tx � 0}
⋂
{x ∈ Rn | Tx � 0} = {0}.

The following lemma generalizes this property to the singular matrix case.

Lemma 5. Let T and S be l×n and m×n real matrices with rank T = l, rank
S = m, and l ≥ m. Then the following statements are equivalent.
(i) {x ∈ Rn | Tx � 0}

⋃
{x ∈ Rn | Sx � 0} =Rn.

(ii) S = [M 0]T for some M ∈ Lm
+ .

3.2 Characterization of Smooth Continuation Property

If all the solutions of the n−dimensional linear system ẋ = Ax locally preserve
the lexicographic inequality relation, that is, for each initial state x(0) satisfying
x(0) � (≺)0, there exists an ε > 0 such that x(t) � (≺)0 for all t ∈ [0, ε], then
we say that the system has the smooth continuation property, or smooth con-
tinuation in the system is possible [15]. In this subsection, we derive a necessary
and sufficient condition for this property.
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Definition 3. Let Gn
0 be the set defined by

Gn
0
4=


Γ ∈ Rn×n

∣∣∣∣∣∣∣∣∣∣∣∣∣
Γ =



∗ γ12 0 . . . 0
...

. . . . . . . . .
...

...
. . . . . . 0

...
. . . γn−1,n

∗ . . . . . . . . . ∗


, γi,i+1 ≥ 0, i = 1, 2, · · · , n− 1


where γij is the (i, j) element of the matrix Γ . In addition, if γi,i+1 > 0 for all
i ∈ {1, 2, · · ·, n− 1}, we denote it by Gn

+.

The set G0 will characterize the smooth continuation property of linear sys-
tems as follows.

Lemma 6. Consider the system ẋ = Ax, where x ∈ Rn. Then the following
conditions are equivalent.
(i) The system has the smooth continuation property.
(ii) A ∈ Gn

0

(iii) There exists a matrix T ∈ Ln
+ such that

TAT−1 =


Ã11 0 . . . 0

Ã21 Ã22
. . .

...
...

. . .
. . . 0

Ãp1 . . . Ãp,p−1 Ãpp

 (7)

where

Ãii =


0 1 0 . . . 0

0 0 1
. . .

...
...

...
. . . . . .

...
0 0 . . . 0 1
∗ . . . . . . . . . ∗

 ∈ R
ni×ni , Ãij =

∗ . . . ∗
...

...
∗ . . . ∗

 ∈ Rni×nj , for i > j ,

and n = n1 + n2 + · · ·+ np (p ∈ {1, 2, · · ·, n}).

4 Characterization of Well-posedness of Bimodal Systems

In this section, we discuss the well-posedness of ΣO , or equivalently ΣAB . First,
we give a result in the case where both pairs (C, A) and (C, B) are observable.
This will clarify a fundamental issue in the algebraic structure for the well-posed
bimodal system. Next, the unobservable case is treated, as a generalization of
the observable case.
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4.1 Observable Case

In this subsection, we assume that the pairs (C, A) and (C, B) are observable,
namely, TA and TB are nonsingular, where

TA
4=


C

CA
...

CAn−1

 , TB
4=


C

CB
...

CBn−1

 . (8)

In addition, we consider the following two systems:

ΣA

{
mode 1 : ẋ = Ax, if x ∈ S+

A

mode 2 : ẋ = Bx, if x ∈ S−A
, (9)

ΣB

{
mode 1 : ẋ = Ax, if x ∈ S+

B

mode 2 : ẋ = Bx, if x ∈ S−B
(10)

where S+
N and S−N (N = A, B) are given by (5). Utilizing the fact that S+

A

⋃
S−A =

Rn, the system ΣA is given by a rule matrix TA only. The system ΣB is also
defined by a rule matrix TB, in a similar way. Then we get the following result.

Theorem 1. Suppose that both pairs (C, A) and (C, B) are observable. Then
the following statements are equivalent.
(i) ΣAB is well-posed.
(ii) ΣA is well-posed.
(iii) ΣB is well-posed.
(iv) S+

A

⋃
S−B = Rn and S+

A

⋂
S−B = {0}.

(v) TBT−1
A ∈ Ln

+.
(vi) TABT−1

A ∈ Gn
+.

(vii) TBAT−1
B ∈ Gn

+.

Proof. First, we prove (i)→(v)→ (iv) → (i).
(i)→(v). S+

A

⋃
S−B = Rn is obviously necessary for the well-posedness. From

Lemma 5, there exists a M ∈ Ln
+ such that TB = MTA. (v)→ (iv) follows from

Lemma 5. (iv) → (i). Note that TAAT−1
A ∈ G0 and TBBT−1

B ∈ G0, because
TA and TB are the observability matrices. From Lemma 6, this guarantees the
smooth continuation property for each mode. Hence, (iv) implies that the system
ΣAB has a unique solution at every initial state.

Next, we prove (v)→(ii)→(vi)→ (v).
(v)→(ii). Since (v) implies from Lemma 4 that S−A = S−B , ΣAB is equivalent

to ΣA. Since ΣAB is well-posed from (v), ΣA is also well-posed. (ii)→(vi). Trans-
forming the system ΣA into the new coordinates z = [z1 z2 · · · zn]T = TAx, we
get

Σ̃A

{
mode 1 : ż = TAAT−1

A z, if z � 0
mode 2 : ż = TABT−1

A z, if z � 0
.
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Then (ii) implies that smooth continuation occurs for each mode of ΣA. Thus

from Lemma 6, (ii) implies TABT−1
A ∈ G0. Letting γij be the element of Γ

4
=

TABT−1
A , and noting CT−1

A = [1 0 · · · 0], we get

CB = CT−1
A ΓTA = [∗ γ12 0 · · · · · · 0]TA,

CB2 = CT−1
A Γ 2TA = [∗ ∗ γ12γ23 0 · · · 0]TA,

...
CBn−1 = CT−1

A Γ n−1TA = [∗ · · · · · · ∗ Πn−1
i=1 γi,i+1]TA.

(11)

Thus we obtain

TB = LTA (12)

where

L
4
=



1 0 . . . . . . 0

∗ γ12
. . .

...
...

. . . γ12γ23
. . .

...
...

. . . . . . 0
∗ . . . . . . ∗ Πn−1

i=1 γi,i+1


. (13)

This implies that all γi,i+1 are positive, since TA and TB are nonsingular. Hence
TABT−1

A ∈ G+. (vi)→(v). In a similar way to (11), we get (12) from (vi). Since
L ∈ L+, we get (v).

The proof of (v)→(iii)→(vii)→ (v) is similar. ut

Remark 3. From Theorem 1, it turns out that the well-posedness property of the
bimodal system ΣAB with both (C, A) and (C, B) observable is characterized by
either one of the following two properties: (i) the preservation property of the
lexicographic inequality relation between two rule matrices TA and TB , which is
characterized by the set Ln

+, and (ii) the smooth continuation property which
is characterized by the set Gn

+ (or Gn
0 ). The former corresponds to the condition

(iv) or (v) in Theorem 1, and the latter to (vi) or (vii). Note also that the well-
posedness property of ΣAB can be given by the equivalence between ΣAB , ΣA,
and ΣB . From (vi), it follows that a parameterization of all matrices B for which
ΣAB is well-posed is given by the form B = T−1

A ΓTA for any Γ ∈ Gn
+.
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Fig. 2. Elastic collision between 2 objects

Example 1. Consider the physical system in Fig. 2. The equations of motion of
this system are given by

mode 1 :


ẋ1 =

[
0 1
0 0

]
x1

ẋ2 =
[

0 1
−k2 −d2

]
x2

y = [1 0 − 1 0]x ≥ 0,

mode 2 :


[
ẋ1

ẋ2

]
=


0 1 0 0
−k1 −d1 k1 d1

0 0 0 1
k1 d1 −k1 − k2 −d1 − d2

 [
x1

x2

]
y = [1 0 − 1 0]x ≤ 0

where x = [(x1)T (x2)T]T = [x1
1 x1

2 x2
1 x2

2]T. These provide

A =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 −k2 −d2

 , B =


0 1 0 0
−k1 −d1 k1 d1

0 0 0 1
k1 d1 −k1 − k2 −d1 − d2

 ,

C = [1 0 − 1 0].

Simple calculations show that the pair (C, A) is observable if and only if
k2 6= 0, and also the pair (C, B) is observable if and only if k2 6= 0. Thus we here
assume k2 6= 0.

From

TA =


1 0 −1 0
0 1 0 −1
0 0 k2 d2

0 0 −k2d2 k2 − d2
2

 , TB =


1 0 −1 0
0 1 0 −1
−2k1 −2d1 2k1 + k2 2d1 + d2

α1 α2 α3 α4


where

α1 = (4d1 + d2)k1,

α2 = −2k1 + (4d1 + d2)d1,

α3 = −(4d1 + d2)k1 − (2d1 + d2)k2,

α4 = (2k1 + k2) − 4d2
1 − 3d1d2 − d2

2,
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it follows that

TBT−1
A =


1 0 0 0
0 1 0 0
∗ ∗ 1 0
∗ ∗ ∗ 1


which belongs to the set L+. Hence the system is well-posed. We also have

TABT−1
A =


0 1 0 0
∗ ∗ 1 0
∗ ∗ ∗ 1
∗ ∗ ∗ ∗


which belongs to the set G+.

4.2 Unobservable Case

Next, we give a result in the case that both pairs are unobservable.

Theorem 2. Suppose that the observability indexes of the pairs (C, A) and
(C, B) are mA and mB, respectively, and mA ≥ mB. Then the following state-
ments are equivalent.
(i) ΣAB is well-posed.
(ii) The following conditions are satisfied.
(a) mA = mB.
(b) TB = MTA for some M ∈ LmA

+ .
(c) (A −B)x = 0 for all x ∈ Ker TA.
(iii) The following conditions are satisfied.
(a) mA = mB.
(b) TAB = ΓTA for some Γ ∈ GmA

+ .
(c) (A −B)x = 0 for all x ∈ Ker TA.

The proof is omitted due to limits of space [12].

Remark 4. If mA = mB = n, (ii) and (iii) in Theorem 2 generalize (v) and
(vi) in Theorem 1, respectively. Note also that the condition TB = MTA, which
is a necessary and sufficient condition for the well-posedness in the observable
case, is not sufficient for the well-posedness in the unobservable case, even if
mA = mB . In other words, it is required that the solutions in both modes in
KerTA = KerTB are the same. This allows us to conclude that whenever the
pair (C, A) is observable and the pair (C, B) is unobservable, the system ΣAB

is not well-posed.

Remark 5. The conditions in Theorem 2 are checked as follows. First, check the
condition (iii)(a). If it is not satisfied, we conclude that the system is not well-
posed. Otherwise, check (b) and (c) in (iii). So pick any matrix T̃A such that
T = [TT

A T̃T
A ]T is nonsingular. Then note that (b) and (c) are equivalent to

[ImA 0]TBT−1

[
ImA

0

]
∈ GmA

+ (14)
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and

[0 In−mA ]T (A− B)T−1

[
0

In−mA

]
= 0, (15)

respectively. Thus if both of these two conditions are satisfied, we conclude that
the system is well-posed. Otherwise, we conclude that the system is not well-
posed. Note here that we only have to check the condition for some T̃A.

Example 2. Consider the system in Example 1 again. Assume that k2 = 0 and
d2 6= 0. Then since

TA =

 C
CA
CA2

 =

1 0 −1 0
0 1 0 −1
0 0 0 d2

 , TB =

 C
CB
CB2

 =

 1 0 −1 0
0 1 0 −1
−2k1 −2d1 2k1 2d1 + d2

 ,

we have mA = 3 and mB = 3. Thus (iii)(a) in Theorem 2 is satisfied. Letting

T̃A
4= [0 0 1 0], we have

TAT−1 =


0 1 0 0
0 0 1 0
0 0 −d2 0
0 0 1/d2 0

 , TBT−1 =


0 1 0 0
−2k1 −2d1 1 0
k1d2 d1d2 −d2 0

0 0 1/d2 0

 .

Using (14) and (15) in Remark 5, we can show that (b) and (c) in (iii) are
satisfied. Therefore, the system is well-posed.

5 Application to Well-posedness Problem in Control
Switching

The well-posedness conditions as obtained in the previous sections can be applied
to several issues in hybrid systems theory. Especially, by combining a stability
condition of piecewise linear systems by Johansson and Rantzer [9] with our
result, we can judge stability of those systems where the existence of a unique
solution without sliding modes is guaranteed.

As the other application, in this section, we discuss a well-posedness problem
of switching control systems where state feedback gains are switched according
to a criterion depending on the state.

Consider the following problem: let the control system be given by

ẋ = Ax + Bu (16)

where x ∈ Rn and u ∈ Rm. For this system, let us consider a state feedback
controller with two modes given by

u =
{

K1x if Cx ≥ 0
K2x if Cx ≤ 0 (17)
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where C ∈ R1×n, and K1 and K2 are given according to some design specification
of the closed loop system. Then the problem is to check whether this closed loop
system is well-posed or not.

As a simple example, consider the system given by[
ẋ1

ẋ2

]
=

[
0 1
0 0

] [
x1

x2

]
+

[
0
1

]
u

and K1 = [k1 k2], K2 = [k̄1 k̄2] , and C = [c1 c2]. Then letting TA+BK1 and
TA+BK2 be the rule matrices (i.e., the observability matrices) for the pairs (C, A+
BK1) and (C, A+ BK2), and assuming that these matrices are nonsingular, we
obtain

TA+BK2T
−1
A+BK1

=
[

1 0
∗ a

]
where a

4
= c1(c1+c2k̄2)−c2

2k̄1

c1(c1+c2k2)−c2
2k1

. Thus from Theorem 2, we conclude that the closed
loop system is well-posed if and only if a > 0.

This example shows the following significant fact: even if each controller
stabilizes each system in the usual sense, the total system is not necessarily well-
posed. For example, consider the case of c1 = 1, c2 = 1, k1 = −1, k2 = −3,
k̄1 = −1 and k̄2 = −1. Then A +BK1 and A +BK2 are stable, but a < 0. Note
that such a case is not rare and the stability in the usual sense for each mode
does not automatically provide the well-posedness of the closed loop system.

As shown in the above example, for any given closed loop system, the well-
posedness can be determined by checking the corresponding conditions derived
in the previous sections. Moreover, we can give an explicit characterization of all
feedback gains which guarantee the well-posedness of the closed loop systems in
question.

For the closed loop system with two modes given by (16) and (17), letting

K
4= K2 −K1 and denoting A + BK1 by A again, we have

ΣO

{
mode 1 : ẋ = Ax, if y = Cx ≥ 0
mode 2 : ẋ = (A + BK)x, if y = Cx ≤ 0.

(18)

For single-input control systems (16), we obtain the following result.

Theorem 3. Assume that the pair (C, A) is observable and the relative degree
for the triple (C, A, B) is p(≤ n) (i.e., CB = CAB = . . . = CAp−2B = 0 and
CAp−1B 6= 0). Then the following statements are equivalent.
(i) The system ΣO is well-posed.
(ii) KT ∈ span{CT, (CA)T, · · · , (CAp−1)T}

+{ξ ∈ Rn | ξ = γ(CAp)T, γCAp−1B > −1}.

Remark 6. It follows from Theorem 3 that for p = n the closed loop system
is well-posed for any K. Note also that the case K = κ1C corresponds to the
vector field of the closed loop system being Lipschitz continuous. Theorem 3 can
be extended to the multi-input case.
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6 Conclusion

In this paper, we have given fundamental tools for the bimodal system given by
two linear systems to be well-posed in the sense of Carathéodory. The obtained
condition are easily checkable, and several extensions to the other systems such
as multi-modal systems and bimodal systems with multi-criterions are possible
[12]. In addition, the basic approach developed here will be able to be applied
to the case of nonlinear vector fields.
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Abstract. One of the most important analysis problems of hybrid sys-
tems is the reachability problem. State of the art computational tools per-
form reachability computation for timed automata, multirate automata,
and rectangular automata. In this paper, we extend the decidability fron-
tier for classes of linear hybrid systems, which are introduced as hybrid
systems with linear vector fields in each discrete location. This result is
achieved by showing that any such hybrid system admits a finite bisim-
ulation, and by providing an algorithm that computes it using decision
methods from mathematical logic.

1 Introduction

Hybrid systems are roughly discrete event systems with differential equations
in each discrete location. A modeling approach to hybrid systems extends fi-
nite state machines to incorporate simple dynamics. One of the most important
problems for hybrid systems is the reachability problem which asks whether some
unsafe region is reachable from an initial region. For purely continuous systems,
the reachability problem is known to be a very difficult problem with a few
exceptions. Optimal control [14] and game theoretic [11] approaches have been
used among others to calculate reachable sets for some systems.

The main tool for obtaining classes of hybrid system for which the reachabil-
ity problem is decidable, is given by the concept of bisimulation. Bisimulations
are simply reachability preserving quotient systems. If an infinite state hybrid
system has a finite state bisimulation, then checking reachability for the hybrid
system can be equivalently performed on the finite, discrete, quotient graph.
Since the quotient graph is finite, the algorithm will terminate. If in addition,
each step of the algorithm can be encoded and implemented by a computer
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program, then the problem is decidable. The first successful application of this
approach was for the model of timed automata [2], and was then extended to
multirate [1] and rectangular [6,9] automata.

Unfortunately, the above decidable classes of hybrid systems have limited
modeling power for most control applications, where systems with complicated
continuous dynamics are frequently encountered. In this paper, we extend the
decidability frontier to capture classes of hybrid systems with linear dynamics
in each discrete location. This broadens the applicability potential of the ap-
proach given the wide use of linear systems in control theory. In addition, this
result is achieved by using new mathematical and computational techniques
which may bring other benefits to control theorists and practitioners. The no-
tion of o-minimality [12] from model theory is used to define a class of hybrid
systems, called o-minimal hybrid systems. In [7], it is shown that all o-minimal
hybrid systems admit finite bisimulations. In order to make the bisimulation al-
gorithm computationally feasible, we use the framework of mathematical logic as
the main tool to symbolically represent and manipulate sets. The main computa-
tional tool for symbolic set manipulation in this context is quanti�er elimination.
Since quantifier elimination is possible for the theory of reals with addition and
multiplication [10,15], we either find or transform subclasses of o-minimal hy-
brid systems which are definable in this theory. This immediately leads to new
decidability results. In addition, the framework presented in this paper, provides
a unifying platform for further studies along this direction.

In Section 2 we review bisimulations of transition systems which are applied
in Section 3 to transition systems generated by a class of hybrid systems. After a
brief introduction to mathematical logic and model theory in Section 4, Section 5
transforms the reachability problem for various classes of linear vector fields into
a quantifier elimination problem in the decidable theory of the reals as an ordered
field. This leads to a computational bisimulation algorithm whose termination is
guaranteed in Section 6, using the notion of o-minimality. The main decidability
result is contained in Theorem 3.

2 Bisimulations And Decidability

A transition system T = (Q, Σ,!, QO, QF ) consists of a (not necessarily finite)
set Q of states, an alphabet Σ of events, a transition relation !� Q�Σ �Q,
a set QO � Q of initial states, and a set QF � Q of final states. A transition
(q1, σ, q2) 2! is denoted as q1

�! q2. The transition system is finite if the
cardinality of Q and ! is finite, and it is infinite otherwise. A region is a subset
P � Q. Given σ 2 Σ we define the predecessor Pre�(P ) of a region P as

Pre�(P ) = fq 2 Q j 9p 2 P : q
�! pg (1)

One of the main problems for transition systems is the reachability problem
which can be used to formulate many safety verification problems.

Problem 1 (Reachability Problem). Given a transition system T , is a state qf 2
QF reachable from a state q0 2 QO by a sequence of transitions?
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The complexity of the reachability problem is reduced using special quotient
transition systems. Given an equivalence relation �� Q �Q on the state space
one can define a quotient transition system as follows. Let Q/ � denote the
quotient space. For a region P we denote by P/� the collection of all equivalence
classes which intersect P . The transition relation !� on the quotient space is
defined as follows: for Q1,Q2 2 Q/ �, Q1

�!� Q2 iff there exist q1 2 Q1 and
q2 2 Q2 such that q1

�! q2. The quotient transition system is then T/ �=
(Q/�, Σ,!�, QO/�, QF/�).

Given an equivalence relation � on Q, we call a set a �-block if it is a union of
equivalence classes. The equivalence relation � is a bisimulation of T iff QO, QF

are �-blocks and for all σ 2 Σ and all �-blocks P , the region Pre�(P ) is a
�-block. In this case the systems T and T/� are called bisimilar. We will also
say that a partition is a bisimulation when its induced equivalence relation is a
bisimulation. A bisimulation is called finite if it has a finite number of equivalence
classes. Bisimilar transition systems generate the same language [5].

Recently, the above bisimulation methodology has been applied to hybrid
systems which combine discrete and continuous dynamics. The main reason for
doing this is that if T is a transition system with an infinite state space and
T/� is a finite bisimulation, then the reachability problem for hybrid systems
can be converted to an equivalent reachability problem on a finite graph. If,
in addition, this can be performed in a computationally feasible way, then one
obtains classes of hybrid systems for which the reachability problem is decidable.
This approach has successfully resulted in various decidable classes of hybrid
systems, including timed automata [2], multirate automata [1], and initialized
rectangular automata [6,9].

These results are based on the following geometric characterization of bisim-
ulations. If � is a bisimulation, it can be easily shown that if p � q then

B1 p 2 QF iff q 2 QF , and p 2 QO iff q 2 QO

B2 if p
�! p0 then there exists q0 such that q

�! q0 and p0 � q0

Based on the above characterization, given a transition system T , the following
algorithm computes increasingly finer partitions of the state space Q. If the
algorithm terminates, then the resulting quotient transition system is a finite
bisimulation. The state space Q/� is called a bisimilarity quotient.

Algorithm 1 (Bisimulation Algorithm for Transition Systems)
Set Q/�= fQO, QF , Q n (QO [QF )g
while 9 P ,P 0 2 Q/� and σ 2 Σ such that ; 6= P \ Pre�(P 0) 6= P

set P1 = P \ Pre�(P 0), P2 = P n Pre�(P 0)
refine Q/�= (Q/� nfPg)[ fP1, P2g

end while

In order for a transition system to have a finite bisimulation, the above
algorithm must terminate after a finite number of iterations. If, in addition,
each step of the algorithm is constructive, then the reachability problem for the
transition system is decidable. This requires that we have computational methods
to represent sets, perform set intersections and complements, check whether a
set is empty, and compute Pre�(P ) for any set P and any σ 2 Σ.
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3 Hybrid Systems

In this paper, we focus on transition systems generated by the following class of
hybrid systems.

Definition 1. A hybrid system is a tuple H = (X, XO , XF , F, E, I, G, R) where

– X = XD�XC is the state space with XD = fq1, . . . , qmg and XC a manifold.
– XO � X is the set of initial states.
– XF � X is the set of �nal states.
– F : X −! TXC assigns to each discrete location q 2 XD a vector �eld

F (q, �).
– E � XD �XD is the set of discrete transitions.
– I : XD −! 2XC assigns to q 2 XD an invariant of the form I(q) � XC .
– G : E −! XD�2XC assigns to e = (q1, q2) 2 E a guard of the form fq1g�U ,

U � I(q1).
– R : E −! XD�2XC assigns to e = (q1, q2) 2 E a reset of the form fq2g�V ,

V � I(q2).

Trajectories of the hybrid system H originate at any (q, x) 2 XO and consist
of concatenations of continuous evolutions and discrete jumps. Continuous tra-
jectories keep the discrete part of the state constant, and the continuous part
evolves according to the continuous flow F (q, �) as long as the flow remains in-
side the invariant set I(q). If the flow exits I(q), then a discrete transition is
forced. If, during the continuous evolution, a state (q, x) 2 G(e) is reached for
some e 2 E, then discrete transition e is enabled. The hybrid system may then
instantaneously jump from (q, x) to any (q0, x0) 2 R(e) and the system then
evolves according to the flow F (q0, �). Notice that even though the continuous
evolution is deterministic, the discrete evolution may be nondeterministic. The
discrete transitions allowed in our model are slightly more restrictive than those
in initialized rectangular automata.

Every hybrid system H generates a transition system T = (Q, Σ,!, QO, QF )
by setting Q = X, QO = XO , QF = XF , Σ = E [ fτg, and != ([e2E

e!)[ �!
where

Discrete Transitions (q, x) e! (q0, x0) for e 2 E iff (q, x) 2 G(e) and (q0, x0) 2
R(e)

Continuous Transitions (q1, x1)
�! (q2, x2) iff q1 = q2 and there exist δ � 0

and a curve x : [0, δ] −! XC with x(0) = x1, x(δ) = x2 and for all t 2 [0, δ]
it satisfies dx

dt = F (q1, x(t)) and x(t) 2 I(q1).

The continuous τ transitions are time-abstract transitions, in the sense that
the time it takes to reach one state from another is ignored. Having defined
the continuous and discrete transitions �! and e! allows us to formally define
Pre�(P ) and Pree(P ) for e 2 E and any region P � X using (1). Furthermore,
the structure of the discrete transitions allowed in our hybrid system model
results in

Pree(P ) =

(
; if P \R(e) = ;
G(e) if P \R(e) 6= ;

(2)



A New Class of Decidable Hybrid Systems 141

for all discrete transitions e 2 E and regions P . Therefore, if the sets R(e) and
G(e) are blocks of any partition of the state space, then no partition refinement
is necessary in the bisimulation algorithm due to any discrete transitions e 2 E.
This fact, in a sense, decouples the continuous and discrete components of the
hybrid system. In turn, this implies that the initial partition in the bisimulation
algorithm should contain the invariants, guards and reset sets, in addition to the
initial and final sets. This allows us to carry out the algorithm independently
for each location.

More precisely, define for any region P � X and q 2 XD the set Pq = fx 2
XC j (q, x) 2 Pg. For each location q 2 XD consider the finite collection of sets

Aq = fI(q), (XO)q , (XF )qg [ fG(e)q, R(e)q j e 2 Eg (3)

which describes the initial and final states, guards, invariants and resets associ-
ated with location q. Let Sq be the coarsest partition of XC compatible with the
collection Aq (by compatible we mean that each set in Aq is a union of sets in
Sq). The (finite) partition Sq can be easily computed by successively finding the
intersections between each of the sets in Aq and their complements. We define
(q,Sq) to be the set ffqg � P j P 2 Sqg. These collections (q,Sq) will be the
starting partitions of the bisimulation algorithm. In addition, since by definition
Pre�(P ) applies to regions P � X, but not to its continuous projection Pq,
we define for Y � XC the operator Preq(Y ) = (Pre� (fqg � Y ))q . The general
bisimulation algorithm for transition systems then takes the following form for
the class of hybrid systems that are considered in this paper.

Algorithm 2 (Bisimulation Algorithm for Hybrid Systems)
Set X/� =

S
q(q,Sq)

for q 2 XD

while 9 P ,P 0 2 Sq such that ; 6= P \ Preq(P 0) 6= P
Set P1 = P \ Preq(P 0); P2 = P n Preq(P 0)
refine Sq = (Sq n fPg)[ fP1, P2g

end while
end for

It is clear from the structure of the bisimulation algorithm that, the iter-
ation is carried out independently for each discrete location. In order for the
above algorithm to terminate, the partition refinement process must terminate
for each discrete location q 2 XD. It therefore suffices to look at one continuous
slice of the hybrid system at a time and see whether we can construct a finite
bisimulation that is consistent with all relevant sets of each location q as well
as with the continuous flows of the vector field F (q, �). Since we focus on each
continuous slice at a time, we will drop the q subscript from Preq(Y ), which will
be denoted from now on by Pre(Y ).

It is now clear that the decidability of the reachability problem amounts to
solving the following two problems.

Problem 1 (Computability) In order for the bisimulation algorithm to be
computational, we need to effectively
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1. Represent sets,
2. Perform set intersection and complement,
3. Check emptiness of sets,
4. Compute Pre(Y ) of a set Y .

Problem 2 (Finiteness) Determine whether the bisimulation algorithm ter-
minates in a finite number of steps.

A natural platform for solving the above computational issues is provided by
mathematical logic where sets would be represented as formulas of first-order
logic over the real numbers. In the next section we introduce the necessary
notions of mathematical logic and model theory that will provide the means for
representing and manipulating sets defined by first-order formulas (Section 5)
as well as for ensuring the termination of the algorithm (Section 6).

4 Mathematical Logic and Model Theory

4.1 Languages and formulas

A language is a set of symbols separated in three groups: relations, functions and
constants. The sets P = f<, +,−, 0, 1g, R = f<, +,−, �, 0, 1g, and Rexp = f<
, +,−, �, 0, 1, expg are examples of languages where < (less than) is the relation,
+ (plus), − (minus), � (product) and exp (exponentiation) are the functions, and
0 (zero) and 1 (one) are the constants.

Let V = fx, y, z, x0, x1, . . .g be a countable set of variables. The set of terms
of a language is inductively defined as follows. A term θ is a variable, a constant,
or F (θ1, . . . , θm), where F is a m-ary function and θi, i = 1, . . . , m are terms.
For instance, x− 2y + 3 and x + yz2 − 1 are terms of P and R, respectively. In
other words, terms of P are linear expressions and terms of R are polynomials
with integer coefficients. Notice that integers are the only numbers allowed in
expressions (they can be obtained by adding up the constant 1).

The atomic formulas of a language are of the form θ1 = θ2, or R(θ1, . . . , θn),
where θi, i = 1, . . . , n are terms and R is an n-ary relation. For example, xy > 0
and x2 + 1 = 0 are terms of R.

The set of (�rst-order) formulas is recursively defined as follows. A formula
φ is an atomic formula, φ1 ^ φ2, :φ1, 8x : φ1 or 9x : φ1, where φ1 and φ2

are formulas, x is a variable, ^ (conjunction) and : (negation) are the boolean
connectives, and 8 (for all) and 9 (there exists) are the quantifiers.

Examples of R-formulas are 8x 8y : xy > 0, 9x : x2 − 2 = 0, and 9w :
xw2 + yw + z = 0. The occurrence of a variable in a formula is free if it is not
inside the scope of a quantifier; otherwise, it is bound. For example, x, y, and
z are free and w is bound in the last example. We often write φ(x1, . . . , xn) to
indicate that x1, . . . , xn are the free variables of the formula φ. A sentence of R
is a formula with no free variables. The first two examples are sentences.



A New Class of Decidable Hybrid Systems 143

4.2 Models

A model of a language consists of a non-empty set S and an interpretation
of the relations, functions and constants. For example, (R, <, +,−, �, 0, 1) and
(Q, <, +,−, �, 0, 1), are models of R with the usual meaning of the symbols.

We say that a set Y � Sn is de�nable in a language if there exists a formula
φ(x1, . . . , xn) such that Y = f(a1, . . . , an) 2 Sn j φ(a1, . . . , an)g. For exam-
ple, over R, the formula x2 − 2 = 0 defines the set f

p
2,−
p

2g. Two formulas
φ(x1, . . . , xn) and ψ(x1, . . . , xn) are equivalent in a model, denoted by φ � ψ,
if for every assignment (a1, . . . , an) of (x1, . . . , xn), φ(a1, . . . , an) is true if and
only if ψ(a1, . . . , an) is true. Equivalent formulas define the same set.

4.3 Theories

A theory is a subset of sentences. Any model of a language defines a theory: the
set of all sentences which hold in the model. We denote by Lin(R) the theory
defined as the formulas of P that are true over (R, <, +,−, 0, 1), i.e., Lin(R) is
the theory of linear constraints (polyhedra). We denote by OF(R) the theory
obtained by interpreting R over (R, <, +,−, �, 0, 1). In other words, OF(R) is the
set of all true assertions about the set of real numbers when viewed as an ordered
�eld. The theory OFexp(R) is the extension of the ordered field of real numbers
with the exponentiation.

4.4 Decidability and quantifier elimination

Given a theory, it is important to determine the sentences of the language that
belong to the theory. Tarski [10] showed that OF(R) is decidable, i.e., there is
a computational procedure that, given any R-sentence φ, decides whether φ
belongs to OF(R). The decision procedure is based on the elimination of the
quantifiers. Over R, every formula φ(x1, . . . , xn) of R is equivalent to a for-
mula ψ(x1, . . . , xn) without quantifiers. Moreover, there is an algorithm that
transforms φ into ψ by eliminating the quanti�ers. For example, the formula
9w : xw2 + yw + z = 0 is equivalent to 4xz − y2 � 0.

Quantifier elimination implies that every R-definable set Y � Rn is defin-
able without quantifiers. Moreover, the decidability of OF(R) implies that the
algorithm for eliminating the quantifiers also provides a computational proce-
dure (that terminates in a finite number of steps) for checking whether Y is
empty: Y = f(y1, . . . , yn) 2 Rn j φ(y1, . . . , yn)g = ; if and only if the sentence
9y1 . . .9yn : φ(y1, . . . , yn) is equivalent to the (quantifier-free) formula false.
There are different methods to perform quantifier elimination, e.g., [3,15]. All
the examples considered in this paper have been solved using the tool Redlog

[4].
Therefore, the theory OF(R) provides the means for representing sets as

well as performing boolean operations and checking for emptiness. All that re-
mains in order to make the bisimulation algorithm computational, is to compute
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Pre(Y ) for any definable set Y . Computing Pre(Y ) for a linear vector field gen-
erally includes formulas involving the exponential function which are definable
in OFexp(R). This theory does not admit elimination of quantifiers. Nevertheless,
in the next section, we identify several subsets of Rexp where quantifiers can be
eliminated and the resulting quantifier-free formula is in R, yielding a decision
procedure.

5 Linear Hybrid Systems

For subclasses of hybrid systems, like multirate automata and rectangular au-
tomata [1], where the subsets of Rn obtained by the application of the bisimu-
lation algorithm are polyhedral sets, i.e., sets definable in the language of linear
constraints P, the computation of Pre(Y ) relies on the decidability of the theory
Lin(R) via the elimination of the quantifiers.

In this section we identify several classes of hybrid systems with linear vector
fields where the ability of computing Pre(Y ) depends on the decidability of
OF(R).

Definition 2 (Linear Hybrid Systems). A hybrid system H = (X, XO, XF ,
F, E, I, G, R) is a linear hybrid system if

– XC = Rn.
– for each q 2 XD the vector �eld F (q, x) = Aqx, where Aq 2 Qn�n.
– for each q 2 XD the family of sets Aq = fI(q), (XO)q, (XF )qg [
fG(e)q, R(e)q j e 2 Eg is de�nable in OF(R).

As indicated previously, having a computational bisimulation algorithm re-
quires having a procedure for computing Pre(Y ) for a definable set Y for each
discrete location q. Therefore, we only need to investigate a single location and
a single linear vector field F (x) = Ax where the subscript q is dropped for nota-
tional convenience. In addition, since the invariant I(q) is a definable set, there
exists an R-formula I(x) such that I(q) = fx 2 Rn j I(x)g.

Now let Y , fy 2 Rn j P (y)g. Then we can write explicitly

Pre(Y ) = fx 2 Rn j 9y 9t : P (y) ^ t � 0 ^ x = e−tAy ^
8t0 : 0 � t0 � t =) I(e−t

0Ay)g

In order to simplify the following presentation, we will assume that I(x) is true.
In this case, the above definition reduces to

Pre(Y ) = fx 2 Rn j 9y 9t : P (y) ^ t � 0 ^ x = e−tAyg = fx 2 Rn j η(x)g (4)

It will be clear from the following results that more complicated invariant sets
can be dealt with by the same techniques. Our goal in this section is to transform
formula η(x) to an equivalent formula in OF(R), which is indeed decidable. Based
on the eigenstructure of A, we identify several classes of linear vector fields for
which this transformation is feasible.
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5.1 Nilpotent matrices

We consider first the special case when the vector field is linear with a nilpotent
matrix A, that is, An = 0. Recall that nilpotent matrices can only have zero as
an eigenvalue. Another important property of nilpotent matrices is that we can
express e−tA explicitly as a finite sum

e−tA =
n−1X

k=0

(−1)k
tk

k!
Ak (5)

Thus, the formula η(x) can be rewritten as:

η(x) , 9y 9t : P (y) ^ t � 0 ^ x =
n−1X

k=0

(−1)k
tk

k!
Aky

, 9y : P (y) ^ µ(x, y)

Clearly, µ(x, y) is an R-formula, and so is η(x), which implies that the following
proposition holds.

Proposition 1. Let F (x) = Ax be a linear vector �eld and A 2 Qn�n a nilpo-
tent matrix, and Y � Rn de�nable in R. Then Pre(Y ) is de�nable in R.

Therefore, based on the computational procedure for eliminating quantifiers
in OF(R), we can compute Pre(Y ) for linear vector fields with nilpotent ma-
trices. Note that nilpotent linear vector fields capture integrators which are an
extremely important class of linear systems.

5.2 Diagonalizable matrices with rational eigenvalues

In this case we can write A = TDT−1 where D is a diagonal matrix with
the eigenvalues of A along the diagonal and both T and T−1 have rational
entries. Then e−tA = [fij(t)] where fij(t) =

Pn
k=1 aijke

−�kt with aijk 2 Q
for all i, j, k, and fλkg are the eigenvalues of A. Moreover, x = e−tAy can be
written component-wise as xi =

Pn
k=1 ψik(y)e−�kt, with ψik being R-formulas.

Therefore, η(x) can be rewritten as

η(x) , 9y 9t : P (y) ^ t � 0 ^
n̂

i=1

xi =
nX

k=1

ψik(y)e−�k t

, 9y : P (y) ^ ϕ(x, y)

Since the formula for Y , P (y), is already in R, we will concentrate on studying
ϕ(x, y). First we reparameterize the time t to reduce the problem to integers in
the exponent. More precisely, for each k = 1, . . . , n let dk denote the denominator
of λk and let d0 =

Q
dk. We assume that the λk are in reduced form, with positive



146 Gerardo Lafferriere, George J. Pappas, and Sergio Yovine

denominators. Then d0 > 0 and for each k = 1, . . . , n we write rk = λkd0. Then
we have that ϕ(x, y) � ϕZ(x, y) where

ϕZ(x, y) , 9s : s � 0 ^
n̂

i=1

xi =
nX

k=1

ψik(y) e−rks (6)

Still, ϕZ is an Rexp-formula. We consider a second formula ζ(x, y) which does
not involve the exponential function:

ζ(x, y) , 9z : 0 < z � 1^
n̂

i=1

xi =
nX

k=1

ψik(y) zrk (7)

The following lemma holds.

Lemma 1. Formulas ϕZ(x, y) and ζ(x, y) are equivalent.

Proof. The equivalence follows from the change of variables z = e−s.

The third step eliminates negative polynomial powers. It consists of grouping
the indices 1, . . . , n according to the sign of the corresponding eigenvalue. Let
I+ = fk j rk > 0g, I− = fk j rk < 0g, and I0 = fk j rk = 0g. Consider now the
following formula:

ν(x, y) , 9w1 9w2 : (8)
w1 > 0 ^w2 > 0 ^ w1w2 = 1

^
n̂

i=1

xi =
X

k2I+

ψik(y) wrk1 +
X

k2I−
ψik(y) w−rk2 +

X

k2I0

ψik(y)

Clearly, ν(x, y) is an R-formula. The following lemma holds.

Lemma 2. The formulas ζ(x, y) and ν(x, y) are equivalent.

Proof. The equivalence follows from the change of variables w1 = z, w2 = 1/z.

The combination of the above lemmas gives the following proposition which
implies that we have a computational procedure for computing reachable sets
for diagonalizable linear vector fields with rational eigenvalues.

Proposition 2. Let F (x) = Ax be a linear vector �eld and A 2 Qn�n a diag-
onalizable matrix with rational eigenvalues, and Y � Rn de�nable in R. Then
Pre(Y ) is de�nable in R.

Example 1. Consider the linear vector field

F (x) =
�

2 0
0 −1

�
�
�

x1

x2

�
(9)
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Let Y = f(y1, y2) 2 R2 j y1 = 4 ^ y2 = 3g. Let ψ be such that Pre(Y ) =
f(x1, x2) 2 R2 j ψ(x1, x2)g. Applying the previous lemmas we have that

ψ(x1, x2) , 9y1 9y2 9t : y1 = 4 ^ y2 = 3 ^ t � 0 ^ x1 = y1e
−2t ^ x2 = y2e

t

� 9y1 9y2 9z : y1 = 4 ^ y2 = 3 ^ 0 < z � 1 ^ x1 = y1z
−2 ^ x2 = y2z

� 9y1 9y2 9w1 9w2 : y1 = 4 ^ y2 = 3 ^ w1 > 0 ^ w2 > 0 ^ w1w2 = 1
^x1 = y1w

2
1 ^ x2 = y2w2

� x1x
2
2 − 36 = 0 ^ x2 > 0

5.3 Pure imaginary eigenvalues

In this case, we assume the matrix A is similar to a matrix in a special block-
diagonal form, a real Jordan form. First, the number of rows (and columns) of
A, is even. Second, there exist D and T such that A = TDT−1, T invertible,
and D is block diagonal with each block of size 2� 2 and of the form

�
0 b
−b 0

�

where b is the imaginary part of an eigenvalue of A. In this case we say that A
has a diagonal real Jordan form. Moreover, if each eigenvalue is of the form ir
with r 2 Q, then the entries of D, T , and T−1 are all rational.

Using a similar approach as in the case of real eigenvalues, and relying on the
fact that cos2 s+sin2 s = 1 and cos(ms), sin(ms) can be written as polynomials
in cos(s),sin(s), results in the following proposition.

Proposition 3. Let F (x) = Ax be a linear vector �eld and A 2 Qn�n a matrix
with pure imaginary eigenvalues of the form ir with r 2 Q, and with a real
Jordan form. If Y � Rn is de�nable in R, then Pre(Y ) is de�nable in R.

Proposition 3 implies that we have a computational procedure for the reach-
ability problem of a class of linear vector fields with pure imaginary eigenvalues
of the form ir with r 2 Q.

We have presented above three classes of linear vector fields for which Pre(Y )
can be computed for sets Y definable in OF(R). The computational results ob-
tained in the section are now summarized by the following theorem.

Theorem 1. Let H be a linear hybrid system where for each discrete location
q 2 XD the vector �eld is of the form F (q, x) = Ax where

– A 2 Qn�n is nilpotent or
– A 2 Qn�n is diagonalizable with rational eigenvalues or
– A 2 Qn�n has pure imaginary eigenvalues of the form ir, r 2 Q, with

diagonal real Jordan form.

Then the reachability problem for H is semidecidable.

To obtain a decision procedure, we need to guarantee that the bisimulation
algorithm terminates. In the next section we use the notion of o-minimality in
order to guarantee termination of the bisimulation algorithm.
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6 O-Minimal Hybrid Systems And Decidability

In order for the bisimulation algorithm to terminate, the partition of the state
space resulting from the bisimulation algorithm should have a finite number of
equivalence classes. It is therefore important that during the partition refinement
process, the intersection of the predecessor of an equivalence class with any other
equivalence class has a finite number of connected components. The search for
such desirable finiteness properties of definable sets has lead to the notion of
o-minimality. While this concept applies to any theory, we consider here only
theories over the real numbers. Let L be a language and Th(R) be a theory of
the reals.

Definition 3. Th(R) is o-minimal (\order minimal") if every de�nable subset
of R is a �nite union of points and intervals (possibly unbounded).

The class of o-minimal theories is quite rich. Quantifier elimination implies
that Lin(R) and OF(R) are o-minimal. In addition, even though OFexp(R) does
not admit elimination of quantifiers, such theory is indeed o-minimal (see [16]).
Another extension of OF(R) is obtained by adding to R a symbol f̂ for every
function defined by

f̂(x) =

(
f(x) if x 2 [−1, 1]n

0 otherwise

where f is a real-analytic function in a neighborhood of the cube [−1, 1]n � Rn.
The resulting theory denoted OFan(R) is then an extension of OF(R) which is
also o-minimal. The theory OFan(R) includes subanalytic sets as definable sets.
In addition, it captures periodic trajectories of linear systems as the sine function
restricted to a period is definable. Finally, the theory OFan,exp(R) obtained by
adding both symbols f̂ and exp is also o-minimal (see [13]). The following table
summarizes the o-minimal theories that are of interest in this paper along with
examples of sets and flows that are definable in these theories.

Table 1 : O-Minimal Theories
Theory Model Definable Sets Definable Flows
Lin(R) (R, +,−, <, 0, 1) Polyhedral sets Linear flows
OF(R) (R, +,−, �, <, 0, 1) Semialgebraic sets Polynomial flows
OFan(R) (R, +,−, �, <, 0, 1, ff̂g) Subanalytic sets Polynomial flows
OFexp(R) (R, +,−, �, <, 0, 1, exp) Semialgebraic sets Exponential flows
Rexp,an (R, +,−, �, <, 0, 1, exp, ff̂g) Subanalytic sets Exponential flows

Based on the notion of o-minimality, the concept of o-minimal hybrid systems
is introduced as hybrid systems whose relevant sets and flows are definable in
an o-minimal theory.

Definition 4. A hybrid system H = (X, XO , XF , F, E, I, G, R) is said to be
o-minimal if
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– XC = Rn.
– for each q 2 XD the flow of F (q, �) is complete (exists for all time).

– for each q 2 XD the family of sets Aq = fI(q), (XO)q, (XF )qg [
fG(e)q, R(e)q j e 2 Eg and the flow of F (q, �) are de�nable in the same
o-minimal theory.

For various classes of o-minimal hybrid systems, the reader is referred to [7],
where the following property of o-minimal hybrid systems is proven.

Theorem 2. Every o-minimal hybrid system admits a �nite bisimulation. In
particular, the bisimulation algorithm terminates for o-minimal hybrid systems.

We can now combine the semidecision result of Theorem 1 and the termina-
tion result of Theorem 2 in order to obtain the desired decidability result.

Theorem 3. Let H be a linear hybrid system where for each discrete location
q 2 XD the vector �eld is of the form F (q, x) = Ax where

– A 2 Qn�n is nilpotent or
– A 2 Qn�n is diagonalizable with rational eigenvalues or
– A 2 Qn�n has purely imaginary eigenvalues of the form ir, r 2 Q, with

diagonal real Jordan form.

Then the reachability problem for H is decidable.

Proof. All relevant sets of linear hybrid systems are by definition definable in
OF(R) and the flows of linear vector fields are complete. Therefore, given the
semidecision result of Theorem 1, all we have to show is that the flow of the
linear vector field Ax is definable in an o-minimal theory. Then Theorem 2
would guarantee termination of the bisimulation algorithm. If A is nilpotent
then the flow is also definable in OF(R) which is o-minimal. If A is diagonalizable
then the flow is definable in OFexp(R) which is also o-minimal. If A has purely
imaginary eigenvalues, then the flow contains the functions sin and cos which are
not definable in any of the o-minimal theories of Table 1. However, o-minimality
of the flow is only used in the proof of Theorem 2 to show o-minimality of the
Pre operator. Even though the flow of this vector field is not definable, the Pre
operator corresponding to these periodic flows is still definable, as all we need is
the restriction of sin and cos on [0, 2π]. These restrictions are indeed definable
in OFan(R) which is also o-minimal. Therefore in all cases the relevant objects
are definable in the same o-minimal theory, OFan,exp(R)

Theorem 3 is the first decidability result in the area of hybrid systems that
provides the modeling expressiveness to capture relatively complex continuous
dynamics. In addition, Theorem 3 contains in it a purely continuous version of
reachability analysis for linear systems under state constraints, a problem which
is known to be very difficult. As a result, its potential application to analyze
various realistic hybrid systems using computational methods is significant.
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7 Conclusions

In this paper, we presented a new class of hybrid system with a decidable reach-
ability problem. This new class captures classes of linear vector fields in each
discrete location. In addition, this extension is obtained using techniques from
mathematical logic and model theory. The mathematical machinery presented in
this paper provides a natural and unified platform for pursuing further research
along this direction.

Issues for further research include the incorporation of linear vector fields
with inputs in each discrete location. This will allow to model significant mod-
eling disturbances as well as provide us with a framework for doing symbolic
controller synthesis. Preliminary results along this direction indicate very deli-
cate nonresonance conditions between the control inputs and the eigenvalues of
the systems [8]. In addition, more complicated discrete transitions are also of
interest.

Another direction of research includes complexity analysis and reduction of
the proposed algorithms as well as their implementation into a computational
tool whose kernel will be a quantifier elimination engine.
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Abstract. This paper deals with the synthesis of control software for
hybrid systems specified as hybrid automata. Instead of generating the
software from scratch, the synthesis is based on a generic layered software
architecture which supports both periodic and event-triggered computa-
tions. The use of the layered software architecture as the framework for
implementing hybrid controllers is motivated in the paper.
An automatic code generator HA2LS (from Hybrid Automata to Lay-
ered Systems) is introduced. HA2LS reads a specification in terms of
hybrid automata and generates intermediate code that can be processed
by the tools provided by the layered architecture. The generated software
provides a clean interface for a control engineer to plug in the control
algorithms. With externally supplied control algorithms and IO proce-
dures, the synthesis of executable hybrid controllers can be completed.
The generated code can also be used for simulation purposes if it is gen-
erated from the specification of the complete system including the plant.
The code generator HA2LS together with the software architecture sub-
stantially shorten the time to implement hybrid controllers from hybrid
automata.

1 Introduction

By the term “embedded system” one usually refers to a computer program em-
bedded in a physical system. Such an embedded system usually be used to control
a mechanical, chemical or other kind of plant. The design and implementation of
embedded systems usually involve contributions from both control and computer
engineers.

In a complex embedded system, the plant can not be simply described as a
set of differential equations. Instead, it can be described by a family of modes:
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each mode given as a set of differential equations. The control is switched among
modes depending on the state of the plant. Such a systems is called hybrid system
since it consists of continuous subsystems which are governed by the equations
and discrete subsystems (the mode switches). The controller for a hybrid system
is called hybrid controller. To implement this, the control engineers need to
provide the algorithms for each control mode and the computer engineers need to
implement the continuous control algorithms, the discrete controllers to control
the mode switches, and the interaction between the continuous and the discrete
control.

Although there exist many modeling languages [2,3,4,10] for modeling the
behaviour of hybrid systems, little work has been done to bridge the gap of high
level specification and implementation of hybrid controllers. One of the most
popular specification languages for hybrid systems is hybrid automata [2]. The
problem to be solved in this paper is: given hybrid automata as the specification
of a hybrid system, can the software for a hybrid controller be systematically
generated? The aim is to reduce or even eliminate the work of the computer
engineer in the process of developing a hybrid controller.

It is not easy to implement hybrid controllers using languages like C or ADA
since they give very poor support for algorithms expressed in a state machine
fashion. Software support and computer aided tools are therefore needed to assist
the implementation process. In this paper, we motivate a generic layered software
architecture [9] for implementing hybrid controllers. The languages and tools
developed within the architecture support periodic computations and discrete
computations needed by the hybrid controllers. We provide a systematic method
to synthesize hybrid controllers in the generic layered architecture from high level
specifications in terms of hybrid automata. The synthesis procedure is semi-
automatic. It includes automatic code generation with a tool called HA2LS and
the integration of the generated code with the user-supplied procedures. A user-
supplied procedure is either a control procedure which implements the control
algorithm for the continuous dynamics or an interface procedure which deals
with communication from sensors or to actuators. There are two uses for the
methodology. One is to generate code for the controller. Another is to generate
software for the complete system (including the plant) for simulation purposes.

The paper is organized as follows. First we provide a very brief description of
hybrid automata in section 2. Then, we introduce the generic layered architecture
and motivate its use for the implementation of hybrid controllers in section 3.
A method to synthesize the hybrid controller is provided in section 4. Finally,
the conclusions are given. The railway crossing system is used as an example
throughout the paper to illustrate the methodology.

2 Hybrid automata

A hybrid automata specification consists of a set of hybrid automata. Basically, a
hybrid automaton contains a set of locations and transitions among them. Each
location contains a set of linear differential equations to describe one mode of the
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hybrid system. The transitions describe the mode switching. The components of
a hybrid automaton are the following (see [2]):

{ a finite set of variables X = fx1; x2; : : : ; xng;
{ a finite set of vertices V called locations: each location is associated a con-

tinuous activity and an invariant;
{ a finite set of transitions E: each transition has a source location, a target

location, a guard and a discrete action;
{ a finite set of synchronization events.

The following is a graphical representation of hybrid automata for a railway
crossing system. There are three automata: Controller, Train and Gate in the
railway crossing system (see Fig. 1). Each automaton has several locations, e.g.
automaton Gate has four locations: raising, lowering, open and closed.
The continuous activities are represented at the locations. For example, the
continuous dynamics of lowering location of automaton Gate is dg = −9 (Note
that dg denotes the derivative of g, the angle of the gate.). The corresponding
invariant is g � 0 which is easy to understand since the controller should not
lower the gate if the gate already reaches its lowest angle. The transitions of the
automata are the edges and labels among the locations.

The grammar that we use for describing hybrid automata is taken from the
following URL: http://www-cad.eecs.berkeley.edu/�tah/HyTech. The grammar
is also used as the input to HyTech [1] which can verify some properties of hybrid
systems. The only modification that we make is that we provide the possibility to
distinguish whether a synchronization event is used as a guard or is issued as an
action. This distinction is necessary since a controller may react to the incoming
event by sending out some signals. Without the distinction, a controller can not
tell whether this is the event it should react to or the event it should issue.

3 A generic layered software architecture

The layered architecture [9] developed at Linköping University defines a frame-
work for the development of real-time autonomous systems. The architecture
provides a clear separation between high level planning, discrete event response
and periodic control. The idea is to combine plan-guided actions and situation-
driven actions. The architecture contains three layers: the Analysis Layer, the
Rule Layer and the Process Layer. The lowest layer (the Process Layer) hosts
periodic computations. The middle layer (the Rule Layer) hosts discrete event
response computations. The highest layer (the Analysis Layer) is concerned with
planning activities.

Most industrial controllers nowadays do not consider planning activities.
Therefore, only the lower two layers are interesting in this context. In the rest of
this paper, when we speak about the layered architecture, it refers only to the
Rule Layer and the Process Layer.

One of the most important concepts in software engineering is reusability.
Reusable code and software structure will help to improve the efficiency and cor-
rectness of the software development. The reusability idea is strongly exploited
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Fig. 1. The railway crossing system

in the construction of software tools and languages in the layered architecture.
The idea is to extract the common features for every application as part of
the “executive” for the layers while providing a language for expressing appli-
cation dependent features. The executives for the Process Layer and the Rule
Layer are called PLX (Process Layer Executive) and RLX (Rule Layer Execu-
tive) respectively. The corresponding languages are called PLCL (Process Layer
Con�guration Language) and RL (Rule Language) respectively.

As will be seen later, these executives and languages can be used to implement
hybrid controllers since the two layers match perfectly the computations needed
by the hybrid controllers. Next, we provide short descriptions of the two layers.

3.1 The Process Layer

The Process Layer facilitates periodic computations. These computations trans-
form data. A feedback control algorithm can be thought of as such a transfor-
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mation function. A function takes the data observed via some sensors from the
plant and computes the output to send to the actuators as the control input to
the plant. In what follows, we will describe in detail PLCL and PLX.

PLCL

The PLCL provides the language constructs for defining data as vectors and the
constructs for defining processes to perform the computations on vectors.

A vector is realized as a dual state vector where two storage locations are
used for each data item: one represents the value for kTi and one for (k + 1)Ti
where Ti is the flip period for the vector. Each data item in a vector is called a
frame. Due to the hardware configuration and the difference of physical devices,
the procedures to input a frame and output a frame might be different. PLCL
associates with a frame three frame procedures: INIT, GET and PUT, each
of which encapsulates some device-dependent operations. Either GET or PUT
may be omitted corresponding to either a pure sensor or a pure actuator. The
gateV vector below shows the state information for a gate. The SELECT frame
gate mode represents the mode selector for the process associated with the gateV
vector.

VECTOR gateV is
INTERVAL 1;
SELECT gate_mode : tSwitch; INIT registerSelector[];

GET receiveFrame [];
FRAME g : int; INIT registerInt [];

PUT sendFrameg [];
FRAME dg : int; INIT registerInt [];

GET receiveFrame [];
END -- vector: gateV

A process structure contains the descriptions of different modes that the
vector will operate in. The ACTIVE construct defines the initial active mode for a
process. Each mode is realized by a sequence of transformations called modules.
A module is the basic element of computation in the process layer. Using the
same mechanism as the frame procedures one module is an encapsulation of a
single algorithm in a specific context. The code of the algorithm is obtained
from a library (supplied externally). When writing a PLCL program, one only
supplies the specification of the function names and the input-output arguments
for the modules. The following is an example of a mode definition:

MODE closed is
MODULE module1 ( IN *gateV#dg : int, OUT gateV#g : int )

USE gate_closed_func [];

The mode named closed contains only one module called module1. The ac-
tual transformation function is called gate closed func. The module has one
input argument: dg belonging to the vector gateV and one output argument g
belonging also to the vector gateV.
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PLX

The PLX manages the Process Layer tick counter, flip and dump to each dual
state vector and execute the processes at appropriate time points. The PLX
algorithm is as follows:

INIT vectors;
LOOP

WAIT FOR tick;
FLIP;
EXECUTE processes;
DUMP;

END

The flip operation copies the current state to the previous state and acquires a
new sample for a frame if it has a GET procedure. The dump operation outputs
a frame if it has a PUT method. The execution of processes is done by activating
the module functions associated with active modes.

3.2 The Rule Layer

The Rule Layer reacts to discrete events. Whenever some important event oc-
curs, the system starts to respond by evaluating rules. In the context of hybrid
controllers, the effect of the Rule Layer is to select different control algorithms
(mode switching) and provide parameters for the control algorithms. The selec-
tion of a different control algorithm is done by changing the SELECT frame in the
Process Layer. The parameters are changed by changing frames of the Process
Layer accessible to the library functions. In what follows, we describe in detail
RL and RLX.

RL

The Rule Layer deals with finite domain variables called slots. An RL program
contains the description of slots and rules defined over them. RL also provide
the possibility to specify the communication channels.

A rule contains WHEN, IF and THEN parts. The WHEN part contains
the activation conditions for the rules and the IF part is the additional condition
for the rules to be able to fire. The THEN part contains actions of the rules:
either changing the value of a slot or sending signals to specific channels.

The slots of the Rule Layer are realized as dual vectors containing the current
values and the previous values. The primitive condition can query both the
current value and the previous value of a slot. This is done by the comparison
operators defined in RL.

{ x|=v is used to compare the previous value of x with v.
{ x=|v is used to compare the current value of x with v.
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{ x*=v is used to check whether x has changed to v.
{ All the other operators >;<;�;� will take the current value of x for compar-

ison. The comparison will follow the obvious mathematical interpretation.

The rules must be interpreted declaratively. The order of writing the rules
should not influence the semantics of the rules. A response of the rule-based
system is the firing of a sequence of rules. To impose a consistent view of the
state and the response, we have defined a semantics for the desired response of
a rule-based system and correctness criteria for RL programs. Static checker has
also been developed. For details, see [6].

RLX

The executive of the Rule Layer serves as an inference engine for the rules. Ba-
sically, the inference engine starts to evaluate rules whenever a stimulus comes.
If there is a rule enabled, then the engine fires the rule. The fired rule might
generate new changes which, in turn, activate other rules. The inference con-
tinues until there are no rules to be fired. The details about how the engine’s
implementation works can also be found in [6].

3.3 The integration of the Process Layer and the Rule Layer

One way to integrate the two layers is to have a communication link between
them. We have developed a socket communication model for the two layers in
the UNIX environment.

One important problem is the study of the timing issue for the integrated
system. We assume that all the inputs to the Rule Layer must come from the
Process Layer. Thus there is at most one discrete response for each smallest
period of the Process Layer since the Process Layer dumps the vectors only once
for each smallest period. We also have to assume that the period of a process is
smaller than the sampling rate of the inputs that are to be used by the process.
Therefore, the environment won’t change significantly during the processing by
the system.

To make sure that the mode switch can happen immediately when a condi-
tion is satisfied, we assume (and require) that the Rule Layer reacts timelessly,
meaning that the response of the Rule Layer is short enough such that the Pro-
cess Layer can always receive the mode switching command at the beginning of
the next tick. This assumption can be checked with the help of timing analysis
of the code.

3.4 Motivation for developing hybrid control systems using this
framework

We summarize the benefits of developing hybrid control systems in the frame-
work of the layered architecture:
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{ The layered architecture separates the computations in a clean way. Periodic
computations and event-triggered computations are put into different layers
but integrated in an interleaving manner. The integration maintains the
sampling rate while mode switching can be performed immediately when
the conditions are satisfied.

{ It reduces the work for the software engineer since most of the common func-
tions are encoded in the executives which are reusable for every application.

{ The architecture and the languages developed provide a good interface for
the control engineer. To develop a hybrid controller in the layered architec-
ture, the control engineer only needs to provide the following:
� a PLCL program with the definitions for the vectors and processes;
� an RL program with the rules for mode switching;
� a set of control algorithms whose implementation can be written in the

C language;
� specification of communication channels when necessary.

The automatic code generator HA2LS (from Hybrid Automata to Layered
Systems) to be described in the next section can generate most of the code
needed for a hybrid controller directly from hybrid automata.

{ Some analysis [6,7,8] performed on PLCL programs and RL programs can
help a user to identify whether a program is logically correct and if the timing
constraints can be fulfilled.

Ravn et al. have used the idea of the software architecture to implement a mode-
switching controller for a hydraulic cylinder [5].

4 Automatic code generator: HA2LS

In this section, we introduce the tool HA2LS which automatically generates
layered software from hybrid automata and give the guidelines for generating
the final executable hybrid controllers.

Fig. 2 illustrates the translation and assembly process for hybrid controllers.
Currently, the software for the executives of layered architecture is available on
two execution environments: a real-time version running under PSOS+ on a
MC68020 microprocessor and a simulated version running under UNIX.

HA2LS can generate a PLCL program, an RL program and partial codes for
the control algorithms in C. Next, we present how each individual program is
generated with an example: the railway crossing control system (see Fig. 1). We
will focus on the code generation for Gate automaton in the discussion.

4.1 Generation of PLCL program

For each automaton of the hybrid automata specification, we generate one vector
and one process description.

Each vector contains an interval indicating the period of flip and a set of
frames. The generated period is set to 1. It can be changed by the user once
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Fig. 2. The translation and assembly process

the sampling rate for the frame is decided, which depends on the environment
of the controller and the speed requirement for the control. Three types of
frames: mode-selector-frame, value-frame and dot-frame are generated for each
vector. Frame gate mode, y, dy (see the following PLCL code) are examples of
mode-selector-frame, value-frame and dot-frame, respectively. The VALUE con-
struct provides the initial value for a frame and the ALIAS construct provides
the possibility to refer to the same frame with different names.

---- PLCL: vector description for automaton Gate
VECTOR gateV is
INTERVAL 1;
SELECT gate_mode : tSwitch; INIT registerSelector[];

GET receiveFrame [];
FRAME g : int; VALUE 0; INIT registerInt [];

PUT sendFrameg [];
ALIAS gr;

FRAME dg : int; VALUE 0; INIT registerInt [];
GET receiveFrame [];

END -- vector: gateV

Each process contains the mode descriptions and the active mode. Each lo-
cation in the automaton will be translated to a mode description. The mode
description for raising, lowering, open, closed for Gate automaton can
be found in the following generated PLCL code. The active mode (open) is the
initial location of the corresponding automaton.
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PROCESS gateP@gateV IS
MODE closed is
MODULE module1 (IN *gateV#dg : int, OUT gateV#g : int)

USE gate_closed_func [];
END OR

MODE lowering is
MODULE module1 (IN *gateV#dg : int, OUT gateV#g : int)

USE gate_lowering_func [];
END OR

MODE open is
MODULE module1 (IN *gateV#dg : int, OUT gateV#g : int)

USE gate_open_func [];
END OR

MODE raising is
MODULE module1 (IN *gateV#dg : int, OUT gateV#g : int)

USE gate_raising_func [];
END

ACTIVE open;
END -- process gateP

4.2 Generation of RL program

The generation of RL program includes the generation of slots and rules.
Four types of slots: value-slot, dot-slot, mode-slot and synchronization-slot

will be generated. Each value-slot corresponds to a continuous variable of the
hybrid automaton. For each value-slot, there is a dot-slot indicating the change
rate of the slot. The generation of domains for value-slot and dot-slot is tricky
since we need to partition infinite domains into finite ones. What we have done
is to abstract intervals to points. A mode-slot is used to indicate the mode of
an automaton. Each mode corresponds to one location of the automaton. A
mode-slot in the Rule Layer has a counter part in the Process Layer called mode-
selector-frame. Changing a mode-slot results in switching mode of the Process
Layer. Each synchronization event in the hybrid automaton is translated into an
EVENT-typed slot whose value will be reset after each response. Different types
of generated slots are shown below.

-- VAR SLOT
SLOT g :{-1, 0, 89, 90,91 } := 90;

-- DOT SLOT
SLOT dg :{-10, -9, -1, 0, 8, 9,10 } := 0;

-- SYNCHRONIZATION SLOT
SLOT app :{0, 1} := 0 TYPE EVENT;
SLOT exit :{0, 1} := 0 TYPE EVENT;
SLOT raise :{0, 1} := 0 TYPE EVENT;
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SLOT lower :{0, 1} := 0 TYPE EVENT;
-- MODE SLOT

SLOT gate_mode :{open, closed, raising, lowering} := open;

Each rule in the rule program corresponds to a discrete transition in a hybrid
automaton. A rule in the rule program contains three parts: trigger, condition
and assignment. The trigger and condition parts are generated from the guard
of the corresponding transition. The assignment part is derived from the action
part of the transition.

The criterion to split the guard into trigger and condition parts is the follow-
ing: if the guard contains a synchronization event e, then we will generate e*=1
as the trigger of the rule. Otherwise, we will generate a TRUE trigger for the
rule. Other parts of the guard of a transition except the synchronization event
will be translated into the condition part of a rule. The translation is straight-
forward. Note that the comparative operator = will be translated into =| which
is to test the current value of the slot appearing before the operator. One more
condition to be generated is the source-location condition. For each transition
of an automaton A, A |= loc is generated where loc is the the name of the
location from which the transition originates.

In a hybrid automaton, the effect of a transition is to switch to the next
location and to reset some values of the variables, e.g., to reset the clocks. The
first effect can be easily translated as an assignment: A := loc, where loc stands
for the next location. As the reset of values takes effects only at the beginning
of the next continuous activity, the new values will not affect the evaluation
of the transitions leaving the current location. However, the semantics of RL
language adopts the synchrony hypothesis. Any assignment in one response is
seen as occurring simultaneously with all others. To make an assignment take
effect after the response, we use a trick. If x:=v appears in the action part of a
transition, we will generate xr:=v in the assignment part of the rule where xr is
an alias for x meaning the slot assigned by the rule layer. The alias construct in
the process layer will put the values of xr into the frame x of the process layer.
Since xr only appears in the assignment part, such assignment will not lead to
further rule firings while, at the same time, it can change the value of frame x
in the process layer.

The following shows the RL rules for the Controller automaton.

---- RULEs for automaton gate

WHEN lower *= 1 IF gate |= closed THEN dg := 0, gate := closed;

WHEN raise *= 1 IF gate |= closed THEN dg := 9, gate := raising;

WHEN raise *= 1 IF gate |= lowering THEN dg := 9, gate := raising;

WHEN lower *= 1 IF gate |= lowering THEN dg := -9, gate := lowering;

WHEN TRUE IF y =| 0 AND gate |= lowering THEN dg := 0, gate := closed;

WHEN lower *= 1 IF gate |= open THEN dg := -9, gate := lowering;

WHEN raise *= 1 IF gate |= open THEN dg := 0, gate := open;

WHEN lower *= 1 IF gate |= raising THEN dg := -9, gate := lowering;

WHEN raise *= 1 IF gate |= raising THEN dg := 9, gate := raising;

WHEN TRUE IF y =| 90 AND gate |= raising THEN dg := 0, gate := open;
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4.3 Generation of library functions

Partial code for the library of module functions for control algorithms are also
generated. These include the declarations of the functions and the interface of
the functions. The comments about the range of the DOT-VALUEs (expected
control objectives) are also generated. Only the function bodies to achieve the
control objectives need to be changed later. What follows is the module function
to lower the gate which only contains the effect of expected control algorithm: the
angle of the gate g is lowered with the rate dg = −9. The real control algorithm
has to be plugged in later.

void gate_lowering_func (int dg, int *g)
{ *g = *g + dg; /** -9 <= dg <= -9 **/

return; }

4.4 What is left to make the control software complete?

There are two uses for the methodology. One is to generate code for the con-
troller. Another is to generate software for the complete system (including the
plant) for simulation purposes.

Usually, we start with the simulation version. Given the model of a control
system and its environment, we generate a simulated closed loop system where
the control system and its environment are coupled using shared variables. The
plant behaviours are simulated by dedicated processes. The simulation version
enables simulation of various proposed controller algorithms. This is done by
changing the module functions. For the railway crossing system, if code is also
generated from the train automaton, then we have a simulated close loop sys-
tem.

To derive the control software from the simulation version, the following
needs to be done:

{ Replace the simulated plant with the real plant coupled by sensors and
actuators. This includes:
� specify the input and output procedures for the input and output frames;
� delete the processes simulating the behaviour of input frames;
� plug in the algorithms for the controllers into the body of the generated

module functions for the processes simulating the output frames;
{ Specify the channels for the communication with sensors and actuators if

there are any;
{ Change the sampling rate of vectors if needed;

For example, to couple the railroad control system with its environment, one
needs to do the following: Since the control system needs to read the distance
of the incoming train from the intersection periodically, the input procedure for
the frame x should be provided. The process together with its module functions
simulating the behaviour of the train will be deleted. The output procedure for
the angle of the gate g is needed. The control algorithms for raising the gate
and lowering the gate with the given rate should be plugged into the module
functions gate raising func and gate lowering func.
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5 Conclusions

In this paper, we have discussed how to bridge the gap between high-level speci-
fication and an implementation of hybrid systems. An automatic code generator
HA2LS has been introduced to generate layered systems in a generic layered
software architecture from hybrid automata. The generated software provides a
good interface for the control engineer to plug in real control algorithms. With
the help of control engineer supplying the control algorithms and the language
and tools developed for the layered architecture, a complete hybrid controller
can be conveniently constructed. The hybrid controller can be run in UNIX en-
vironment and on PSOS+-based real-time system. With a reasonable amount of
work, the software can be ported to other platforms. This work greatly reduces
the work of a computer engineer in implementing hybrid controllers.
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Abstract. Hybrid systems combine continuous behavior evolution spec-
ified by differential equations with discontinuous changes specified by dis-
crete event switching logic. Numerical simulation of continuous behavior
and of discrete behavior is well understood. However, to facilitate simu-
lation of mixed continuous/discrete systems a number of specific hybrid
simulation issues must be addressed. This paper presents an overview of
phenomena that emerge in simulation of hybrid systems, reported in pre-
viously published literature. They can be classified as (i) event handling,
(ii) run-time equation processing, (iii) discontinuous state changes, (iv)
event iteration, (v) comparing Dirac pulses, and (vi) chattering. Based on
these phenomena, numerical simulation requires the implementation of
specific hybrid simulation features. An evaluation of existing simulation
packages with respect to these features is presented.

1 Introduction

Continuous system dynamics can be described by, possibly large, systems of dif-
ferential equations. These can be either ordinary differential equations (ODEs)
or contain algebraic constraints as well to form differential and algebraic equa-
tions (DAEs). Complex systems, such as aircraft, often operate in different modes
of continuous operation and when mode changes occur, the continuous dynam-
ics change abruptly. Even small physical components may operate in different
modes, e.g., a diode can operate as a short or open circuit, requiring abrupt
discrete changes in the system of equations.

Simulation of pure continuous and pure discrete systems is well-understood.
ODEs and DAEs are a common representation for continuous systems from
which numerical simulation algorithms generate behaviors. Variable step size
approaches may be applied to ensure the numerical grid is sufficiently dense
with respect to some error measure given the dynamic behavior of the system.
Discrete simulation is often based on the particular description formalism, such
as Petri nets [21] and finite state machines [12]. Typical is the use of random
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distribution functions to model, e.g., queue processing and to facilitate discrete
phenomena such as nondeterminism and parallelism.

Recently, there is a growing interest in hybrid systems, i.e., systems with
mixed continuous/discrete behavior. This interest is driven by (i) the increasing
need for comprehensive analysis of systems where discrete controllers operate
on a continuous process, and (ii) efficient handling of otherwise stiff continuous
equations. In hybrid simulation, typically, the continuous model part generates
discrete events when continuous signal variables cross threshold values. These
discrete events may affect continuous behavior evolution by changing active
model components and discontinuously changing the continuous state variables.

Though individually the continuous and discrete formalisms can be treated
well, their interaction causes a number of unique problems in simulation. Based
on these phenomena, numerical simulation requires the implementation of spe-
cific hybrid simulation features. This paper discusses and illustrates these issues
and refers to possible solutions. It identifies which of the features specific to
hybrid simulation are incorporated by a number of simulation packages. It does
not evaluate robustness or quality of the implemented solutions (for additional
information refer to [13]). The evaluation shows that some of the hybrid simu-
lation features are incorporated in a number of simulation packages, whereas a
number of other features are only implemented by a few or none. The aim of
this paper is to categorize issues in hybrid simulation to evaluate the quality of
simulation packages, and to refer to possible methods of implementation.

2 Generating the Simulation Model

This section describes how ODE and DAE forms are achieved and defines a
number of terms required to describe the numerical simulation problem.

1. Complex dynamic system models are composed of declarative submodels
specified by noncausal equations [6]. After the complete system of equations
is compiled a sorting procedure assigns computational causality. In matrix
form, this corresponds to a lower triangular form. Circular dependencies
between variables cause blocks of dependent equations (which can be solved
symbolically or numerically) to be kept together, resulting in a block lower
triangular (BLT) matrix structure of the sorted equations.

2. After sorting, the complexity of the simulation problem, indicated by the in-
dex, needs to be sufficiently low [5]. Higher-index problems contain algebraic
constraints on time derivative variables, and the system of equations needs
to be solved to arrive at a lower index, e.g., by Pantelides’ algorithm [22] and
the dummy derivative approach [15].

3. Next, consistent initial values of the state variables need to be calculated
from user specified values. For example, to start simulation from steady
state, all time derivative values can be set to 0. The corresponding variable
values are then computed based on these conditions.

4. Once the consistent initial values of the system of equations are computed,
a numerical solver evolves the system behavior over time. Numerical solvers
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vary from an explicit fixed step Euler to complex implicit integration schemes
with variable step size and error control such as DASSL.

3 Hybrid Simulation Phenomena

When discrete event changes occur, equations may become (de)activated, which
requires a number of specific problems to be solved. This section presents small
benchmark examples that embody these phenomena.

3.1 Newton’s Cradle

Consider the three colliding bodies in Fig. 1 where m1 has an initial velocity,
v1 = v. Initially, m1 moves towards m2 with constant velocity while m2 and m3

are at rest: m1 0 0
0 m2 0
0 0 m3

  v̇1

v̇2

v̇3

 =

1 0 0
0 1 0
0 0 1

F1

F2

F3

 (1)

with algebraic equations 1 0 0
0 1 0
0 0 1

 F1

F2

F3

 =

0
0
0

 (2)

v

m1 m2 m3

Fig. 1. A sequence of collisions.

Upon collision, (x1 ≥ x2) ∧ (v1 > v2), momentum is instantaneously trans-
ferred to m2. The first condition specifies that in case of point masses there is
contact between the two bodies and the second condition that there is a collision.
For m2 and m3 this condition is not satisfied because v2 = v3, and, therefore, no
collision occurs. A collision event is generated when x1 ≥ x2 that needs to be (i)
detected and (ii) located within a small error tolerance to improve precision. In
general, continuous variables generate discrete events when they cross threshold
values. If time is the continuous variable, the time of occurrence can be located
exactly. Otherwise, a root finding mechanism is required, which often relies on
less efficient iteration [7].

Characteristic 1 (state events) Events that are generated when continuous
variables cross threshold levels need to be detected and the time of occurrence has
to be located.
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Characteristic 2 (time events) The time of occurrence of events that are
generated because of time reaching a threshold value is known in advance, and,
therefore, these events can be handled efficiently.

For the colliding bodies, the change of the velocities immediately before colli-
sion, vi, to their values immediately after collision, v+

i , is governed by Newton’s
collision rule

v+
2 − v+

1 = −ε(v1 − v2), (3)

Characteristic 3 (explicit reinitialization) Constraints on initial values for
continuous state vector variables after a configuration change may be functions
of the final values in the previous configuration.

The values of v1 and v2 are known as their final value when x1 ≥ x2 and
continuous behavior was halted. However, both v+

1 and v+
2 are unknown and

cannot be solved with one equation. To solve for the new velocities, a least mean
square fit can be applied but in certain cases this may result in incorrect transfer
of physical quantities across discontinuities. In case of the colliding bodies, upon
collision the forces F1 and F2 are equal, which changes the system of equations
by replacing Eq. (2) with 1 −1 0

0 0 0
0 0 1

F1

F2

F3

 =

0
0
0

 (4)

Characteristic 4 (changing simulation model equations) Discrete events
may change the set of equations that describes system behavior by adding and
removing equations.

Using Eq. (1) to solve the equation in the top row of Eq. (4) yields m1 v̇1 = m2v̇2

and this can be integrated to

m1(v+
1 − v1) = m2(v+

2 − v2), (5)

which embodies the physical conservation of momentum constraint. Combined
with Eq. (3) it can be uniquely solved for v+

1 and v+
2 .

The use of a conservation law based on physics is a general characteristic that
needs to be accounted for in hybrid simulation of physical system models. This
can be automated for semi-explicit systems with linear constraints by integrating
the system of differential equations [17].

Characteristic 5 (conservation constraints) Computing initial values for
the continuous state vector variables in a new configuration is governed by phys-
ical conservation constraints.

When the new velocities of the colliding bodies are updated (vi ← v+
i ),

v2 > v3 and an immediate further configuration change occurs that models the
collision between m2 and m3.
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Characteristic 6 (state updating event iteration) After updating the state
vector, new initial continuous state variable values may generate discrete events
that immediately cause further configuration changes.

Again Newton’s collision rule and conservation of momentum applies and the
new velocities of m2 and m3 are computed. In case m1 = m2 = m3, after
momentum is transferred to m3, no further configuration changes occur and m3

starts to move continuously in time.

3.2 The Falling Rod

Consider the rigid rod sliding on a rough surface in Fig. 2. In case of Coulomb
friction, the friction force Ff depends on the normal force FN by a constant
coefficient µ, i.e., Ff = µ|FN | [14], active in the direction opposite to vA,x, the
velocity of the contact point at the surface. Fy is the kinetic force exerted by the
center of mass in the vertical direction. Combined with the gravitational force,
Fg, this yields the normal force FN = Fy − Fg. Velocity vx is the horizontal
velocity of the center of mass, M , vy the vertical velocity, and ω the angular
velocity. The system has three inertial, energy storing, components, viz., the
linear inertias mx and my and the rotational inertia J .

-l sinω θ
l cosω θ

M

B

A

x

y

y

x

0

0

1

1

ω

-l

l

lω

θvx

vA,x

vy

−ω

fF
NF

Fig. 2. Coulomb friction.

If initially the rod is falling freely towards the floor,mx 0 0
0 my 0
0 0 J

  v̇x

v̇y

ω̇

 =

1 0 0
0 1 0
0 0 1

 Fx

Fy

Fω

 (6)

with algebraic constraints 1 0 0
0 1 0
0 0 1

 Fx

Fy

Fω

 =

 0
Fg

0

 . (7)
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Upon collision, Fig. 2 shows that the linear velocities vx and vy are constrained
to move with respect to ω according to{

vx = −lωsinθ
vy = lωcosθ

(8)

Therefore, the initial state variables vx, vy, and ω become dependent by alge-
braic constraints. This causes higher index problems that require differentiation
of equations to arrive at an equivalent lower index system that can be simu-
lated [22].

Characteristic 7 (simulation model index reduction) Adding and remov-
ing equations may result in higher index problems, requiring run-time index re-
duction.

Furthermore, the forces in the x and y direction relate to the torque Fω as

−lsinθFx + lcosθFy + Fω − lcosθFg = 0. (9)

Therefore, upon collision a state event (Characteristic 1) causes Eq. (7) to be
replaced by

1 0 lsinθ 0 0 0
0 1 −lcosθ 0 0 0
0 0 0 −lsinθ lcosθ 1




vx

vy

ω
Fx

Fy

Fω

 =

 0
0

lcosθFg

 (10)

These constraints require reinitialization of the state vector, i.e., the linear
and angular velocities, by applying conservation principles (Characteristic 5).
Because of the time-derivative nature of forces, discontinuous velocity changes
may cause an impulsive force Fy = my v̇y. Here, v̇y is a Dirac pulse, δ, with area
v+

y − vy, v̇y = δ[v+
y − vy]. Fx is also of an impulsive nature, v̇x = δ[v+

x − vx].
Since FN = Fy − Fg, the condition for sliding, |Fx| > µFN , becomes |mxv̇x| >
µ(my v̇y −Fg) which requires evaluating |mxδ[v+

x − vx]| > µ(myδ[v+
y − vy]−Fg).

By numerically approximating the infinite magnitude of the Dirac pulses, Fg

may inadvertently affect the comparison.

Characteristic 8 (Dirac pulse comparison) Discontinuous changes in con-
tinuous variables may cause Dirac pulses on derivative variables. These pulses
have to be treated separate from non-impulsive variables.

A possible solution uses the areas of the Dirac pulses instead of magnitudes
of forces. So, if upon collision mx|v+

y − vy| > µmy(v+
y − vy), the rod starts to

slide and another set of algebraic constraints becomes active

0 0 0 1 µ 0
0 1 −lcosθ 0 0 0
0 0 0 −lsinθ lcosθ 1




vx

vy

ω
Fx

Fy

Fω

 =

 0
0

lcosθFg

 (11)
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Again, consistent initial values have to be computed from the current state
variable values before continuous integration can resume. Note that in this case
vx is not constrained, and, therefore, is not required to change discontinuously.
To generate physically meaningful behavior, the new state variable values should
not be calculated from the values that were obtained by solving the initialization
problem in the stuck mode that is active upon collision, because this mode was
instantaneously departed, i.e., before updating the state vector. Instead, the
values should be derived from the final values in the last mode of continuous
behavior, i.e., where the rod was falling freely [16].

Characteristic 9 (state invariant event iteration) New initial continuous
state variable values may generate events that immediately cause further config-
uration changes before the original state vector values are updated.

To illustrate, consider the situation where µ = 0. Upon collision with the
floor, in the stuck mode, the linear and angular velocities are subject to the
algebraic constraint in Eq. (8) and this causes v+

x 6= 0. Because µ = 0, it is
immediately inferred that the rod starts sliding and the algebraic constraints
are replaced by those in Eq. (10). These do not enforce a value v+

x 6= 0. In fact,
during the entire process there is no force in the horizontal direction because
the friction coefficient, µ, is 0. Therefore, vx = 0 should hold. But, if the state
vector would have been updated in the intermediate stuck mode (vx ← v+

x ) this
would be violated. For details refer to [16].

3.3 An Evaporator Vessel

In a fast breeder reactor, an evaporator vessel stores hot sodium and warms
water that flows through a helical coil inside the vessel. As a safety mechanism,
an overflow that connects to the sodium sump may become active when a specific
fluid level is reached, see Fig. 3.

Rb

fin

fsumpfout

RpipeI,

C

Fig. 3. An evaporator vessel.

A model of this system may consist of the vessel with capacity, C, and outflow
resistance, Rb. The overflow may be modeled by its flow resistance, Rpipe, and
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fluid inertia, I. When the fluid level is below the overflow level,[
I 0
0 C

][
ḟ
ṗ

]
=

[
−Rpipe 0

0 − 1
Rb

] [
f
p

]
+

[
0

fin

]
, (12)

a steady state is achieved such that the inflow, fin, equals the outflow fout. If
Rb requires a liquid level higher than the overflow level, a state event (Charac-
teristic 1) is generated that activates this mechanism,[

I 0
0 C

][
ḟ
ṗ

]
=

[
−Rpipe 1
−1 − 1

Rb

] [
f
p

]
+

[
0

fin

]
, (13)

and another steady state level is achieved such that fin = fout + fsump. For
specific parameters (e.g., Rb = 1, Rpipe = 0.5, I = 0.5, C = 15, fin = 0.25, ∆T =
0.025), this may cause the liquid level to fall below the overflow level and the
mechanism becomes inactive but now the liquid level rises and the overflow
becomes active again after an infinitesimal short period of time, causing the
system to chatter between modes.

In general, simulation across discontinuities may cause large errors for a fixed
integration step, see Fig. 4(a). Continuous time integration may be executed un-
til within a small tolerance of the discontinuity, see Fig. 4(b). However, in case of
chattering, the integration step size is repeatedly reduced to its minimal value,
Fig. 4(c), and simulation times become excessively long. Efficient hybrid simu-
lation needs to detect this behavior and possibly apply an equivalence relation
to eliminate the fast chattering motion, but preserve the dynamics of the slow
motion along the chattering surface. For details refer to [20].

Characteristic 10 (chattering) When simulation switches back and forth be-
tween configurations, the fast chattering behavior needs to be removed while pre-
serving the slower dynamics along the switching surface.

ε ε

ε
δt δt δt

(a) (b) (c)

Fig. 4. Chattering may slow down simulation.
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3.4 Summary

The following hybrid simulation phenomena can be identified.

– state events: If events occur because of continuous system variables crossing
threshold values [2, 7, 23],
• the event needs to be detected, and
• its time of occurrence needs to be located.

– time events: If time crosses a threshold value, the time of occurrence is
known a priori, which can be treated efficiently [7].

– simulation model: The system of equations that describes model behavior
may change.
• Blocks of sorted and solved equation may simply appear or disappear

(e.g., a vehicle entering and leaving a highway), and, therefore, can be
dynamically added/removed.

• In some cases equations can be replaced by others, changing computa-
tional causality, and the system of equations may have to be sorted
again.

• In other cases, algebraic constraints between state variables may become
active and the system of equations needs to be solved again to reduce
the index of the system [22] (e.g., the rod making contact with the floor).

– reinitialization: There may be a discontinuous change in state variable
values.
• This change may be explicitly specified by the user by a new initial

state equation (e.g., Eq. (3) of the colliding bodies).
• The system of equations may have to be integrated to derive physi-

cally consistent initial values for a new mode. This ensures that physical
conservation principles hold [17].1

– event iteration: When an event occurs, new system variable values may
immediately trigger a further event. Two types of event iteration exist [18],
• the state vector is invariant across the entire iteration (e.g., the falling

rod that immediately starts to slide), and
• the state vector is updated after each iteration step (e.g., the sequence

of colliding bodies).
– Dirac pulses: Discontinuous changes in continuous variables may cause

Dirac pulses to occur. If their magnitudes are numerically approximated,
comparison may be affected by non-Dirac type variables (e.g., the sliding
condition for the falling rod). To ensure numerically precise treatment, Dirac
pulse values should be distinguished from non-Dirac pulse values and evalu-
ation of Dirac pulses can be based on their areas [16].

– chattering: If the system chatters between modes, root finding to locate the
exact time of occurrence of the event causes continuous integration to be-
come excessively slow. An equivalence relation eliminates the fast chattering
motion, but preserve the dynamics of the slow motion along the chattering
surface [20].

1 There may be instantaneous dissipation of energy.
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4 Packages Evaluation

The following software packages were investigated with respect to their support
of the described hybrid features, see Table 1.

– χ is a simulation environment initially developed for modeling and simulation
of manufacturing plants at the University of Eindhoven [10].

– ABACUSS is a derivative work of the gPROMS software [1]. It is developed
at the Massachusetts Institute of Technology.

– BaSiP is developed at the University of Dortmund for simulation of recipe-
driven production in complex multi-purpose batch plants [26].

– DOORS is a prototype distributed real-time simulator for mechatronic design
developed at the University of Magdeburg [11].

– Dymola provides a powerful object oriented modeling and simulation envi-
ronment for education and the professional engineer [9].

– gPROMS was initially developed at Imperial College, London for process
modeling, simulation and optimization [3]. It is now commercially available.

– HyBrSim is an experimental hybrid bond graph modeling and simulation
tool based on physical principles developed at the DLR Oberpfaffenhofen [19].

– Omola is developed at the Lund Institute of Technology for modeling and
simulation of continuous time and discrete event dynamic systems [2].

– Shift is a programming language for describing dynamic networks of hybrid
automata, developed at the University of California, Berkeley [8].

– Simulink is a block diagram based modeling and simulation environment of
the MathWorks [24]. This package has similar characteristics as MatrixX-

SystemBuild.
– Smile is a simulator for energy systems of GMD FIRST, Berlin [25].
– 20-SIM (”Twente Sim”) is a modeling and simulation program developed at

the University of Twente [4].

Table 1 shows that both state and time events are typically handled by these
packages, though the implementation may vary [23]. Also, they facilitate adding
and removing equations that do not change causality. Furthermore, the use of
noncausal numerical simulation algorithms supports conditional equations that
do not affect the DAE structure, i.e., those that would only require a new sorting
stage in case explicit numerical integration routines are used.

Solving the system of equations during run-time is more complicated. This
may require index reduction and new initial values of the state variables may
have to be calculated. This has been implemented in HyBrSim for index 2
DAEs by built-in physical conservation constraints. However, HyBrSim is an
interpreted simulator, and, therefore, not as efficient. ABACUSS provides some
support for run-time solving, but this is still under development.

Event iteration is a crucial part of hybrid simulation. Most packages only
implement event iteration by halting continuous time and updating the state
vector values at every discrete event step. The Simulink semantics differ in this
respect since it may abort event iteration before the discrete event model has
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Table 1. Tools evaluation.

χ
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m
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a

S
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t

S
I
M
U
L
I
N
K

S
m
i
l
e

20
s
i
m

state events detection
√ √ √ √ √ √ √ √ √ √ √ √

location
√ √ √ √ √ √ √ √ √ √ √

time events
√ √ √ √ √ √ √ √ √

simulation add/remove
√ √ √ √ √ √ √ √ √ √ √

model re-sort
√ √ √ √ √ √ √ √

re-solve
√

reinitialization explicit
√ √ √ √ √ √ √ √ √ √ √

integration
√

event iteration invariant
√

update
√ √ √ √ √ √ √ √ √ √

Dirac pulses
√

chattering

converged (i.e., further discrete state changes may still be possible) and progress
time over one integration step before continuing the event iteration process.
Chattering is at present not addressed in any general purpose simulator.

5 Conclusions

In simulation of hybrid systems a number of phenomena that require specific
facilities can be classified: (i) event handling, (ii) run-time equation processing,
(iii) discontinuous state changes, (iv) event iteration, (v) comparing Dirac pulses,
and (vi) chattering. This papers presents a set of small examples that exhibit
these phenomena and identifies their support by simulation packages.

If a simulation package does not support these phenomena, the model needs
to be processed into a different form that can be handled. Often this requires
global knowledge that is explicitly added to the model. For example, in case of
the colliding bodies, the conservation of momentum constraint can be explicitly
added to the model, thus circumventing the need for integrating the m1v̇1 =
m2v̇2 equation but requiring additional modeling effort.

In other cases, simulation can only be performed at the cost of precision. For
example, chattering behavior can be handled when the integration step is fixed.
However, this results in a larger simulation error. Moreover, the fixed simulation
step needs to be sufficiently small to numerically solve fast continuous gradients.
The entire trajectory needs to be simulated with the smallest required integration
time step.

Furthermore, the discrete model structure can be extended by incorporating
ad hoc knowledge about the simulation scenario. For example, in case of the
falling rod, the condition for sliding, Fx > µFN , can be explicitly modeled to
be evaluated as Fx > µFy, in case of discontinuous changes in the velocities,
thus eliminating the effect of the Fg component. Again, this requires additional
modeling effort and hampers model re-use.
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Abstract. Controllers for embedded dynamic systems require models
with continuous behavior evolution and discrete configuration changes.
These changes may cause fast continuous transients in state variables.
Time scale and parameter abstractions simplify the analysis of these tran-
sients, causing discontinuities in the state variables. The two abstraction
types have a very different impact on the analysis of system behavior. We
have developed a systematic modeling approach that introduces formal
semantics for behavior generation. This paper discusses the implemen-
tation of this scheme in a hybrid observer designed to track embedded
system behavior. The resultant observer is based on piecewise simpler
continuous models with mode transitions defined between them. Actual
mode transitions in the system are provided by a digital controller and
directly obtained from measuring physical variables.

1 Introduction

The drive to achieve more optimal and reliable performance on complex systems
such as aircraft and nuclear plants while meeting rigorous safety constraints
is necessitating detailed modeling and analysis of the embedded controllers for
these systems. In embedded systems, the continuous physical process interaction
with digital control signals requires modeling schemes that facilitate the analysis
of mixed continuous and discrete, i.e., hybrid behavior. Discrete phenomena may
also occur when modeling abstractions are applied to simplify fast nonlinear
continuous process behavior.

Consider the primary aerodynamic control surfaces of an airplane in Fig.1 [19].
Modern avionics systems employ electronic signals generated by a digital com-
puter, which are transformed into the power domain by electro-hydraulic actua-
tors. The primary flight control system exemplifies the need for hybrid modeling
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elevators

aileron

rudder

Fig. 1. Aerodynamic control surfaces.

in embedded control systems. At the lowest level in the control hierarchy, po-
sitioning of the rudder, elevators, and ailerons is achieved by continuous PID
control. Desired set point values are generated directly by the pilot or by a su-
pervising control algorithm implemented on a digital processor. Digital control
may mandate mode changes at different stages of a flight plan (e.g., take-off,
cruise, and go-around). Detection of component failures may lead to discrete
changes in system configuration. Model simplification by discretizing fast non-
linear transients also results in discontinuous variable changes.

We have developed a hybrid modeling paradigm that encompasses analysis
of embedded systems and modeling abstractions in physical systems [13, 16, 17].
The methodology for abstracting complex transients has been developed into
compositional hybrid automata models with formal semantics for computing
the discontinuous changes in the system state vector [15].

Observer schemes form a key component in the design and implementation
of controller and diagnosis schemes for dynamic systems [10, 18]. In this paper,
our focus is on applying our hybrid modeling methodology to develop effective
observers for complex dynamic systems. We illustrate the approach by building
a hybrid observer, i.e., an observer that includes mode change effects, for the
elevator positioning subsystem of the primary flight control system of aircraft.
The resultant observer simplifies complex nonlinear models to simpler piecewise
linearized models with discrete mode transitions. There exist well-defined robust
schemes for constructing observer models for linear systems [4, 10]. Formal model
semantics enable us to compute the discontinuous changes in the state vector
across mode transitions.

2 Hybrid Modeling of Physical Systems

Hybrid modeling paradigms [1, 7, 17] supplement continuous system description
by mechanisms that model discrete state changes resulting in discontinuities in
the field description and the continuous state variables. In previous work, we [12,
16] have formulated a systematic approach to hybrid modeling of dynamic phys-
ical systems based on a local switching mechanism implemented as finite state
automata. The dynamically generated topology in a mode is used to translate
the switching specifications to conditions based on state variables. Switching
conditions may be expressed in terms of the values immediately before switch-
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ing occurred, (a priori values), or in terms of the values computed by solving
the initial value problem for the newly activated mode (a posteriori values).

2.1 Definitions

Differential equations form a common representation of continuous system be-
havior. The system is described by a state vector, x. Behavior over time is
specified by field f . Discrete systems, modeled by a state machine representa-
tion, consist of a set of discrete modes, α. Mode changes caused by events, σ, are
specified by the state transition function φ, i.e., αi+1 = φ(αi). A transition may
produce additional discrete events, causing further transitions. A mode change
from αi to αi+1, may result in a field definition change from fαi to fαi+1 . Dis-
continuous changes in the state vector are governed by an algebraic function
g, x+ = g

αi+1
αi (x). Discrete mode changes are caused by an event generation

function, γ, associated with the current active mode, αi, γαi(x) ≤ 0→ σj.

2.2 Abstractions in Physical System Models

On a macroscopic level, physical systems are continuous but phenomena may
occur at multiple temporal and spatial scales. To simplify system models, small,
parasitic, dissipation and storage parameters are abstracted away to simplify
the system model causing discontinuous changes in system behavior. Time scale
abstractions collapse the end effect of phenomena associated with very fast time
constants to a point in time. Parameter abstractions remove small and large
parameter values (parasitic dissipative and storage elements) from the model [14,
16].

Time Scale Abstraction. Consider filling a cylinder with oil by pulling a
piston (Fig. 2). Fig. 2(a) shows a loose object in the oil moving towards the
connection between the cylinder and the pipe that provides the oil supply. If
the object is rigid, it obstructs oil flow when it reaches the orifice (Fig. 2(b)).
Therefore, the oil flow rate becomes 0, but at this point if the external force
is insufficient to keep the object in place, it drops down, and the orifice opens
partially. As a result flow resumes, and the force exerted by the oil on the object
causes it to topple over and move through the orifice. If all these phenomena
occur at time constants much smaller than the normal oil flow rate, the oil flow
rate seems to change at a very fast rate from a nonzero value to a zero value,
before oil flow resumes and builds up a new velocity, vnew. Therefore, the new
configuration, α3, is reached immediately after the state vector is updated.

The hybrid model imposes an algebraic constraint on the oil flow velocity
in the obstruct mode, α2, and the switching specifications are such that this
mode is departed immediately after the state vector is updated, x = x+. The
intermediate mode α2 is called a pinnacle.
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α1 α2 α3
v vnew0

(a) (b) (c)

Fig. 2. An object may block an orifice.

Parameter Abstraction. If the object is flexible, it bends by the force of
the pulling piston when it blocks the orifice. Almost immediately the object
pops through the connection (Fig. 3(c)). A hybrid modeling approach may be
adopted to avoid specifying this detailed bending behavior. When reasoning with
this model, one has to analyze whether the force on the stuck object is sufficient
to pull it through the orifice. This is done by computing the force generated by
the instantaneous change of oil velocity from a finite value to 0. If the computed
force is large enough, the model switches to a new mode where the orifice is not
blocked, and the oil continues to flow with an initial value that equals the value
of oil flow velocity just before the object got stuck in the orifice.

(a)

α1 α2 α3
v v v

(b) (c)

Fig. 3. An object may be pulled through an orifice.

Formally, the consecutive mode switch from α2 to α3 has to occur before the
state vector is updated to its a posteriori value, x = x+. otherwise the velocity
would be 0. The intermediate mode, α2, between α1 and α3 is a so-called mythical
mode [16].

3 The Elevator System

Attitude control in an aircraft is achieved by the elevator control subsystem [6,
19]. This system may consist of two mechanical elevators (Fig. 1) which are
positioned by electro-hydraulic actuators. When a failure occurs, redundancy
management may switch actuator systems to ensure maximum control. Contin-
uous feedback control drives the elevator to its desired set point, while higher
level redundancy management selects the active actuator.

Fig. 4 shows the operation of an actuator. The continuous PID control mech-
anism for elevator positioning is implemented by a servo valve. The output of
the servo valve controls the direction and speed of travel of the piston in the
cylinder by means of a spool valve mechanism, illustrated in Fig. 5. The pis-
ton and connected elevator flap constitute the load. In the servo mechanism,
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the feedback signal may be provided by the fluid pressure, mechanical linkage,
electrical signals, or a combination of the three.

supply return

servo valve

spool valve

cylinder

elevator

p p

Fig. 4. Hydraulics of one actuator.

A typical spool valve (Fig. 5) consists of a piston that moves in a cylinder.
A number of cylinder ports connect the supply and return part of the hydraulic
system with the load. Cylindrical blocks called lands, connected to the piston,
can be placed at different positions to render the servo mechanism and actuator
active or passive. Fig. 5(a) and (c) show two possible oil flow configurations of
the actuator. In Fig. 5(a) the control signal passes through the spool valve to
the load, i.e., the actuator is active. In Fig. 5(c) the spool valve causes damping
behavior, i.e., the actuator is passive. When the actuator is active, the spool valve
is in its supply mode and the control signal generated by the servo is transferred
to the cylinder that positions the elevator. The direction of the transmitted
signal depends on which port is connected to the supply. When the actuator
is passive, the spool valve is in its loading mode, and control signals cannot be
transferred to the cylinder. However, oil flow between the chambers is possible
through a loading passageway, as shown in Fig. 5(c), otherwise the cylinder would
block movement of the elevator, canceling control signals from the redundant
active actuator. When moving between supply and loading, the spool valve passes
through the closed configuration where oil flow is blocked, as shown in Fig. 5(b).

Consider a scenario where a sudden pressure drop is detected in the left
elevator actuator. Redundancy control moves the spool valve of this actuator
from supply to loading and the spool valve of the other actuator from loading to
supply. This causes transients that are studied in greater detail below.

4 Modeling the Elevator System

We employ parameter and time scale abstractions to design a simpler but ade-
quate model of the elevator subsystem for control purposes. We show how these
different abstraction types relate back to physical parameters in the real system.
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supply

(a) (b) (c)

to load

piston

cylinder

land

port

return

Fig. 5. A typical spool valve.

4.1 Mode Changes in the Spool Valve

To facilitate analysis of transient behavior, four modes of operation are modeled
for the spool valve:

α0 loading: The valve operates as a load. Pressure changes generated by the
servo valve are blocked. Oil flow between chambers of the elevator positioning
cylinder occurs through the loading passageway (Fig. 5(c)).

α1 closed: The spool valve is closed. Pressure changes generated by the servo
valve are blocked. Oil flow between the chambers of the elevator positioning
cylinder is not possible as shown in Fig. 5(b).

α2 opening: The valve is opening. While its lands move past the ports, fluid
inertia effects may become active. Depending on the physical construction
of the valve, these may have significant effects on transient behavior.

α3 supply: The spool valve is opened and supplies control power. Pressure
changes generated by the servo valve are transferred to the cylinder that
positions the elevator. Flow of oil into and out of this cylinder is possible.
This corresponds to the configurations in Fig. 5(a).

The modes α1 and α2 are transitional modes between α0 and α3. Mode
changes of the spool valve are controlled by the redundancy management mod-
ule which monitors a number of critical system variables. In the fault scenario,
a sensor reading in actuator1 generates the failure event, σf . In response, the
redundancy management reconfigures control by generating a sequence of dis-
crete control signals that cause a switch of actuators. The combined state αij

indicates the state of actuator2, αi, and actuator1, αj.

1. A control event is generated that causes the piston in the spool valve of
actuator1 to move from its supply to loading position at a constant rate of
change. Along the trajectory, a number of physical events occur when the
displacement of the spool valve cylinder with respect to its center point, ∆x,
reaches valve specific values:
(a) ∆x > −λ→ σclose ⇒ α1, the overall system mode becomes α01 (actua-

tor2 is loading, and actuator1 is closed).
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(b) ∆x > λ→ σopen ⇒ α2, the overall system mode becomes α02 (actuator2
is loading, and actuator1 is opening).

(c) ∆x > xth → σload ⇒ α0, the overall system mode becomes α00 (actua-
tor2 is loading, and actuator1 is loading).

2. A second control event is generated that moves the piston in the spool
valve of actuator2 from its loading to supply position with a constant rate of
change, causing the following physical events:
(a) ∆x < λ→ σclose ⇒ α1, the overall system mode becomes α10

(b) ∆x < −λ→ σopen ⇒ α2, the overall system mode becomes α20

(c) ∆x < −xth → σsupply ⇒ α3, the overall system mode becomes α30.

Actuator1 is completely deactivated by switching to its loading mode α0 before
actuator2 is activated. The values of λ and xth are based on physical parameters
of the valve, e.g., the shape of ports and lands [6, 11]. An overlapped or closed
center valve has a small nonzero λ value, whereas a a zero lap or critical center
type valve has λ = 0 [6].

4.2 Model Assumptions

When an actuator moves to its closed mode, oil flow into and out of the posi-
tioning cylinder is blocked. This implies that the cylinder piston that controls
elevator position cannot move, and the elevator stops moving as well. In more
detail, internal dissipation and small elasticity parameters of the oil cause the
elevator velocity to change continuously during the transition. The continuous
transient behavior between supply and closed is shown in Fig. 6. How quickly
the system reaches 0 velocity in the closed mode depends on the elasticity and
internal dissipation parameters of the oil.

Fig. 6. Continuous transients: closed mode.

After a short time in the closed mode, the actuator moves to the opening
mode, and inertial effects become active. Fig. 7 illustrates the continuous tran-
sients in this transition. The fluid inertia parameter of the clearance determines
the final elevator velocity, ve. In the opening mode, the inertial effect decreases
as the clearance between port and land increases eventually becoming negligi-
ble, and the actuator operates as a simple load (loading mode). This is shown
in Fig. 8 for two different values of the fluid inertia parameter. This also shows
that the redundant actuator takes over elevator positioning control (mode α30).
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Fig. 7. Continuous transients: opening mode. Fluid inertia (a) I = 1 and (b) I = 100.

The continuous transients described above are not of much interest to the
modeler for analysis and control (see Fig. 8 where the transients in the opening
mode are still clearly visible but the continuous transients in the closed mode
are not). Model simplification results in removal of small elasticity and inertia
effects, but Fig. 8 illustrates that depending on their magnitude, they may have
a distinct impact on the overall system behavior.

4.3 Applying Abstractions to Achieve Model Simplification

We apply model simplification by abstraction to analyze the elevator system.

Time Scale Abstraction. In the opening mode, fluid inertia and dissipative
effects in the clearance between land and port cause a second order build-up of
fluid flow. Though the fluid flow velocity and its time derivative are 0 initially,
the velocity of the elevator and the driving piston are not. This results in a
pressure build-up in the cylinder governed by the elasticity coefficient of the oil
which causes a rapid increase of fluid flow through the land/port clearance. The
pressure also causes the elevator velocity to decrease rapidly, resulting in the
transient in Fig. 7(a). The initial transient from moving into the closed mode is
replaced by the transient moving into the opening mode. The difference is best
seen by comparing Fig. 6 with Fig. 7(a). The final value of the velocity after this
transient depends on the dissipative effects and starting point and duration of
the opening mode.

If the elastic and inertial effects are abstracted away, the closed and opening
modes are traversed instantaneously in sequence into the loading mode. However,
the inertia element has a distinct effect on system behavior, and the influence
occurs over a small time interval. This is an example of time scale abstraction,
where mode change phenomena are expressed at a point in time. An important
implication is that the state vector has to be modified through the sequence of
mode changes. An algebraic relation is derived to compute the elevator velocity
to correspond to the fast transient behavior in the mode transitions (Fig. 6 and
Fig. 7(a)).



186 Pieter J. Mosterman and Gautam Biswas

0 0.01 0.02 0.03 0.04 0.05
0

0.2

0.4

0.6

0.8

1

time
0 0.01 0.02 0.03 0.04 0.05

0

0.2

0.4

0.6

0.8

1

time

(a)

ve

(b)

supply /loading1 2

closed /loading1 2

loading /closed1 2opening /loading1 2

loading /opening1 2

loading /supply1 2

ve

supply /loading1 2

closed /loading1 2

loading /closed1 2opening /loading1 2

loading /opening1 2

loading /supply1 2

el
ev

at
or

ve
lo

ci
ty

el
ev

at
or

ve
lo

ci
ty

Fig. 8. Continuous transients: loading mode. Fluid inertia (a) I = 1 and (b) I = 100.

Parameter Abstraction. When dissipation in the land/port clearance domi-
nates the inertial effect, a much faster response in fluid flow velocity occurs be-
cause dissipation does not introduce a time derivative effect. The flow of oil into
and out of the cylinder is fast, and the pressure build-up in the cylinder is small.
As a result, elevator velocity remains almost unchanged as the model switches
from closed to opening (Fig. 7(b)). Small parameter values are abstracted away,
and the transitions through the closed and opening modes are instantaneous
(no time derivative effects are present). For small parameter values (Fig. 6 and
Fig. 7(b)), the transients to opening (Fig. 7) may result in very different behav-
ior from transients into closed (Fig. 6). When a discontinuous jump occurs, the
eventual elevator velocity is not computed by first executing the jump to closed
and then to opening, but immediately to opening. Otherwise, closed would have
set the velocity to 0, which would also be the value in the opening mode. For
parameter abstractions these intermediate steps are completely abstracted away.

5 A Hybrid Observer

Modern controllers and fault isolation systems are based on accurate estimation
of the state vector of the system under consideration. Typically, a limited number
of physical measurements are made on the system, and functional redundancy
methods are utilized to derive values of other system variables [8]. These ap-
proaches rely on accurate numerical models that can be used to reconstruct the
internal system state from the observed variables by means of an observer [10].
Modeling uncertainties often require that temporal sequences of a number of
variable values be available to make accurate estimates of the system state.

For linear continuous processes this form of system identification is well un-
derstood, and some techniques exist for nonlinear continuous systems [5]. How-
ever, complex embedded systems, such as the elevator control subsystem, operate
in multiple modes, and the continuity constraint is often violated in the models
that define the transitions between the modes of operation. As a result, mode
transitions are often accompanied by discontinuities in the system state vector.
Conventional observer schemes cannot be applied in these situations. Because
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a mode change may cause a large deviation in the estimated state vector (e.g.,
Fig. 7), convergence of the observer may require much more time. Incorporating
the semantics of time scale and parameter abstractions into the observer scheme
may mitigate a number of problems introduced by the large state changes when
mode changes occur.

5.1 The Observer for Continuous Behavior

We investigate this conjecture by building a hybrid observer for the elevator
velocity of the elevator control system using a standard observer scheme depicted
in Fig. 9. The input to the elevator actuators includes the PID control pressure
for actuator1 and actuator2:

u = [pin,1 pin,2]. (1)

The measured variables associated with the actuator hydraulics are:

y = [qoil,1 qoil,2 poil,1 poil,2], (2)

where qoil represents the oil flow rate into the servo valve, and poil represents
the internal pressure in the positioning cylinder. The state vector of the system
is

x = [poil,1 poil,2 ve], (3)

where ve is the elevator velocity. We focus on reconstructing ve from the mea-
sured variables in the observer system.

x

e
-

+
yu

x^ y^

Fig. 9. A general observer setup.

A traditional Luenberger observer scheme for computing the estimated veloc-
ity, v̂e, during normal operation uses an observer model that is identical to the
process model. We present a simplified observer structure, without accounting
for scaling factors, derived for actuator1 in its active mode and actuator2 in its
passive mode. This corresponds to the overall system mode α03.

The estimate of ve is computed from the estimated oil flow into the active
hydraulics system, which is q̂in,1 when actuator1 is active. The value of q̂in,1 is a
function of the pressure difference across the servo and spool valve, pin,1− p̂oil,1,
and the fluid resistance in this path, Rhy (equal in value for both actuator1 and
actuator2):

q̂in,1 =
pin,1 − p̂oil,1

Rhy
. (4)
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The pressure pin,1 is a known control signal. Using q̂in,1 the oil flow into the
positioning cylinder capacity, Chy, can be calculated by subtracting the amount
of oil required to move the piston in the cylinder at the estimated velocity ve.
Consequently, the estimated pressure change in the cylinder is given by

˙̂poil,1 =
1

Chy
(q̂in,1 − v̂e + Kp(poil,1 − p̂oil,1)), (5)

where Kp is the gain factor used to determine observer convergence.
The change of pressure in the inactive cylinder is computed similarly, the

difference being that there is no external oil flow into the cylinder. Instead,
there is an oil flow through its loading passageway. This yields

˙̂poil,2 =
1

Chy
(− p̂oil,2

Rleak
− v̂e + Kp(poil,2 − p̂oil,2)), (6)

where Kp is the gain factor for observer convergence (same as in Eq. (5)).
Finally, the change of elevator velocity is a function of the oil pressures gen-

erated by both cylinders, p̂oil,1 and p̂oil,2, and a convergence term based on the
difference in actual oil flow into the system and the estimated oil flow, i.e.,

˙̂ve =
1

me
(p̂oil,1 + p̂oil,2 + Kv(qin,1 − q̂in,1)). (7)

Convergence is a function of the gain factor, Kv. The dynamics for mode α30 can
be computed similarly. Since the system is well behaved and linear, and given
that the input values and output measurements listed in Eq. (1) and (2) are
known for the above observer, v̂e easily converges to ve.

5.2 The Hybrid Observer Scheme

As a next step, mode changes as a result of system failure are included. The
resulting elevator control system model now includes a number of modes αij de-
scribed earlier, where fast continuous transients occur. These behaviors contain
complex nonlinearities and are hard to model in detail. This makes it difficult
to build a robust and efficient observer.

Instead of modeling complex nonlinearities directly, we apply our model ab-
straction schemes to transform the behavior into a set of piecewise simpler (pos-
sibly linear) behaviors with a set of discontinuous mode transitions incorporated
into the observer model. Fig. 10 shows the discrete event switching structure of
the hybrid observer. Because the complex continuous transitions between modes
are abstracted into discontinuous changes, the complex ODEs can be replaced by
piecewise simpler ODE models (sODE) [15]. The states are indexed as sODEijk,
where i determines whether the observer feedback is active (i = 1) or not (i = 0),
j corresponds to αj of actuator2, and k corresponds to αk of actuator1. When a
failure occurs and the redundancy management controller starts to switch states
of actuator1, it generates event σclose,1. This event changes the observer mode to
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the one representing both actuator1 and actuator2 in the loading mode. In this
setup, there can be significant discrepancies between the actuator system model
and the observer model. Since the fast continuous transients are not modeled in
the observer, the error feedback is deactivated when these transitions occur.

Fig. 10. Hybrid automata specifying the observer discrete event structure.

Since the detailed continuous transients are abstracted into discontinuous
changes in the observer model, an immediate further change occurs, with the
spool valve of actuator2 going into its supply mode. To achieve this consecutive
change, the same event σclose,1 is modeled to trigger the transition. Because the
fast continuous transients are still active, the observer feedback is still disabled.
Given the valve specifications, the fast continuous transients settle when ∆x <
−xth, and this generates the physical event σsupply,2 that causes the observer
to restart the estimation process.1 Note that the transition through sODE000

is crucial for time scale abstraction because it brings about the corresponding
discontinuous jump in ve (see Fig. 10(a)). However, removing states based on
this global knowledge destroys the compositional characteristics of the hybrid
automata [15].

The resulting observer model contains the two continuous modes α03 and
α30 described above, where it may or may not have its error feedback activated.
The complete observer configuration is illustrated in Fig. 11.

After mode changes are completed, the continuous observer is reactivated,
and this includes setting the estimated value of poil to its measured value. How-
ever, this information is not available for v̂e and its initial value has to be com-
puted using the applicable semantics derived from the mode transition defini-
tions. To ensure a short convergence time after the continuous observer is reacti-
vated, it is important that v̂e estimated from discontinuous transition semantics
be close to the actual value of ve after the fast continuous transients.

1 In general, estimating mode transitions, and the actual mode of the system in itself
can be a very complex task.
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Fig. 11. A hybrid observer configuration.

5.3 Applying Abstraction Semantics

Depending on the type of spool valve used to execute the mode change, the
elevator velocity may quickly be forced to zero, or it may change little from its
current value (see Fig. 7). Fig. 12 shows by simulation the estimated ve for two
types of spool valves. The grayed bars indicate the time interval during which the
observer feedback mechanism is disabled because discrete mode changes occur.
In Fig. 12(a), time scale abstraction explains the fast continuous opening/closing
behavior of the valve (note the discontinuous change in v̂e at 0.01). Because of
the time derivative behavior, this response takes more time than a parameter
abstraction which has semantics that explain the behavior shown in Fig. 12(b).
Both results show quick convergence of v̂e after mode changes have occurred. A
small initial difference between ve and v̂e demonstrates the convergence process
of the observer during continuous behavior.
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Fig. 12. Elevator velocity estimate for (a) time scale and (b) parameter abstraction.

To make the need for applying the correct modeling abstractions more ex-
plicit, we implemented an observer where time scale and parameter abstraction
semantics were intentionally switched. Fig. 13 shows the results in terms of es-
timate convergence. In both cases the initial estimate of v̂e after mode changes
deviates much more from the actual value, and, therefore, convergence takes
much longer in the continuous mode. This may result in inefficient or even erro-
neous behavior by the system.
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Fig. 13. Elevator velocity estimate for incorrect (a) time scale and (b) parameter ab-
straction.

6 Conclusions

The hybrid observer for the elevator system demonstrates how observer design
can be made computationally simpler without sacrificing accuracy and conver-
gence characteristics. In other work [15], we have implemented combined discrete
transitions with continuous behavior evolution as hybrid automata, where dis-
crete transitions cause changes in the system behavior model, but discontinuous
changes in the state vector values may also occur. Time scale abstraction and
parameter abstraction along with associated semantics that govern discontinu-
ous changes in behavior specification are incorporated into the hybrid automata
framework. An important feature of our work is that these abstractions relate
back to physical parameters of the physical system that cause fast continuous
transients. The hybrid automata scheme can form the basis for designing ob-
server schemes in the manner illustrated in the last section.

Further extensions to this approach will involve extending our modeling
schemes to represent complex nonlinear behaviors as piecewise simpler behav-
iors with discrete transitions between modes, e.g., the transition from closing to
supply may involve regions of turbulent and laminar flow. The system model can
then be decomposed into piecewise components each corresponding to a different
regime of operation, and controllers synthesized for the resulting hybrid mod-
els. There has been work in this area by [2, 3], but it would be very interesting
to combine such approaches with modeling abstractions discussed in this paper,
and apply them to controller design tasks. In other work we have started looking
at the use of singular perturbation techniques [9] to automate the generation of
simpler models and the mode switching conditions with the correct abstraction
semantics.
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Abstract. The synchronous family of languages (Lustre, Esterel, Sig-
nal, Statecharts) provide a great deal of support for verifying a control
program at the design and compilation stage. However, a common aspect
of embedded systems is that significant properties of the system can not
be verified by formally analysing the controller (software) on its own. To
analyse the system one requires to state and document assumptions on
the environment. Furthermore, proving timeliness properties necessitates
justifying a sampling interval and relating the synchronous step to met-
ric time. Support for these activities is generally missing from current
formal methods tools.
In this paper we exploit simulation models – based on physical modelling
of the environment – together with theorem proving, to prove properties
of a closed loop system. We report on the work in progress on a case study
provided by Saab Aerospace where deductive tools such as NP-Tools and
simulation environments such as MATRIXx-SystemBuild are jointly used
for verifying designs in Statecharts or programs in Lustre. The case study
treats temperature and flow control in a climatic chamber.

1 Introduction

Many applications of formal methods in system development are in the require-
ments specification phase – often formalising a subset of requirements corre-
sponding to functional behaviour of the system [11,7]. In embedded systems,
these requirements commonly refer to the component which is under design –
typically the controller for some physical devices (realised either as software or
electronics).

One approach to verification of embedded systems concentrates on the design.
This approach while providing a deep understanding of the system subject to
design, can not be taken further when it comes to implemented code (except
in few reported cases e.g. [13]). Nevertheless, several misconceptions can be
identified while analysing early requirements (design) documents [4].

A different approach corresponds to verifying the very control program im-
plemented in a language natural for this purpose. Here, the languages in the
synchronous family for programming (Lustre, Esterel, Signal and Statecharts)

F.W. Vaandrager and J.H. van Schuppen (Eds.): HSCC’99, LNCS 1569, pp. 193–208, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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play an important role [8,10]. This family of languages have the benefit of a
formal semantics (as synchronous I/O machines or Mealy automata) and an
intuitive appeal within the engineering community.

One reason for choosing such languages is the support provided in the de-
velopment environments: the controller can be analysed to eliminate causal in-
consistencies, and to detect nondeterminism in the reactive software. The clock
calculi in Lustre and Signal, as well as constructive semantics in Esterel can
be seen as verification support provided directly by the compiler (comparable
to several properties verified by model checking in [4]). Most of the works re-
ported within this community, however, apply verification techniques to check
the controller on its own.

To attack the class of properties arising as a result of interaction between
the controller and the controlled environment, we need to explicitly model those
aspects of the environment which are relevant to the property in question. This
approach is common in control engineering. However, the analysis tools within
this field primarily provide support for continuous system simulation, and are
less adequate for proving properties of programs with discrete mode changes and
(or) complex non-linear dynamics in the plant.

In this paper we present an approach whereby modelling tools used for anal-
ysis of analog systems can be used to substantiate the properties of the envi-
ronment when formally verifying a synchronous controller. We use a case study
provided by Saab Aerospace within the Esprit project SYRF on SYnchronous
Reactive Formalisms, and present some verifications performed so far.

In the framework of the project we are able to use algorithmic (symbolic
model checking techniques) as well as deductive (theorem proving) methods
for verification. The former is possible with hybrid mathematical models where
the variation of continuous variables is linear in time [9]. The latter approach
uses the propositional theorem prover NP-Tools which is based on St̊almarck’s
method [3]. This tool has now been extended so that the models may include
both boolean and integer variables, and the enhanced proving power with integer
arithmetic is subject to test in the case studies. However, irrespective of the
method used, we need constraints on the behaviour of the physical environment.
This requires a modelling activity for which none of the above tools are suited.

With regard to the controller model, the idea is to combine this family of
languages in the same environment so that appropriate parts of each application
can be modelled according to the preferrable style (state-based, dataflow, tex-
tual or graphical). Thus, the verification techniques should be insensitive to the
application language and operate on a common intermediate format (see [5]).

Our approach can therefore be summarised as follows. For safety properties
of the closed loop system we decompose the property into conjuncts which can
either be discharged based on the assumptions on the operating environment,
verified on the control program by theorem proving, or verified in the physical
environment model using analysis of a continuous mathematical model and (or)
simulation. For timeliness properties our work is still explorative. We propose
using the simulation models of the environment for estimating an adequate sam-
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pling interval, and combining this information with the bounded (step) response
in the discrete setting. This can be achieved if discrete time models of the en-
vironment are translated to a logical representation via a two step translation
process (via mode-automata and Lustre to NP-Tools format). Work on imple-
menting these compilers is in progress in other parts of the project. For the time
being we are working on NP-Tools models as if they were the result of automatic
translation.

The rest of the paper is structured as follows. In section 2 we set out our
framework for modelling and analysis. Section 3 is devoted to description of the
case study. Section 4 presents the informal requirements document as presented
to us by the industrial partners. Section 5 describes our understanding of the
control goals of the system and a selected list of properties to prove. In section
6 we present a mathematical model of the environment based on specific as-
sumptions. Section 7 uses this model to present some simulation examples and
indicate a reasonable sampling interval. In section 8 we refine some of the se-
lected properties and explain the verification steps performed so far, combining
simulation and theorem proving. Section 9 covers our concluding remarks and
related works.

2 Analog-digital synchronous design

Given a controller developed as a synchronous program, the following further
activities are essential to verification of the embedded system.

1. Identifying and formalising the properties to prove – i.e. those critical to
correct functioning of the controlled system based on informal requirements
specifications.

2. Specifying physical properties of the environment.
3. Applying abstraction techniques to obtain “expressive enough” mathemati-

cal models.
4. Composing the controller and environment models to obtain the model of

the closed loop system.
5. Applying algorithmic or deductive methods for verifying the properties spec-

ified under 1.

Step 1 is certainly the most cognitive step. Due to lack of a common method-
ology for applying formal methods in industry, the requirements documents typ-
ically consist of prescriptive texts at the implementation level. Declarative goals
for the global behaviour of the system are often implicit. We therefore began by
eliciting from the requirements document the properties to check by a formal
proof. This is the first difference between working with a real case study and
an academic example aiming to test a particular theory or method. The case
study also illustrates that the “step” is performed iteratively: first the proper-
ties to prove are identified and stated informally, then the detailed design and
modelling in step 2 is used to formalise the requirements.
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Even step 2 turned out to require more information than that presented to us.
We have stated certain assumptions and formalised a model for the environment
based on these assumptions.

Adopting the deductive method of proof in NP-Tools, step 4 is straightfor-
ward. First, a model of the program in Lustre (or Statecharts) can be readily
translated to the format required by NP-Tools (translators for this purpose are
being developed in other parts of the project). Secondly, the composition of the
environment model and the Lustre (or Statechart) program simply amounts to a
conjunction of the environment constraints (as logical formulas) and the trans-
lated controller formulas in NP-Tools. One goal of the named case study is to
explore whether necessary properties of the environment can be abstracted and
represented in this verification environment.

In this article we treat the first two steps and the insights gained for the
third step through the case study. We also report on current work under step 5,
identifying certain restrictions for step 3.

Flow
Sensor

Temperature
Sensor

Fan

Inlet Outlet

Heater

Fig. 1. The hardware components of the air control system.

3 The climatic chamber

The case study consists of a climatic chamber. A control system regulates and
monitors the flow and the temperature of air which is circulating in the chamber.
Originally, it was developed as a demo system which can be published freely, and
demonstrates the kind of problems appearing in developing realistic subsystems
such as the ventilation system in the JAS 39 Gripen aircraft. It was presented
to the project partners in terms of a 4 page textual specification and an imple-
mented code for a controller in the ASA development environment. ASA allows
a top down breakdown of a functional description as a block diagram, where the
lowest levels of the description are finite state machines1.
1 Currently, Saab is evaluating the tool Statemate for design specification as a replace-

ment for ASA. The approach is equally applicable to any synchronous formalism with
an interface to NP-Tools.
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Figure 1 presents the component model of the chamber, while Figure 2 shows
the interface between the system and the operator.

The chamber is to be ventilated through the inlet and outlet and has a given
volume. It has two sensors for measuring the internal air temperature and the
air flow. The external interface primarily consists of an on-off button, two analog
knobs for setting the values for required temperature and flow, as well as warning
signals in terms of a light and a sound. It also includes lights for showing some
of its internal modes of operation (wait, work, or block). This may appear to be
outside the realms of a component and interface specification (mixing the design
related mode names) but has been kept for compatibility with the provided
specification.

Unfortunately, the original architectural specification says nothing about the
actuators. In the functional part of the document one can see that the heater
and fan can be turned on and off. It is also implicit that their output effect can
be adjusted in an analog manner, but there is no other information about the
nature of control signals or the range of values. Section 6 attempts to fill this
gap by making certain assumptions.

Reference

Wait Work Block

Actual 
Temperature

Flow
Actual

Light Sound

User input System output

ON/OFF

Reference
Temperature

Flow

Mode

Warnings

Fig. 2. The external interface to the system.

4 Functional specification

Here we present the original specification as presented to the project (only some
variable names were changed to comply with the mathematical notation used in
the physical model of section 6).

This informal (and incomplete) specification associates a number of opera-
tions with four discrete modes in the controller. The controller code or state
machine design document is too large to be presented here. The description be-
low should give an overall picture of the system and illustrate the large step
needed before formal methods can be applied to a control system documented
by informal text.
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temperature control

– At start up, a requested temperature TRef is selected and the heater is turned
on. It is possible to choose TRef in the interval [TRefmin, TRefmax], where
TRefmin is greater than the incoming air temperature Tin. Any other chosen
values outside the above interval are automatically adjusted up (down) to
the lower (upper) limit respectively.

– Let Tmin = TRef − 2∆temp and Tmax = TRef + 2∆temp. Then the system
is considered to be in the wait mode while the actual chamber temperature
(Tchamb) is not within those limits.

– The system will be in the sol mode (read solution mode) from the time the
temperature hits the region [Tmin, Tmax]. The system makes a transition to
the work mode when |Tchamb − TRef | ≤ ∆temp is fulfilled. The time taken
for the system to enter and leave the sol mode is expected to be a given
fixed time called solution time.

ventilation control

– The ventilation or the flow rate is measured by the time it takes to replace
the air in the chamber once.

– At start up, a requested flow time tventRef is selected and the fan is turned
on. This chosen time for the rate of air change should be in the interval
[tventmin, tventmax]. Other chosen values are automatically adjusted up-
wards (downwards) to these limits respectively.

– Ventilation is regulated so that the air in the chamber is changed at least
once every tventRef .

– The observed rate of change flowtime is based on a measure of the air flow
q delivered by the sensor.

monitoring

– The continuously measured values of Tchamb and q are to be displayed on
the control panel.

– Three lamps indicate being in the system modes wait, work and block
respectively2.

– A warning by light and sound shall be activated whenever
|TRef − Tchamb| > ∆temp after being in the sol mode for a duration of
solution time.

– The warning light is activated if flowtime > X.tventRef for some fixed ratio
X.

– When in work mode, if |TRef − Tchamb| > 2∆temp, or the derivative of the
temperature, based on Tchamb exceeds a maximum value Tgrad, then the
mode shall change to the block mode.

2 Apparently no lights should be on when the system is in the solution mode.
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– When in block mode, the heater is immediately turned off, the warning light
and the light indicating the block mode are activated. The fan is active for
another tblock seconds before it is turned off. It shall not be possible to
influence the system by changing TRef or tventRef . The system must be
turned off before restart.

– If TRef is changed such that TRef > Tchamb + ∆temp the system makes a
transition to the wait mode, and the heater is turned on.

– If TRef is changed such that TRef < Tchamb −∆temp, the system transits to
wait mode, the heater is turned off and the fan will be on.

5 Selected Requirements

From the prescriptive requirements document we have identified the following
overall goals for the controller.

– Keeping the reference values constant,
• the work light will be lit within a time bound from the start of the

system, and
• the system will be stable in the work mode.

– Chamber temperature never exceeds a given limit.
– Whenever the reference values are (re)set, the system will (re)stabilise within

a time bound or warnings are issued.

Note that these are not properties of the controller on its own. Note also that
these global requirements are not dependent on the particular characteristics of
the physical environment, the sensors or the actuators. Such detail will be added
later when we formalise the conditions under which they will be proved.

Our approach is to apply different proof techniques where they suit best.
Although “being stable in the work mode” can be seen as a safety property (the
conditions for leaving the mode will not be true), it is most expedient to use
control theory methods for proving this property. This is due to the fact that
not all inputs to the system are kept constant (see the result of the physical
modelling step). Hence, it is formulated as a stability property.

Another aspect to point out is on the second (safety) property. Here we
look beyond the functional demand on the system to monitor and warn when
the temperature falls outside given intervals. We rather attempt to see what is
the goal of devising such intervals and mode changes and envisage as a (mode-
independent) goal of the system that the air is never heated to a hazardous level
(even in the block mode and after warnings are issued).

The work on treatment of the third requirement builds on the first require-
ment and has not been carried out yet.

6 Physical environment

In this section we state some assumptions necessary in our initial model of the
physical environment.
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Fig. 3. The variables appearing in the heat model of the chamber.

6.1 Heat-flow inter-relationships

Heat and flow mutually affect each other in non-trivial ways [1,2]. In a first
coarse model of the climatic chamber we include the effects of flow on the heating
process but ignore the effects in the opposite direction. The motivation being that
the primary concern of the ventilation system is keeping the temperature within
given bounds (this may be induced from the nature and extent of warnings).

Next, we make a simplification concerning how flow affects heat. We decide
not to consider the air flow effects with respect to the heat transfer factor of the
heater (i.e. how velocity of the moving air will affect heating of the air). We only
consider the cooling effect as a result of the air exchange caused by the fan with
respect to heat generation.

6.2 Assumptions on flow

The flow of mass and volume are related by air density, i.e. q ρ = ṁ, where
q [m3/s] denotes volume flow, ρ [kg/m3] is a density factor (normally a function
f of temperature T ), and ṁ [kg/s] is the mass flow. Since the design document
mostly discusses “the time it takes for exchange of air”, it is not clear whether
one can measure volume flow or mass flow. No more information about the sensor
is available.

The first assumption that we make is that the air pressure in the chamber
remains constant relative to the external air pressure. This implies mass balance:
that input and output mass flows are equal, ṁin = ṁout, which further leads
to a similar assumption on volume flow. The latter can, however, be assumed
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provided that density as a function of temperature can be approximated to
a constant factor. That is, assuming f(T ) = kρ, we can further assume that
qin = qout. Note that the fan can change the value of the chamber flow q, but
the assumptions above constrain the in and out flows to stay in a constant
relation: more specifically q = qin = qout. No further assumptions are made on
the input to the flow actuator We simply assume that a given (reference) flow
can be obtained placing the emphasis on the physical model of the heat process.

6.3 Model of the heating process

The heater produces heat which is accumulated in the chamber to an extent
which depends on the flow. Figure 3 presents the variables appearing in the heat
process model.

Based on the earlier assumptions the heat model will have three inputs: the
air flow (q), the control signal to the heater (u), and the outside air temperature
(Tin). The main state variable is the chamber temperature (Tchamb) which can
be measured by the temperature sensor and delivered to the heat controller.
However, to see how the final model is arrived at we start by stating the energy
conservation principle:

Pin + Pheat − Pout − Ploss = Pacc (1)

where the sum of heat power is stated to be constant, i.e. the incoming power
(Pin), that resulting from the heater activation (Pheat), the outgoing power
(Pout), and the power lost through the walls of the chamber (Ploss) are assumed
to give the accumulated heat power in the chamber (Pacc).

Making a further assumption that Tchamb = Tout, using the earlier assump-
tion q = qin = qout, and using equation 1, we can now simplify the above formula.
The P-terms are replaced with their respective definitions, which constrain each
element in terms of input/output variables, and some model coefficients (all the
k-terms):

Pin = qin Tin kin

Pheat = u2 kheat

Pout = qout Tout kout

Ploss = Tchamb kloss

Pacc = Ṫchamb kchamb

Thus, we obtain the following equation defining the chamber temperature:

Ṫchamb = 1/kchamb (2)
( q Tin kin +

u2 kheat −
Tchamb(q kout − kloss))
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Note that despite several simplifying assumptions the model is highly non-
linear. So, formally proving the properties of the hybrid model consisting of
the synchronous controller and this chamber model, is a challenge for hybrid
system verification. For example, significant restrictions remain (to do step 4 in
section 2) before a linear hybrid automata for this model is derived [6].

7 Environment constraints

So far we have developed an abstract mathematical model of the environment
giving the relationship between the state variables and the inputs. The next step
is to study its temporal behaviour. This necessitates a computational model of
the physical environment based on equation 2 above.
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Fig. 4. The dynamics of the heat process with u = 125V , q = 0.05 m3/s, and
Tin = 300K.

Here we have used the modelling and analysis environment provided by the
tool MATRIXx with the accompanying toolbox SystemBuild [12]. The trans-
lation of the mathematical model into a block diagram is straight forward but
there are a number of coefficients and constants which need to be fixed (esti-
mated) Thus, the SystemBuild block diagram is annotated with actual values
for the different k-terms in the model above.

Based on these estimates, upper and lower bounds provided for Tin and for
flowtime, we can now simulate the chamber for different Tin signals and different
input voltages. Figure 4 shows for example the dynamics of the system for a
constant air flow, constant temperature control, and a constant environment
temperature. A sinusoidal signal for Tin with a different value for the control
signal gives the simulated trajectory presented in Figure 5.
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7.1 Estimating the sampling interval

The first step for checking timing requirements must relate a synchronous step
to metric time. Since one of the required properties involves timeliness, we can
no longer ”ignore” real time as is usual in synchronous programming.

Note that although rules of thumb exist for determining the sampling interval
based on model coefficients, these are only rough guesses and reliable enough in
the case of linear systems. For non-linear models and where the system is of
higher dimension3 performing selected simulations is the appropriate way to
find an adequate step size.

Changing the input signal characteristics in the simulation model provides a
feel for how fast the temperature inside the chamber varies in response to factors
not governed by the heat controller. For example, the curves mentioned above
show that heating up the chamber temperature to required levels takes up to
3000 seconds with the assumed heater.

The series of simulations performed have indicated that the control program
provided by Saab has far too high sampling frequency. The program sampling
rate is of course not explicit. This is due to the abstraction of time in the syn-
chronous paradigm. However, since the program is supposed to warn for irreg-
ularities if the temperature does not stabilise within given time limits, counters
are used and incremented at each program cycle.

Deducing time from these counters, one can observe that the program is
sampling at 10 Hz where 0.01 Hz is a more reasonable sampling rate. This
information was in itself interesting for other work in the project: the test pattern
generation team was discovering that to arrive at interesting results test data
for 30,000 steps had to be generated.

8 Compositional verification

We now revisit the formulated requirements for the case study, and consider
how the models presented so far can be used to decompose the requirements
into “simpler” requirements. The idea is to break down the overall goals of veri-
fication so that suitable methods can be selected for proving different subgoals. In
particular, different formal verification techniques or analysis tools from control
theory can be used for different subgoals.

8.1 Refinement of requirements

The approach we adopt for performing step 5 (verification of closed loop model)
combines formal and informal reasoning as well as continuous analysis. First, we
attempt to find sufficient conditions which facilitate proving a property using
our knowledge of the system. These auxiliary properties may be of the following
kinds:
3 Recall that we have assumed the flow to be an input to begin with; adding the

flow as a state variable makes the model more complex, and no longer monotonic in
presence of a non-zero kloss.
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Fig. 5. The dynamics of the heat process with u = 100, q = 0.05 m3/s, and Tin:
50K amplitude at 0.002 Hz added to 300K bias.

– an assumption which we discharge informally
– a property of the controller or the environment which we formally prove

locally
– another property arising as an interaction of the two, which we further refine

by finding further sufficient conditions

Then the system satisfies the top requirement under the informally dis-
charged assumptions.

8.2 Refinement of R2

Consider the second property which is a safety property. The only actuator in
the system causing hazards is the heater which must be shown to heat the air
to desired levels but not to hazardous levels. Let R2 express this property.

R2: The chamber temperature Tchamb never exceeds a limit TH

The aim is to find (strong enough) properties R2i such that
∧

R2i is sufficient
for proving R2. We start with the following conditions:

R20: The chamber temperature is equal to Tin at start time
R21: The reference temperature TRef can never exceed TRefmax , and

TRefmax + 2∆ < TH

R22: Whenever the system is in wait-, solution-, or work-mode, we have
Tchamb < TH

R23: The system is never in block-mode while Tchamb > TH
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These properties can be discharged informally or proved within the NP-Tools
model except for R23 which we continue to refine:

R231: Tchamb = TRef + 2∆ < TH when entering the block-mode
R232: u = 0 throughout the stay in block-mode
R233: The system leaves the block-mode after tblock seconds, and enters the

off-mode
R234: The temperature Tchamb does not increase while the system is in the

block mode

This is sufficient for proving the safety property provided that
R231 ∧R232 ∧R233 ∧R234 → R23.
Properties R231 to R233 are easily proved using the NP-Tools model of the
controller. For the proof of R234 we use continuous reasoning based on the
simulation models.

8.3 Refinement of R1

Consider now the first requirement. The stability component of this requirement
can only be verified using control theory and exact knowledge of the control algo-
rithm in the work mode. Here, we concentrate on the first component, denoting
it by R1.

R1: Keeping the reference values constant, the work light will be lit within
t1 from the start of the system

First, we provide sufficient conditions for R1 to hold in the design model:

R11: The system starts in the wait mode with the chamber temperature
equal to Tin

R12: While TRef is constant, the only successor to the wait mode is the
solution mode
Given input restrictions R10,

R13: The system leaves the wait mode within wait time from the start
of the system
R14: the system leaves the solution mode within solution time from en-
tering the mode

R15: While TRef is constant, the only successor to the solution mode is the
work mode, and the work light is turned on whenever work mode is entered
R16: wait time + solution time ≤ t1

We initially claim that

R11 ∧R12 ∧R13 ∧R14 ∧R15 ∧R16 → R1

At a later stage we may drop R11 and replace it with the assumption that the
initial chamber temperature is different from Tin. But to begin with, we make
the restrictions in R10 more explicit, and show that

R10 → R12 ∧R13
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Here, we have several paths to take, but the choice is guided by the veri-
fication techniques we intend to utilise. For example, the following restrictions
justify the adoption of a discrete-time model of the environment in a mode-
automaton [15] with n discrete modes. Each mode is then governed by a differ-
ence equation derived from the continuous model of section 6 in the standard
manner (for details see [6]).

R101: q stays constant at Q [m3/s]
R102: u may vary every tsample seconds
R103: Tin is piecewise constant taking the values {v1, . . . , vn}

Note that mode-automata [15] can be seen as a restriction of time-
deterministic hybrid transition systems [17] in which changes in state variables
in each mode are defined in terms of a Lustre program. Each state variable is
thus defined by an equation relating the state variables at the previous (clock)
step and the current input. Adopting these restrictions, the verification method
would be as follows: using a scheme for compilation from mode-automata to
Lustre we obtain a model of the environment in Lustre which can be composed
with a controller in Lustre, and further compiled to NP-Tools. In NP-Tools it
is possible (but tedious) to show that the number of steps leading to the work
light coming on is ≤ N for some N (This proves R1 for a given tsample provided
that t1 ≥ Ntsample). This is a track we are currently exploring in the project.
Note that this is one reason for not choosing a ”too short” sampling interval. As
well as other reasons which may be associated with oversampling, we would like
to prove the bounded response property for as small N as feasible.

9 Concluding remarks

The work we have reported is at a too early stage for making definitive remarks
about feasibility of combining ”push-botton” theorem provers and simulation
environments. More work is also needed to compare the method with ”heavy
duty” theorem proving in the spirit of [7]. However, some preliminary points for
discussion have already emerged. Some of the shortcomings are reminiscent of
those reported in [4]: the limitation to integer arithmetic, for example, means
that the counter proofs presented by the system are more informative than the
safety proofs holding over a limited range. This is, however, compensated in our
approach by departing from fully formal proofs and combining with a simulation
analysis when (local) reasoning over reals is crucial to the property in question.

There were several obstacles in achieving the goals set out, many of a prac-
tical nature, such as childhood problems in translators from e.g. Statecharts to
NP-Tools. Since the translators to NP-Tools traditionally encapsulate the model
as a circuit with only in- and out-pins visible, it is necessary to recompile the
model every time a small error is detected in the original design description. The
fact that only a subset of the Statemate languages was covered by the proto-
type translator also made the Statemate description of the continuous control
parts less natural than it could be (c.f. an environment where state-based and
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data-flow descriptions can be combined). The work should however serve as an
illustration of the many steps ”in between” going from an informal document
and a synchronous program to formal verification of ”hybrid” properties.

Our model of the heat process intentionally made several simplifications to
fit an early experimental set up. The interested reader may for example refer to
a more complex model of heat exchangers in [16] where some of our restrictions
are relaxed. The purpose of that paper is the illustration of a rich simulation
language and only the plant part of the heat exchanger is subjected to validation
by simulation.

To get an impression of the size of the system it should be indicated that
the translated NP-Tools version of the full controller with a basic interface to
the plant has 96 input variables and 88 output variables (seen as a circuit).
The time taken for the proofs has been within fractions of a second for the
requirements checked so far. These have included a number of sanity checks
(such as determinism in the controller) and the subgoals for the safety property.

It is also interesting to note that the size of the real ventilation subsystem
in the same format is 700 input variables and 500 output variables. Despite
the seemingly large state space, the size of the reachable states set – as far as
required for the types of properties mentioned – is small enough for practical
purposes, even in the real system [14].
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Abstract. The paper presents a concept for the reachability analysis
of switched continuous systems in which switching only occurs when
the continuous state trajectory crosses thresholds defined by a rectan-
gular partitioning of the state space. It combines an existing approach
for approximating such systems by rectangular automata with an exist-
ing reachability algorithm for this class of hybrid automata. Instead of
creating a complete abstraction of the original system by a rectangular
automaton first and then analyzing it, in the presented procedure the
flow conditions of the visited locations are determinded on-the-fly dur-
ing the course of the analysis. The algorithm is illustrated with the help
of a simple physical example.

1 Introduction

This paper is concerned with the reachability analysis of systems with contin-
uous dynamics which can switch when the continuous state trajectory crosses
rectangular switching manifolds. This class of hybrid systems arises for example
in industrial processing plants where logic controllers are used to supervise and
enforce operational and safety requirements. Usually, thresholds are defined for
single process variables (e.g., alarms for the temperature in a reactor) and the
crossing of these thresholds results in a discrete controller action which abruptly
changes the continuous dynamics (e.g., switching off the heating of the reactor).
An important control objective in these applications is to prevent the process
variables from reaching certain undesired or even dangerous ranges, reachability
analysis could be a method for checking the correct design of the logic control
programs including the choice of the threshold values.

However, reachability analysis is only feasible for very restricted classes of
hybrid systems and the appropriate models of logic controlled processing sys-
tems (in most cases switched ordinary differential equations) rarely belong to
one of them. Therefore, usually a two-step procedure is proposed [6], [10]: First,
the considered switched continuous system is approximated (conservatively) by
a simpler system for which reachability analysis is possible. Then, in the second
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step, the approximating system is analyzed. In this approach, the effort of ap-
proximating the complete original system only pays off if several analysis runs
(e.g., for different target or initial regions) have to be performed on the same
approximating model. If this not the case and only one or very few scenarios are
of interest, it is rarely necessary to find an approximation for everything. Instead
it would be sufficient to approximate the continuous dynamics along the paths
determined by the reachability algorithm.

Motivated by this idea, we present a reachability algorithm for switched con-
tinuous systems which reduces the number of (n-dimensional) rectangles for
which the dynamics have to be approximated. It is based on an analysis algo-
rithm for simple rectangular automata [9] and earlier attempts to approximate
continuous systems by this class of hybrid automata [10]. The main idea is that
the analysis procedure calls the approximation procedure each time when it has
determined a new reachable outgoing face on the currently analyzed rectangle.
The approximation procedure will then determine the neighboring rectangle and
return it together with the corresponding flow conditions (i.e. differential inclu-
sions). The analysis procedure will use this information to compute the possible
outgoing faces of the new rectangle, and so on. In other words, the transitions
and the flow conditions of the control modes of the approximated rectangular
automaton are not given a priori but are determined on demand during the
analysis.

The paper is organized as follows. In the next section we define the considered
class of switched continuous systems. Section 3 recalls rectangular automata and
the analysis algorithm for simple rectangular automata from which the presented
procedure was derived. In Sec. 4 the main concepts for approximating switched
continuous systems by rectangular automata are presented. In Sec. 5 and 6 we
describe the combined analysis/approximation procedure and illustrate it by a
simple physical example. Section 7 gives references to related work and in the
conclusions we give an outlook on a possible extension of the algorithm.

2 Switched Continuous Systems

Switched continuous systems are a subclass of hybrid systems which is character-
ized by the property that depending on a discrete-valued input vector and on the
actual state vector the dynamics is switched between different sets of ordinary
differential equations. We define a switched continuous system by a 5-tupel:

SCS = (X , U, L, Φ, O, out) (1)

with the following components:

Continuous state space: For n variables xj defined on an interval [xj,min,
xj,max], j = {1, . . . , n} the continuous state space is given by X = [x1,min,
x1,max]× . . .× [xn,min, xn,max] ⊂ Rn.

Set of input vectors: U = {u1, . . . ,ul} is the finite set of inputs of SCS
where each uk is defined as an m-dimensional vector uk = (uk,1, . . . , uk,m)
with uk,j ∈ R, k = {1, . . . , l}, j ∈ {1, . . . , m}.
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Sets of landmarks: Each element of the n-tupel L = {L1, . . . , Ln} denotes
an ordered set of landmarks which is introduced for the variable xj: Lj =
{lj,0, ..., lj,pj}, j ∈ {1, ...n}. The landmarks correspond to those values of xj
at which either the input is set to a new u or at which a different dynamics
becomes valid (see below). The landmarks lj,0 and lj,pj are set to the bounds of
the continuous state space, i. e. lj,0 = xj,min, lj,pj = xj,max. The introduction
of L partitions the state space X into a number of π = p1 · . . . · pn regions of
rectangular geometry. Each of these regions is defined as X i = [l1,k1, l1,k1+1]×
. . .× [ln,kn, ln,kn+1], kj ∈ {0, . . . , pj − 1}, such that X =

⋃
1≤i≤π

X i.

Dynamics: The continuous state evolution is given by a set Φ = {f1, . . . , fq}.
A vector of functions ẋ = fr(x,uk), r = {1, . . .q} is defined for x ∈ X i (or
a set of regions) and uk ∈ U . Each component fr,j is assumed to be a time-
invariant, possibly non-linear ODE with a unique and continuous solution over
time.

System output and output function: The set of output symbols of SCS
is denoted by O = {o1, o2, . . .} ∪ ∅. The output function out : {X, L} → O
generates a symbol oi at a point of time at which a variable crosses a landmark:
out : {X , lj,k| if xj = lj,k : out(X , L) = oi, else: out(X, L) = ∅}. If more than
one variable crosses a landmark at the same time instant (i. e. a border or a
corner of a rectangular region is reached), out generates the corresponding set
of output symbols.

We consider the standard closed-loop-setting of discretely controlled pro-
cesses, i. e. the switched continuous system is coupled to a controller in the
following sense: When the output function of SCS generates a symbol oi this
information is passed on to the controller. The latter computes and sends back
an appropriate uk-signal in order to steer the process into a desired state space
region X i. Since we omit timing functions and external inputs of the controller,
and assume that the new uk is returned without delay, the input of SCS changes
only at time instances at which a threshold crossing takes place. For the sake of
simplicity, we also assume that chattering does not occur, i. e. the input trajec-
tory u(t) is piece-wise constant over time: t ∈ [tk, tk+1[: u(t) = uk with finitely
many switching instances on a bounded interval.

To apply verification techniques to settings which contain switched contin-
uous systems, the dynamics of SCS has to be transformed into a simpler type
first. The next chapter describes a class of models with verifiable dynamics as
an appropriate target of transformation.

3 Rectangular Automata

3.1 Basic Concepts

We first briefly review basic definitions and concepts related to rectangular au-
tomata (RA) [7]. Let Y = {y1, . . . , yn} be a set of variables. A rectangular
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inequality over the set Y is an inequality of the form yj ∼ c, for some yj ∈ Y ,
some relation ∼ ∈ {≤, =,≥}1 and some rational c ∈ Q. A rectangular predicate
over Y is a conjunction of rectangular inequalities over Y . The set of rectangular
predicates over Y is denoted R(Y ).

A rectangular automaton A is a system (X, V , inv , flow , init , E, guard ,
reset vars, reset) consisting of the following components:

Variables: A finite set X = {x1, . . . , xn} of variables.
Control modes: A finite set V of control modes.
Invariant conditions: A function inv that maps every control mode vk to an

invariant condition I k in R(X). Control of the automaton may remain in a
control mode only when its invariant is satisfied.

Flow conditions: A function flow that maps every control mode vk to a flow
condition ϕk in R(Ẋ), where Ẋ = {ẋ1, . . . , ẋn} with ẋj representing the first
derivative of xj with respect to time. While control remains in a given mode,
the variables evolve according to the differential inclusion specified by the
mode’s flow condition.

Initial conditions: A function init that maps every control mode to an initial
condition in R(X).

Control switches: A finite multiset E of control switches in V ×V . For a control
switch (vk, vl), we say that vk denotes the source mode and vl the target mode.

Guard conditions: A function guard that maps every control switch to a guard
condition in R(X). Intuitively, the guard must be satisfied before the mode
switch can be taken.

Resets: A function reset vars that maps every control switch to an update set in
2X , and a function reset that maps every control switch e to a reset condition
in R(X). We require that for every control switch e and for every x ∈ X, if
x ∈ reset vars(e), then reset(e) implies x = c for some constant c. Intuitively,
after the mode switch, the variables must satisfy the reset condition. Variables
that appear in the update set must be reset to the fixed value indicated by the
reset condition. Furthermore, all other variables must be unchanged.

Our analysis algorithm works on a subclass of rectangular automata, namely
simple rectangular automata [9]. A simple rectangular automaton has the fol-
lowing properties. Its invariant, initial, flow, guard, and reset conditions repre-
sent bounded sets. Its guard conditions include tests for equality for one of the
variables’ bounding values in the source mode’s invariant. Furthermore, if the
variable is reset, then it is reset to a bounding value for the target mode’s in-
variant. Finally, if it is not reset, then its value in the guard must be a bounding
value in the target mode’s invariant.

Simple rectangular automata often arise naturally when approximating more
complex hybrid systems. In order to conservatively overapproximate the flow
field of nontrivial continuous dynamics, one may partition the state space into
rectangular blocks, and for each variable provide constant lower and upper
bounds on the flow within each block [6]. A control mode is split into several
1 For simplicity, we consider only nonstrict inequalities.
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control modes, one for each block of the partition. Crossing from one block in
the state space to another is modeled by mode switches among the blocks, with
the guards being tests for equality across common boundaries. For example, a
mode v with the invariant 1 ≤ x ≤ 3 may be split into two modes — v1 with the
invariant 1 ≤ x ≤ 2 and v2 with the invariant 2 ≤ x ≤ 3 — with mode switches
between them having the guard x = 2.

3.2 Analysis of Rectangular Automata

In our analysis procedure we use parts of an algorithm that has been introduced
in [9]. It uses the concept of faces. A face is a rectangular predicate with one
dimension fixed to a certain value. Our rationale for introducing faces is to
use rectangular faces to represent non-rectangular sets. A face-region F is a
set {F1, . . . , Fq} where each Fi is a face. The semantics of F is the convex
hull over its q faces, i.e. [[F ]] = convexhull{[[F1]], . . . , [[Fq]]}. This is shown for an
example in Fig.1 where a face-region F1 is represented by the two faces F1 and
F2. In practice, the faces of a face-region over n variables are derived from 2n
constraints of the form xj = l1 or xj = l2. In the example, the face F1 corresponds
to x1 = 1 and the face F2 to x2 = 7, with the empty faces for x1 = 7 and x2 = 1
being omitted.

Fig. 1. Analysis of RA

Our algorithm makes use
of the fact that the invariants
in a control mode of a rectan-
gular automaton form a rect-
angular region. So, a reach-
able face-region within the in-
variants can be represented
by faces that lie on the in-
variant’s bounds. Let F1 be a
reachable face-region in a con-
trol mode v1. Now we want to
compute the new face-region
F2 in another control mode
v2 that is adjacent to v1 in
terms of the invariant condi-
tions. Then we can first check
if any face of F1 is within the
invariant condition of v2. In
our example this holds for F2. So, we can use this face to determine a reachable
region F2 in control mode v2. This is done by determining for each bound l of
an invariant of v2 a face as the part of invariant l that can be reached starting
from F2 according to the possible flow in v2. Here, only for the bound x1 = 7 a
face can be found, namely F3.

The basic idea how a face can be computed from another faces will be shown
with the help of our example in Fig.1 and the computation of F2 from F1. First we
determine an interval of times in which any point within F1 can/must be moved
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to F2 according to the flow in dimension x2. The distance between F1 and F2 in
dimension x2 ranges between 2(=7-5) and 5(=7-2). With a flow 1 ≤ ẋ2 ≤ 2 in
v1 this distance can/must be cleared within a time interval T = [1; 5]. Since the
flow in each dimension is independent from the other dimensions, we can now
use this time interval to compute how any point in F1 can/must be shifted in
the other dimensions while moving towards F2. In our example, the only other
dimension is x1 for which we have a fixed flow ẋ1 = 1. So in the time interval
T = [1; 5] a point starting from x1 = 1 can flow to values ranging from 2 to 6.
This yields F2 with 2 ≤ x1 ≤ 6 ∧ x2 = 7.

Intuitively, we can consider F1 a face that is ingoing to F1 and F2 as outgoing.
A complete reachability analysis is performed by considering all outgoing faces
of an initial control mode as ingoing faces to adjacent control modes to which
control switches exist. For these incoming faces then the outgoing faces within
the invariants of the adjacent control modes are computed. In the next step these
newly computed faces are considered as ingoing to all adjacent control modes
again and so an iteration evolves. This iteration terminates when all reachable
faces of a given automaton are found. The termination is guaranteed, since our
RAs are always defined over a finite state space and our analysis is approximate.
Due to rounding in the approximative analysis there is only a finite number of
points considered in the (finite) continuous state space. So, there is also only
a finite number of faces that the algorithm can find within this state space. In
contrast to this for the the exact reachability analysis of RA termination is not
guaranteed, i.e. the reachability problem is not decidable.

4 Approximation of Switched Continuous Systems by
Rectangular Automata

To be able to use the analysis procedure described above for the verification of
controlled systems according to Sec. 2, switched continuous systems have to be
transformed into Rectangular Automata. For this purpose, each element of the
8-tupel A is referred to a corresponding property of SCS (compare to [10]).

– Variables: Each state variable xj of SCS is assigned to one element of the
set X of the RA.

– Control modes: The set V is formed by assigning a control mode to a sub-
region of the state space. The regions X i obtained in Sec. 2 from hyper-
rectangular partitioning have in general not an appropriate size to allow an
approximation of sufficient accuracy. Hence, an additional finer partitioning
is established by introducing a grid between adjacent landmarks such that
a largely regular X-partition results. The number gj of gridpoints which
are introduced for a variable xj parametrizes the modelling accuracy and
the computational effort of analysis. The again rectangular region, which is
bounded by pairs of adjacent gridpoints in all coordinates, is called a cell
below, denoted by ck ∈ C where C = {c1, ..., cπ} stands for the set of all
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cells. The rectangular region of ck is referred to as Xck in the sequel. A
control mode vk ∈ V of the RA is assigned to each cell ck.

– Invariant conditions: The invariant condition Ik of a control mode vk equals
the bounds of the region Xck , i.e. inv : vk → R(X), Ik =

∧
1≤j≤n

min
ck
{xj} ≤

xj ≤ max
ck
{xj}.

– Flow conditions: The crucial transformation step is the simplification of the
dynamics given by Eq. 1 into a flow condition ϕk in R(Ẋ). The mapping of
nonlinear functions f r into a rate interval is necessarily an approximation
which must comply with the requirement of conservativity. Hence, we define
the flow condition as intervals including all derivative values of a state vari-
able occuring within the cell under consideration: flow : vk → R(Ẋ), ϕk =∧
1≤j≤n

min
ck
{ẋj} ≤ ẋj ≤ max

ck
{ẋj}. In our implementation of the modelling

and analysis procedure, numerical optimization is used to determine the
rate interval. For this purpose, we chose Sequential Quadratic Programming,
a standard solution method for constrained nonlinear optimization [3] where
the constraints are given by the invariant conditions Ik. To obtain a con-
servative approximation, the global minimum / maximum on the cell region
Xck has to be found. Obviously, this is not guaranteed in all cases, namely
for arbitrary non-convex functions fr. Instead of using only the cell center as
starting point of the optimization (as implemented so far), a set of starting
points which are appropriately distributed on Xck could improve the prob-
ability of computing a conservative flow conditions, but the computational
effort would be increased correspondingly.

– Initial conditions: The init function specifies a set of regions Xck by means
of rectangular predicates R(X) as the initialisation of all variables.

– Control switches: A control switch is introduced into the RA for all pairs
(vk, vl) of adjacent control modes, which have corresponding cell regions
with a shared (n− i)–dimensional face (i ≥ 1).

– Guard conditions: The guard which is assigned to a control switch (vk, vl)
equals the rectangular predicate R(X) that describes the (n−i)–dimensional
face (i ≥ 1) which is shared by the corresponding cell regions.

– Resets: The functions resetvars and reset are omitted since the set of con-
sidered variables is the same in all control modes, and jumps of the state
trajectory given by Eq. 1 are excluded.

Following this scheme, a processing system can be modelled as a RA using the
switched continuous system as an intermediate format to capture the relevant
physical behavior. To investigate the behavior of the controlled system by verifi-
cation, the controller has to be modelled as a RA, too. The overall RA model of
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the controlled processing system is obtained by composition of the process RA
and the controller RA.

5 Combining the Approximation and the Analysis
Procedure

In this section we describe a combination of the approximaton procedure from
Sec. 4 and analysis procedure from Sec. 3.2. This combination is motivated
by the fact that in the analysis of a RA often only a minor part of the RA’s
control modes are found to be reachable. In examples with fine discretizations
and several mode switches the reachable part may be a small fraction of the RA’s
overall control modes. This means that the approximation procedure spends a
considerable time on computing subregions that the analysis procedure will never
reach and, a more severe problem, that the analysis procedure has to keep an
unnecessarily huge automaton structure in memory. Note, that standard on-
the-fly techniques for reachability analysis are only a partial solution to the
latter problem. These techniques only reduce the number of control modes that
are generated by composition of subsystems, whereas our approach also avoids
generating unnecessary control modes of the subsystems.

In our approach the analysis procedure does not keep the transition structure
and the flow conditions of the control modes in memory, but calls the approxima-
tion procedure each time when it has determined a new reachable outgoing face
on the currently analyzed rectangle. The approximation procedure will then de-
termine the corresponding transition, i.e. the neighboring rectangle, and return
it together with the approximated flow conditions. Based on this information,
the analysis procedure computes the possible outgoing faces of the new rectangle
and the iteration continues.

To realize this interaction, two elements from the analysis procedure of Sec.
3.2 are needed. First, we must be able to compute the outgoing faces for a given
rectangular invariant I, its flow conditions ϕ, an ingoing face F of this invariant,
and the current discrete mode u. In the following pseudo-code description of the
reachability algorithm, this is represented as a function Outfaces(I, ϕ, F, u)
which returns a list OutFaceList consisting of triples (F, ±, u). F is an outgoing
face and ± provides the information in which direction along the fixed dimension
it is actually outgoing, which is needed by the approximation routine. Since the
mode u never changes within an invariant this vector is simply copied by the
function Outfaces.

From the approximation algorithm, we extract the procedure Approxima-
tion(F,±, u) which returns a tripel (I, ϕ, u). I represents the rectangle adjacent
to F in the given direction ±, ϕ is an approximation of the flow condition in
this rectangle, and u is the new discrete input which may have changed by
switching when F was crossed. Note that Approximation is specific for a given
switched continuous system and a controller. The state of the controller is stored
in memory between calls of Approximation.



Approximative Reachability Analysis 217

Based on these routines, the main body of the reachability algorithm is re-
alized by a recursive procedure Reach of the following form, where I is an
invariant, ϕ a flow, F a face, ± a direction of a face, and u a discrete input.

PROCEDURE Reach(I, ϕ, F, u){
OutFaceList := Outfaces(I, ϕ, F, u)
FOR EACH (F, ±, u) ∈ OutFaceList DO

IF {(F, ±, u)} ∩ ReachedList = ∅
ReachedList := ReachedList ∪ {(F, ±, u)}
CALL Approximation(F, ±, u)
READ (I, ϕ, u)
Reach(I, ϕ, F, u)

END IF
END FOR EACH
}

In words, Reach determines from a given face a list of new faces and for
each member of this list it checks whether it has been found before (with the
same direction pointer and discrete input). If not, it stores the face and calls
the approximation procedure to receive the new invariant, flow conditions, and
discrete mode. Then the procedure calls itself again to compute the successors
of the current face . By this, all the reached faces are processed in a recursive,
depth-first-search manner until no more new faces are found. The whole iteration
is started by calling Reach with a given initial invariant, a flow condition of the
kind ẋj ∈ [−1, 1] for all continuous variables, an arbitrary face on the boundary
of the invariant, and a given initial u. Reach will then determine all bounds of
the initial invariant as the initial outgoing faces.

6 Example

For illustration of our approximation and analysis procedure we apply it to a
simple technical process, a two-tank system which has been considered in [10]
and [8] in modified versions before. The two tanks are arranged such that the
first vessel is filled by an input flow Fin and is emptied into Tank 2 through a
connecting pipe (see Fig. 2). The outflow of Tank 2, which is located on a lower
level (height difference: H) than Tank 1, is denoted by Fout. The flow through
the system depends on the liquid levels h1 and h2 in both tanks, the setting
of the valve controlling the flow F12, and naturally the fixed flow Fin. For our
purposes the following switched continuous system is sufficient do describe the
dynamical behavior of the system:

ḣ1 = (Fin − F12)/A1, (2)
ḣ2 = (F12 − Fout)/A2,
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h2 < H : F12 = K1 ·
√

h1,

h2 ≥ H : F12 = K1 ·
√

h1 − h2 + H if h1 ≥ h2 −H,

F12 = 0 else,

Fout = K2 ·
√

h2,

valve =
{ ′half−open′ : K1 = K1

1
′open′ : K1 = K2

1

While the state vector is given by h1 and h2, the variable valve denotes the
input of the system. Changes of the gradient field defined by Eq. 2 occur when
either valve is switched to another discrete value, or when h2 exceeds H. The
parameters are (units omitted): A1 = 1.14 · 10−2, A2 = 1.98 · 10−3, H = 0.4,
Fin = 1.11 · 10−4, K1

1 = 1.2 · 10−4, K1
2 = 3.4 · 10−4, and K2 = 1.5 · 10−4.

Remark : The different cases in the definition of the flow F12 for h2 ≥ H constitute
a non-orthogonal partitioning of the state space, i. e. Eq. 2 does not correspond
to the definition of SCS given in Sec. 2. Our method can nevertheless be applied
since the distinction of the two cases is considered when the procedure Approx-
imation calls the optimization routine. Note furthermore that Eq. 2 contains
the strict inequality h2 < H. For the transformation into RA according to Sec.
3.1, it is replaced by the nonstrict equality h2 ≤ H using the limit lim

h2→H
F12 for

the calculation of the gradients.

We investigate the following scenario in the sequel: It is assumed that the
initial liquid heights are given by h1 = [0.2, 0.3] and h2 = [0.2, 0.3] and that
valve = ′half−open′ applies. Since F12 is smaller than Fin at this setting, h1

will rise. To prevent an overflow of Tank 1 the controller switches the value of
valve to ’open’ when it receives the information that h1 has reached the value
h1,S = 0.8. As a consequence, h1 drops immediately and h2 increases, where
the latter effect will be considerably larger since the cross-sectional area A2 of
Tank 2 is much smaller than A1. We will use our analysis procedure to check
whether opening the valve can lead to the situation that the range h2 > 0.9 can
be reached.

The model according to Eq. 2 as well as a controller model containing the
switching logic for the valve-variable are implemented in an initialization file for
the procedure Approximation. Additionally, the accuracy of the optimization
algorithm and the partitioning parameters gj have to be supplied - for the latter
we choose to divide the range of h1 and h2 into 10 intervals each of equal length.
Following the iterative procedure decribed in 5, the reachable region is generated
step by step. The result of this procedure is shown in Fig. 3 where the grey-shaded
area marks the region which is determined as reachable from the dark-shaded
initial region. The plot reveals that the critical region with h2 > 0.9 is found to
be reachable, i.e. the switching value h1,S was not chosen appropriately to avoid
an overflow of Tank 2. To provide a better understanding of the analysis result,
the continuous trajectories starting at the corners of the initial region are drawn
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Fig. 2. Scheme of the two-tank system.

additionally 2. It is obvious that the shaded area completely contains the actu-
ally reachable region (which looks like a single trajectory most of the time) and
considerably overestimates it. A more accurate estimation can be obtained by
choosing a finer partitioning at the expense of an increased computational effort.
Remark : The reader might wonder why only complete rectangles are reachable
in the left upper part of the reachable regions. This is due to the fact that in this
area the gradient field points towards the line on which the trajectories move
into the equilibrium point at (h1, h2) = (0.25, 0.55). Hence, rate intervals includ-
ing zero are obtained for these cells such that the whole cell area is reachable.
(For the area above the dashed line applies: F12 = 0.).

The advantage of integrating the rate computation into the analysis routine
becomes obvious from the ratio between shaded and non-shaded cells: If the
whole RA for the two-tank system is computed in advance and then processed
by the analysis tool, the optimization to evaluate the flow conditions has to be
carried out 200 times - for each cell twice (since we have two discrete input
values). Using the combined procedure, the approximation algorithm is only
called 53 times. This advantage becomes even more important if we deal with
systems of higher dimension, with a finer partitioning and with a large number
of discrete input values.

2 Obviously, in this example the reachable region can easily be determined by simula-
tion. However, for more complex systems exhaustive simulation may become impos-
sible.
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Fig. 3. Analysis results.
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7 Related Work

The presented approach is similar in spirit to the work by Dang and Maler
[2] in which reachability analysis of continuous systems is carried out by shift-
ing outwards the boundaries of rectangular parts of the state space depending
on the continuous flow on these boundaries. This procedure is called ‘face lift-
ing’. A similar concept is the so-called ‘bloating’ by Greenstreet [4,5]. Here, the
shifting of the boundaries is determined by integrating the original differential
equations. Both approaches and the one presented here have in common, that
the reachable regions in each iteration step are computed only from the bounds
of the predecessor regions and the continuous flow. A major difference is that
in our procedure the step size is determined by the partitioning of the state
space, whereas in [2] and [4,5] time is discretized. Similarities also exist with the
work of Krogh and Chutinan [1] who compute polyhedral approximations of the
continuous system’s reachable state space (called the ‘flow pipe’).

8 Conclusions

We have presented and discussed a reachability analysis for switched continuous
systems which is based on an on-demand approximation of the continuous flow.
It was illustrated by means of a simple, 2-dimensional example, but, in principle,
it works for n dimensions. There are two different levels of approximation in our
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approach. First, the continuous flow is approximated to compute control modes
of a rectangular automaton, then the possible values of the continuous variables
within a control mode are approximated by the reachability algorithm. In both
cases the approximations are conservative in the sense that they overestimate
the exact range of values. Thus, the result of our reachability analysis is a clear
overapproximation of a system’s reachable state space. While the approximation
of the reachability algorithm is only due to roundoff and hence very tight, the
level of accuracy of the flow approximation depends on the system’s structure
and the gridsize chosen.

There are some modifications one can think of to improve the algorithm.
The main idea which we want to pursue in our future work is to adapt the size
of the rectangles depending on the size of the current face and the flow. The
approximation routine should be able to return an appropriately sized invariant
such that the narrowness or wideness of the ingoing face is taken into account
and that the variation of the flow inside the rectangle is minimized. However, in
this case care has to be taken such that the algorithm still terminates because
the number of the boundaries of the rectangles can become infinite.
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Abstract. Refinement Calculus is a formal framework for the devel-
opment of provably correct software. It is used by Action Systems, a
predicate transformer based framework for constructing distributed and
reactive systems. Recently, Action Systems were extended with a new
action called the differential action. It allows the modelling of continu-
ous behaviour, such that Action Systems may model hybrid systems. In
this paper we investigate how the differential action fits into the refine-
ment framework. As the main result we develop simple laws for proving
a refinement step involving continuous behaviour within the Refinement
Calculus.

1 Introduction

Action Systems, originally proposed by Back and Kurki-Suonio [2], are predicate
transformer based systems for modelling discrete computations. They have been
extensively used in the development of reactive and concurrent systems, see Sere
et al. [3,7]. Action Systems support the stepwise refinement paradigm, which
is formalised in the Refinement Calculus [5]. The refinement in Action Systems
preserves total correctness.

The differential action introduced recently by Rönkkö and Ravn [14] allows us
to use differential equations in capturing continuous phenomena. The differential
action has predicate transformer semantics like the other actions, and therefore,
it fits seamlessly into the Action Systems framework. Hence, Action Systems with
differential actions model hybrid systems where a discrete controller interacts
with some continuously evolving environment.

Laws for the refinement of actions involving differential actions have not been
investigated, yet. The existence of such laws would not only justify the intro-
duction of the differential action, but also open the refinement technique for
the development of hybrid systems with Action Systems. For instance, a hy-
brid system specification could be developed from a discrete skeleton, details
of continuous behaviour could be added in a stepwise manner to an existing
specification, and some complex continuous behaviour could be replaced with a
combination of simpler discrete and continuous behaviours. The contribution of
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this paper is twofold. Firstly, we present total correctness preserving refinement
laws for differential actions. Secondly, we show that the refinement of continuous
behaviour has a strong connection to path equivalence or deformation in topol-
ogy: two paths are equivalent if there exists a continuous monotonic mapping
such that the paths traverse the same values in the same order under the map-
ping [13]. We limit the investigation to systems in isolation, i.e., systems, which
have observable variables, but do not react with other systems. The refinement
of reactive components in a hybrid system is a topic of future research.

Overview. We start by defining actions in Section 2. In Section 3 we investigate
the refinement between differential actions. Refinement between continuous and
discrete behaviour is investigated in Section 4. In Section 5 we present Action
Systems along with the refinement laws for systems in isolation. In Section 6 we
use a travelling train example to illustrate how the presented refinement laws
are used. Section 7 concludes and discusses directions for further work as well
as provides pointers to related work.

2 Actions

An action is any statement in Dijkstra’s guarded command language [8]. Also,
a pure guarded command can be used as an action. Actions operate on a fix set
of program variables. Hence, predicates over these variables specify states in a
system.

When we consider a given action A, we may speak of a postcondition q. It
is a predicate specifying desirable states after the execution of the action. The
meaning of an action is defined with the weakest precondition predicate trans-
former wp(A, q). It is a predicate describing the largest set of states from which
the action A terminates and reaches the postcondition q. The termination, i.e.,
reaching an arbitrary state, is given by t(A) =̂ wp(A, true). We may also speak
of enabledness of an action, or guard condition, i.e., g(A) =̂ ¬wp(A, false).
An action A is said to be enabled in all the states where g(A) holds.

Let q[E/X] denote the textual substitution of free variables X with expres-
sions E in a predicate q. For predicate p and actions A and B we define:

wp({p}, q) =̂ p ∧ q (assert)
wp(abort, q) =̂ false (abort)
wp(skip, q) =̂ q (skip)
wp(X :=E, q) =̂ q[E/X] (assignment)
wp(A;B, q) =̂ wp(A,wp(B,q)) (sequential composition)
wp(A []B, q) =̂ wp(A, q) ∧ wp(B, q) (non−determin. choice)
wp(p→ A, q) =̂ p ⇒ wp(A,q) (guarded action)
wp(doAod , q) =̂ ∃n : n=min{i | i≥0 ∧ ¬ g(Ai+1)} (iteration)

.wp(An, q)

where A0 =̂ skip and An+1 =̂ A;An.

The differential action is used for modelling and reasoning about continuous
behaviour. Let e be a predicate that may speak of variables X, and Ẋ=F (X)
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be a system of differential equations where Ẋ is a componentwise first derivative
of X and F (X) is a vector of functions with an equal number of components
as in X. A differential action, e : Ẋ=F (X), evolves continuously the values of
X provided that the evolution guard e holds. The evolution, which is given by
a system of differential equations, stops when the values of X have reached the
border of e, see Figure 1.
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Fig. 1. The differential action e : Ẋ=F (X) evolves the values of X inside e up
to the border values Φ(δ) where Φ is the evolution curve and δ is the time when
the border of e is reached.

Let τ and δ be real variables and not appearing in X, e or q. The differential
action is defined as follows:

wp(e : Ẋ=F (X), q)

=̂ ∃!Φ : (Φ(0)=X ∧ Φ̇=F (Φ))
. ∃ δ : δ=inf{τ | τ ≥0 ∧ ¬e[Φ(τ)/X]} . q[Φ(δ)/X]

Here, the first existential quantification requires the existence of a unique solu-
tion Φ for Ẋ=F (X), which is an autonomous system of differential equations,
i.e., it may not refer to time explicitly. Time is implicit and it is modelled by
the variable τ . The second existential quantification requires that the evolution
eventually reaches the border of the evolution guard e and that the reached
values satisfy the postcondition q. The variable δ is used for denoting the time,
when the border of e is reached. Note, that if e does not hold at the beginning
of an evolution, δ becomes zero forcing the evolution not to start at all. Hence,
the semantics resembles the semantics for an iteration given earlier.

The differential action fulfils the four healthiness conditions for program
statements, strictness, monotonicity, conjunctivity, and continuity, that are given
by Dijkstra. The proofs are shown elsewhere [16].

Because the differential action has a weakest precondition semantics, we may
also speak of the termination, t(DA), and the enabledness, g(DA), of a differen-
tial action DA. Clearly, the differential action is deterministic in its ending time.
However, the general Action Systems have also a non-deterministic assignment
[4], which, when composed sequentially with a differential action, is used for
modelling continuous behaviour with a non-deterministic ending time.

Depending on the evolution guard, a differential action is open-ended or
closed-ended. Let e describe a semi-open interval in a differential action e : Ẋ=
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F (X). The differential action is said to be open-ended if its evolution terminates
always at a state where e does not hold, i.e., wp(e : Ẋ=F (X),¬e) holds. Let ē be
a (semi-)closure of e, such that an evolution of ē : Ẋ=F (X) terminates always
at the border of the evolution guard, i.e., wp(ē : Ẋ = F (X), ē) holds. Then,
ē : Ẋ=F (X) is said to be closed-ended. Due to the semantics of the differential
action, an open-ended differential action is equivalent to a corresponding closed-
ended differential action with respect to the weakest precondition. For instance,
the predicate wp(0≤ x< 1 : ẋ= 1, q) ⇔ wp(0≤ x≤ 1 : ẋ= 1, q) holds for any
predicate q. Hence, without loss of generality, we assume in the rest of the paper
that the differential actions are closed-ended.

3 Continuous Refinement

Refinement of actions, as formalised in the Refinement Calculus, is based on
the following definition [3]. An action A is refined by an action B, denoted by
A v B, if the action B can reach all the same post-states at least from the same
pre-states as the action A, i.e., ∀ q.wp(A, q) ⇒ wp(B, q). This definition applies
to any action, including the differential action, because it fulfils all the required
healthiness conditions. However, the complex weakest precondition semantics
for the differential action makes the use of it quite cumbersome. Therefore, we
would like to have an alternative, but equally powerful, characterisation for the
refinement, which is more useful.

It might seem that the definition for the refinement, which speaks only of the
pre-states and post-states of an evolution, does not cover the intermediate states.
However, the semantics for the differential action imposes a strict ordering on
the pre-states with respect to time: the closer the evolution is to the termination
the smaller is the set of states that may still lead to a given post-state. Because of
this, the refinement of differential actions depends also on the intermediate states
indirectly. Therefore, one possibility is to look at the refinement of differential
actions at the level of evolutions.

Consider two differential actions 0≤ x≤ 1 : ẋ= 1 and 0≤ x≤ 1 : ẋ= 2. If
we think of the execution of these actions, all we can observe, is that both of
the evolutions traverse the same values for x in the same order. We cannot say
anything about the consumed time, since there is no variable measuring time.
For instance, we can only observe that from an initial state x=0 both of these
actions traverse all the values from 0 to 1 for x. Since we cannot distinguish
the evolutions from each other, it seems plausible that one of the actions is a
refinement of the other.

In the following we show that proving the evolutions of two differential actions
to be observably equal, i.e. path equivalent, is the same as proving the refinement
using the definition above. Moreover, since it is easier to show path equivalence
than to use the above definition for refinement, we also provide a convenient
refinement law for differential actions.
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3.1 Refinement

Consider two closed-ended differential actions DA =̂ ē : Ẋ=F (X) and DB =̂ ī :
Ẋ=G(X). For simplicity, we assume that all the evolutions are finite. In other
words, all the evolutions terminate, that is, t(DA) ∧ t(DB) holds. With these
assumptions, a necessary requirement for the refinement DA v DB to hold is
that the evolution guards are equal.

Lemma 1. Let DA and DB be as above. Then, DA v DB cannot hold, if
ē ⇔ ī does not hold.

Proof. Suppose ē ⇒ ī does not hold. Then, there exists a predicate p such that
p ⇒ ē holds, but p ⇒ ī does not hold. Since all the evolutions are assumed to
be finite and both DA and DB are closed-ended, there exists a postcondition q
and an evolution of DA whose initial or some intermediate state satisfies p ∧ ¬q
and final state satisfies q. On the other hand, because p ⇒ ī does not hold,
any state satisfying p in an evolution of DB must be a final state. Therefore,
there cannot exist an evolution of DB whose initial or some intermediate state
satisfies p ∧ ¬q and final state satisfies q. But then, wp(DA, q) ⇒ wp(DB, q)
does not hold, and hence, DA v DB cannot hold. The case ī ⇒ ē is proven
similarly.

Also, there exists a necessary requirement concerning the evolution curves.

Lemma 2. Let DA and DB be as above, with ē ⇔ ī. The respective finite
solution curves for these actions are denoted by Φ and Ψ . Let α be the time of
termination for DA, that is, α=inf{τ | τ≥0 ∧ ¬ē[Φ(τ)/X]}, and β be the time
of termination for DB. Then, Φ(α) = Ψ(β), if the refinement DA v DB holds.

Proof. By unfolding DA v DB we get ∀ q. q[Φ(α)/X] ⇒ q[Ψ(β)/X]. Clearly,
this holds only if Φ(α) = Ψ(β).

Lemma 2 shows an obvious consequence that follows, when the refinement holds
between two differential actions. However, we may exploit even further the struc-
ture that is added to the state space by the differential action. By doing so, we
gain more information concerning the intermediate states in the evolutions as
shown by the following lemma.

Lemma 3. Let DA, DB, Φ, and Ψ be as in Lemma 2. Then, the evolutions Φ
and Ψ are continuous, loop-free, and traverse the same states in the same order,
if the refinement DA v DB holds.

Proof. First we conclude that Φ and Ψ traverse the same states. Because DA v
DB holds, we know that DB must reach all the same post-states at least from
the same pre-states as DA. Therefore, Ψ traverses at least the same states as Φ.
Because the semantics of a differential action requires uniqueness for evolution
curves, we know that for any one state in the state space there is only one
evolution curve that passes it. Furthermore, because all the evolutions are finite,
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we know that all the evolutions are loop-free, and all the states are traversed
by some evolution curve. Since the evolution guards are equal, ē ⇔ ī, DB
must reach all the same post-states exactly from the same pre-states as DA.
Otherwise, there would be more than one evolution curve passing one state in
the state space. Therefore, Φ and Ψ traverse the same states.

Next we conclude that Φ and Ψ traverse not only the same states but also
in the same order. By definition, all the evolutions are continuous. Now, con-
sider a post-state p that is reachable by DA. Due to uniqueness and finiteness
of evolutions all the states wp(DA, p) are connected by one and only one con-
tinuous finite loop-free evolution. Let that evolution be Φp. Similarly, all the
states wp(DB, p) are connected by a continuous finite loop-free evolution Ψp. As
concluded above, both Φp and Ψp traverse exactly the same states. But then, Φp
and Ψp must traverse the same states in the same order, because otherwise Ψp
either contains loops or is discontinuous.

Therefore, the evolutions Φ and Ψ are continuous, loop-free, and traverse the
same states related by R in the same order.

With the help of Lemma 3 it is easy to show our main theorem, which states
that the refinement between differential actions holds if and only if all the cor-
responding evolution curves are path equivalent.

Theorem 1. Let DA, DB, Φ, and Ψ be as in Lemma 2. Then, DA v DB
holds, iff ∃µ. Φ ≡ Ψ ◦ µ where µ is a continuous monotonic increasing function
and ◦ is the usual function composition.

Proof. First the proof to direction ”⇒ ”. By assumption and Lemma 3 we know
that the evolutions Φ and Ψ are continuous, finite, loop-free, and traverse the
same states in the same order. Therefore, there exists a mapping µ which is also
a continuous monotonic increasing function such that Φ ≡ Ψ ◦ µ. Hence, the
claim holds to direction ”⇒ ”.

Next the proof to direction ”⇐”. As noted earlier, DA v DB unfolds to
∀ q. q[Φ(α)/X] ⇒ q[Ψ(β)/X]. This holds, if Φ(α) = Ψ(β). By assumption there
exists a continuous mapping µ such that Φ ≡ Ψ ◦ µ, and therefore, Φ(α) =
Ψ(µ(α)) holds. But then, β is µ(α), and thus, Φ(α) = Ψ(β) also holds. Hence,
the claim holds also to direction ”⇐”, which concludes the proof.

This path equivalence property corresponds to the intuition of observability
that was discussed earlier. It is also more convenient to use than the original
definition for the refinement. For instance, we can now derive a result that proves
the earlier example.

Corollary 1. The refinement ē : ẋ=c v ē : ẋ=k with constants c and k holds,
if ck>0.

Proof. According to Theorem 1 the refinement ē : ẋ = c v ē : ẋ = k holds,
if there exists a µ such that Φ ≡ Ψ ◦ µ holds. Here, the corresponding unique
solution curves starting from an initial state x are Φ(τ)=x+cτ and Ψ(τ)=x+kτ .
Hence, the mapping µ is µ(τ)= c

k
τ , and it exists, because ck>0.
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3.2 Data refinement

The results above can also be applied to data refinement that speaks of the
refinement between actions operating on different state spaces. Let an action
A operate on variables X, an action B operate on different variables Y , and a
predicate R be a refinement relation that tells how the values of X are related
to the values of Y . The action A is said to be data refined by the action B
under R, denoted by A vR B, if B reaches the same post-states as A at least
from the same pre-states as A with respect to R [1]. Let q be a postcondition
on the variables X. The data refinement is captured by ∀ q. R ∧ wp(A, q) ⇒
wp(B, ∃X.R ∧ q) where ∃X.R ∧ q is a predicate on variables Y . Again, due
to the complex differential action semantics it is hard to use this definition as
such with differential actions. Therefore, we derive an alternative, but equally
powerful, characterisation for the data refinement of differential actions.

Consider two closed-ended differential actions DA =̂ ē : Ẋ = F (X) and
DB =̂ ī : Ẏ = G(Y ) with finite evolutions, and a refinement relation R defined
everywhere in ē and ī for the disjoint variablesX and Y . A necessary requirement
for the refinement DA vR DB to hold is that the evolution guards are equal
with respect to R.

Lemma 4. Let DA, DB, and R be as above. Then, DA vR DB cannot hold,
if R ∧ ē ⇔ R ∧ ī does not hold.

Proof. Suppose R ∧ ē ⇒ R ∧ ī does not hold. Then, there exists a predicate p
on the variables X, such that p ⇒ ē holds, but R ∧ p ⇒ ī does not hold. Since
all the evolutions are assumed to be finite and both DA and DB are closed-
ended, there exists a postcondition q on the variables X, and an evolution of
DA whose initial or some intermediate state satisfies p ∧ ¬q and final state
satisfies q. On the other hand, because R ∧ p ⇒ ī does not hold, any state
satisfying ∃X.R ∧ p in an evolution ofDB must be a final state. Therefore, there
cannot exist an evolution ofDB whose initial or some intermediate state satisfies
∃X.R ∧ p ∧ ¬q and final state satisfies ∃X.R ∧ q. But then, R ∧ wp(DA, q) ⇒
wp(DB, ∃X.R ∧ q) does not hold, and hence, DA vR DB cannot hold. The
case R ∧ ī ⇒ R ∧ ē is proven similarly.

There exists also a necessary requirement concerning the evolution curves.

Lemma 5. Let R, DA and DB with R ∧ ē ⇔ R ∧ ī be as in Lemma 4. We
denote the evolution curves of DA and DB by Φ and Ψ respectively. Let α be
the time of termination for DA, that is, α= inf{τ | τ ≥ 0 ∧ ¬ē[Φ(τ)/X]}, and
β be the time of termination for DB. Then, R ⇒ R[Φ(α)/X, Ψ(β)/Y ] holds, if
DA vR DB holds.

Proof. DA vR DB unfolds to ∀ q. R ∧ q[Φ(α)/X] ⇒ R[Φ(α)/X, Ψ(β)/Y ],
which holds only if R ⇒ R[Φ(α)/X, Ψ(β)/Y ].

By assuming some properties on the data refinement relation R we may exploit
further the structure that is added to the state spaces by the differential actions
as shown by the following lemma.



230 Mauno Rönkkö and Kaisa Sere

Lemma 6. Let R, DA, DB, Φ, and Ψ be as in Lemma 5. Furthermore, let the
data refinement relation R describe a continuous and bijective relation between
ē and ī. Then, the evolutions Φ and Ψ are continuous, loop-free, and traverse
the same states related by R in the same order, if the refinement DA vR DB
holds.

Proof. First we conclude that Φ and Ψ traverse the same states related by
R. Because DA vR DB holds, we know that DB must reach all the same
post-states related by R at least from the same pre-states related by R as DA.
Therefore, Ψ traverses at least the same states related by R as Φ. Because the
semantics of a differential action requires uniqueness for evolution curves and R
is continuous and bijective, we know that for any one state in the state space
there is only one evolution curve that passes it. Furthermore, because all the
evolutions are finite, we know that all the evolutions are loop-free, and all the
states are traversed by some evolution curve. Since R ∧ ē ⇔ R ∧ ī holds and
R is continuous and bijective, DB must reach all the same post-states related
by R exactly from the same pre-states related by R as DA. Otherwise, there
would be more than one evolution curve passing one state in either state space.
Therefore, Φ and Ψ traverse the same states related by R.

Next we conclude that Φ and Ψ traverse not only the same states related by
R but also in the same order. By definition, all the evolutions are continuous.
Now, consider a post-state p that is reachable by DA. Due to uniqueness and
finiteness of evolutions all the states wp(DA, p) are connected by one and only
one continuous finite loop-free evolution. Let that evolution be Φp. Similarly,
all the states wp(DB, ∃X.R ∧ p) are connected by a continuous finite loop-
free evolution Ψp. As concluded above, both Φp and Ψp traverse exactly the
same states related by R. But then, Φp and Ψp must traverse the same states
related by R in the same order, because otherwise Ψp either contains loops or is
discontinuous, or R is not continuous and bijective.

Therefore, the evolutions Φ and Ψ are continuous, loop-free, and traverse the
same states related by R in the same order.

With the help of Lemma 6 it is easy to show the theorem, which states that
the refinement between differential actions in different state spaces reduces to a
path equivalence problem.

Theorem 2. Let DA, DB, Φ, Ψ , α, and β be as in Lemma 5, and R be as in
Lemma 6. Then, refinement DA vR DB holds, iff ∃µ. ∀ τ : 0 ≤ τ ≤ α.R ⇒
R[Φ(τ)/X, (Ψ ◦µ)(τ)/Y ] where µ is a continuous monotonic increasing function
and ◦ is the usual function composition.

Proof. First the proof to direction ”⇒ ”. By assumption and Lemma 6 we
know that the evolutions Φ and Ψ are continuous, finite, loop-free, and traverse
the same states related by R in the same order. Moreover, we know that R
describes a continuous mapping between the evolutions. Therefore, there exists
a mapping µ which is also a continuous monotonic increasing function such that
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∀ τ : 0 ≤ τ ≤ α.R ⇒ R[Φ(τ)/X, (Ψ ◦ µ)(τ)/Y ]. Therefore the claim holds to
direction ”⇒ ”.

Next the proof to direction ”⇐”. As noted earlier, DA v DB unfolds to
∀ q. R ∧ q[Φ(α)/X] ⇒ R[Φ(α)/X, Ψ(β)/Y ]. and that the refinement holds, if
R ⇒ R[Φ(α)/X, Ψ(β)/Y ] holds. By assumption there exists a continuous map-
ping µ such that ∀ τ : 0 ≤ τ ≤ α.R ⇒ R[Φ(τ)/X, (Ψ ◦ µ)(τ)/Y ], and there-
fore, R ⇒ R[Φ(α)/X, (Ψ ◦ µ)(α)/Y ] holds. But then, β is µ(α), and thus,
R ⇒ R[Φ(α)/X, Ψ(β)/Y ] also holds. Hence, the claim holds also to direction
”⇐”, which concludes the proof.

4 Mixed Refinement

Although the differential action is the only action modelling continuous be-
haviour, it is just an action among the other actions defined with the weakest
precondition predicate transformer. This permits us to reason about mixed re-
finement where continuous behaviour is refined by some discrete behaviour or
vice versa. Hence, we may develop hybrid systems from discrete skeletons or
from fully continuous mathematical constructions by means of refinement steps.
Moreover, we may use refinement to simplify existing hybrid specifications to
gain easier analysis for specific purposes.

In this section we focus on the refinement between an assignment statement
and a differential action. Without loss of generality, we limit the investigation
to that of data refinement.

4.1 Discretisation

In discretisation a differential action is refined by some non-differential action.
Thus, the intermediate continuous behaviour is removed by refinement. This
type of refinement is required when some analog component, say an ordinary
electrical motor, is replaced with a discrete component, like for instance a step
motor. Discretisation may also be used for simplifying a specification to gain
simpler analysis of some overall behaviour.

Theorem 3. Let a differential action e : Ẋ = F (X) with finite evolutions Φ
operate on variables X. As before, the time of termination for this differential
action is denoted by α. Let an assignment statement Y :=E operate on variables
Y , which are disjoint from X, and let R be the refinement relation. Then, the
data refinement e : Ẋ=F (X) vR Y :=E holds iff R ⇒ R[Φ(α)/X,E/Y ].

Proof. First to the direction ”⇒ ”. By unfolding e : Ẋ=F (X) vR Y :=E we
get an expression ∀ q. R ∧ q[Φ(α)/X] ⇒ R[Φ(α)/X,E/Y ], which cannot hold,
unless R ⇒ R[Φ(α)/X,E/Y ]. The claim holds trivially to the direction ”⇐” if
the condition R ⇒ R[Φ(α)/X,E/Y ] holds.
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4.2 Continualisation

The reverse refinement step for discretisation is called continualisation. In con-
tinualisation a non-differential action is refined by a differential action causing
the introduction of intermediate continuous behaviour to a discrete state change.
By using continualisation one can develop a hybrid system specification start-
ing from an entirely discrete specification. The following theorem shows that
continualisation is applicable under the same conditions as discretisation.

Theorem 4. Let a differential action e : Ẋ = F (X) with finite evolutions Φ
operate on variables X. Again, the time of termination for this differential action
is denoted by α. Let an assignment statement Y :=E operate on variables Y ,
which are disjoint from X. Furthermore, let R be the refinement relation. Then,
the data refinement Y :=E vR e : Ẋ=F (X) holds iff R ⇒ R[E/Y, Φ(α)/X].

The proof of this theorem is analogous to the proof of Theorem 3, and thus, is
omitted here.

5 Action Systems

So far we have been discussing the refinement of individual actions. However, a
hybrid system can very seldom be modelled by one action. For this purpose we
use Action Systems. An action system A is an initialised block of the form

A =̂ |[var X : T • X :=E; doAod ]|

The expression var X : T declares a list of variables X with types T . These
variables form the state space of A. Some of the variables X may be observable
from outside. These variables are decorated in the declaration with a superscript
asterisk, e.g. a∗. The action X :=E initialises all the variables X by expressions
E.

Typically, the action A is a non-deterministic choice of a number of actions.
After initialisation, an enabled action of A is selected non-deterministically for
an execution. There are no fairness assumptions about the selection of actions.
The execution of an enabled action, including the differential action, is always
atomic. This means that when a differential action is selected and executed, an
evolution continues without interruption up to the border of evolution guard.
Only after that the other enabled actions have a chance for execution. If two
enabled actions refer to disjoint variables, their execution can be in any order or
in parallel. Hence, this models parallelism by interleaving.

The execution of A terminates when none of the actions is enabled, i.e.
¬ g(A). Similarly, the execution of an action system aborts when an executed
action aborts.

5.1 Refinement

The action system formalism allows also the refinement of entire action sys-
tems. A refining action system preserves total correctness with respect to the
observable variables [4]. Consider two action systems



Refinement and Continuous Behaviour 233

A1 =̂|[ var X∗ : T, Y 1 : V 1 • X,Y 1 :=E, I1; doA1od ]|
A2 =̂|[ var X∗ : T, Y 2 : V 2 • X,Y 2 :=E, I2; doA2 []B od ]| ,

and a refinement relation R. The refinement A1 vR A2 holds if [1]

(1) the initialisations do not contradict with the refinement relation,
(2) all the actions A2 have the same effect to the variables as the actions

A1,
(3) the additional actions B do not have any effect on the state space of A1 ,
(4) the additional actions terminate, and
(5) A2 does not terminate, unless A1 terminates as well.

These proof obligations are stated formally as
(1) R[E/X, I1/Y 1, I2/Y 2],
(2) A1 vR A2,
(3) skip vR B,
(4) R ⇒ t(doB od ), and
(5) R ∧ g(A1) ⇒ g(A2) ∨ g(B).

Let g1 and g2 be predicates and S1 and S2 be actions. For proving the refinement
of guarded actions g1→ S1 vR g2→ S2 it is adequate to show that the guard
is not weakened, R ∧ g2 ⇒ g1, and that the body of the action is also refined
in the context of the new guard, {g2};S1 vR S2 [1].

Since the semantics for the differential action is given with the weakest pre-
condition, any of the actions in A1, A2, and B may contain differential actions.
Moreover, we have shown in this paper how to prove a refinement of actions in-
volving a differential action. Therefore, the proof obligations for action systems
above cover also the cases where the action systems model some hybrid systems.

6 Example: Travelling Train

We use a simple train example to illustrate how the given theorems are used
in practise. In this example a train travels a distance of 2560 units. It starts
by accelerating to travelling velocity, 20 units per one time unit, which is then
kept for the most of the journey. At the end, the train decelerates to a full stop.
Figure 2 depicts how the velocity is changed during the journey.
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Fig. 2. Velocity during the journey.

In the following we will develop an action system modelling such a travelling
train. We start with a discrete action system describing only the state changes,
and add the details of continuous behaviour by refinement steps.
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6.1 Initial specification

The action system below is the initial specification describing only the discrete
state changes during the journey.

Train1 =̂ |[var x1 : IR • x1 :=0;
do x1=0 → x1 :=200
[] x1=200 → x1 :=2360
[] x1=2360→ x1 :=2560
od

]|

In this action system the variable x1 denotes the travelled distance. The ini-
tialisation states that the train is originally located at the very beginning. The
first action models the acceleration phase, the second action models the phase
where the train travels with a constant velocity, and the last action models the
deceleration phase. The action system terminates when the train has travelled
the whole distance of 2560 units.

6.2 Introducing continuous movement

In this first refinement step we introduce continuous movement without accel-
eration and deceleration. Such an action system is the one below, where the
differential actions are closed-ended.

Train2 =̂ |[var x2 : IR • x2 :=0;

do x2=0 → 0≤x2≤200 : ẋ2=1

[] x2=200 → 200≤x2≤2360 : ẋ2=1
[] x2=2360→ 2360≤x2≤2560 : ẋ2=1
od

]|

In order to prove that this is a refinement of the original specification, we need to
define a refinement relation capturing the features that are to be preserved. Be-
cause the only requirement for the action system above is to retain the meaning
of the variable measuring the distance, the refinement relation is R1 =̂ x1=x2.

Since both Train1 and Train2 have an equal number of actions, we can
prove the refinement Train1 vR1 Train2 in three steps.

i) Initialisations. The initialisations in the action systems do not contradict with
the refinement relation, because R1[0/x1, 0/x2] holds.

ii) Actions. Each action in Train1 has a corresponding refining action in Train2 .
For instance, consider the case

x1=0→ x1 :=200 vR1 x2=0→ 0≤x2≤200 : ẋ2=1 .

Because R1 ∧ x2= 0 ⇒ x1 = 0 holds, the guard is not weakened and we only
need to prove {x2 = 0}; x1 :=200 vR1 0 ≤ x2 ≤ 200 : ẋ2 = 1. According to
Theorem 4 we have to prove that under the assumption x2 = 0 the predicate
R1 ⇒ R1[200/x1, Φ2(δ2)/x2] holds, where Φ2 is the solution curve and δ2 is
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the termination time for the differential action. Because x2 = 0, the solution
curve is Φ2(τ) = τ . For this, the termination time is δ2 = inf{τ | τ ≥ 0 ∧ ¬(0≤
τ ≤ 200)}, that is, δ2 = 200. Thus, the predicate to be proven simplifies to
R1 ⇒ R1[200/x1, 200/x2], which holds trivially. This concludes the proof for
the refinement of the first pair of actions. The refinement of the other two action
pairs is proven similarly.

iii) Termination. The termination condition is not strengthened, because the
conditionR1 ∧ g(Train1) ⇒ g(Train2), that is, R1 ∧ (x1=0∨ x1=200∨ x1=
2360) ⇒ (x2=0 ∨ x2=200 ∨ x2=2360), holds.

6.3 Introducing velocity

In this refinement step we add acceleration and deceleration to the specification.
Such an action system, where v3 denotes the velocity, is the one below.

Train3 =̂ |[var x3, v3 : IR, IR • x3, v3 :=0, 0;

do x3=0 → 0≤x3≤200 : ẋ3, v̇3=v3, 1

[] x3=200 → 200≤x3≤2360 : ẋ3=v3
[] x3=2360→ 2360≤x3≤2560 : ẋ3, v̇3=v3,−1

od
]|

The refinement relation used for proving that this action system is a refinement
of Train2 must describe what we mean by acceleration and deceleration. Such
a refinement relation is the following.

R2 =̂ (x2=x3) ∧
(0≤x3≤200 ⇒ v3=

√
2 · x3) ∧

(200≤x3≤2360 ⇒ v3=20) ∧
(2360≤x3≤2560 ⇒ v3=

√
5120− 2 · x3).

R2 describes a continuous and bijective relation between variable x2 and vari-
ables x3 and v3 within an interval 0≤x2≤2560. The first conjunct states that
the meaning of the variable measuring the distance must remain the same. The
second, the third, and the fourth conjuncts describe how the velocity behaves
during acceleration, travelling with a constant speed, and deceleration.

The proof of the refinement Train2 vR2 Train3 is done in three steps.

i) Initialisations. The initialisations in the action systems do not contradict with
the refinement relation, because R2[0/x2, 0/x3, 0/v3] holds.

ii) Actions. Each action in Train2 has again a corresponding refining action in
Train3 . For instance, consider the case

x2=0→ 0≤x2≤200 : ẋ2=1 vR2 x3=0→ 0≤x3≤200 : ẋ3, v̇3=v3, 1 .

Because R1 ∧ x3= 0 ⇒ x2 = 0 holds, the guard is not weakened and we only
need to prove {x3= 0}; 0≤x2≤ 200 : ẋ2 =1 vR2 0≤ x3≤ 200 : ẋ3, v̇3 = v3, 1.
According to Theorem 2, it suffices to prove that under the assumption x3 =0
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there exists a continuous monotonic increasing function µ, such that ∀ τ : 0≤
τ≤α.R2 ⇒ R2[Φx2(τ)/x2, Ψx3(µ(τ))/x3, Ψv3(µ(τ))/v3] holds, where Φx2 is the
solution curve and α is the termination time for the refined differential action,
and Φx3 together with Φv3 are the solution curves for the refining differential
action. Because x3 = 0, the refinement relation R2 states that both x2 = 0
and v3 = 0, and hence, the solution curves are Φx2(τ) = τ , Φx3(τ) = 1

2
τ2, and

Φv3(τ)=τ , and the termination time for the refined differential action is α=200.
Thus, the predicate to be proven simplifies to ∃µ. ∀ τ : 0 ≤ τ ≤ 200. R2 ⇒
R2[τ/x2, 1

2 (µ(τ))2/x3, µ(τ)/v3]. After the substitutions and simplifications we
get a condition ∃µ. ∀ τ : 0 ≤ τ ≤ 200. µ(τ) =

√
2 · τ , which indeed defines a

continuous monotonic increasing µ. This concludes the proof for the refinement
of the first pair of actions. The refinement of the other two action pairs is proven
similarly.

iii) Termination. The termination condition is not strengthened, because R2 ∧
(x2=0 ∨ x2=200 ∨ x2=2360) ⇒ (x3=0 ∨ x3=200 ∨ x3=2360) holds.

7 Conclusion

In this paper we presented simple, yet powerful, refinement laws for differential
actions. Although these laws require the differential equations in the differential
actions to be solvable, one can derive specialised laws with no need of solving
the differential equations. This was illustrated in Corollary 1. In the data refine-
ment laws, we assumed continuity and bijectivity from the refinement relation.
Relaxing on these assumptions yields different refinement laws where path equiv-
alence does not necessarily hold. In this paper we investigated the refinement
of one differential action by another. However, it is also possible to think about
refinement where one differential action is refined by a sequence of differential
actions.

We showed how the refinement laws for differential actions are used in the
development of hybrid systems. For this purpose we used a travelling train exam-
ple. We limited the investigation of using refinement in hybrid setting to systems
in isolation. The refinement of reactive components in a hybrid system is a topic
of future research.

There are several formalisms that are used in hybrid systems. The connection
between some of these formalisms and Action Systems with differential actions
has been studied earlier. For instance, the relation to Branicky’s unified model
[6] was established by Rönkkö and Ravn [15]. Also, the use of HyTech [10]
in analysis of Action Systems with differential actions is discussed elsewhere
[14]. Refinement in timed and hybrid settings has also been studied in other
formalisms [12,11,9]. An interesting topic for future research is to see, how the
refinement ideas presented here relate to these approaches.
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16. M. Rönkkö and K. Sere. Refinement and Continuous Behaviour. No. 198 (updated
version), Technical Reports, Turku Centre for Computer Science, Åbo Akademi
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Abstract. We discuss a procedure for synthesizing controllers for safety
specifications for hybrid systems. The procedure depends on the con-
struction of the set of states of a continuous dynamical system that can
be driven to a subset of the state space, avoiding another subset of the
state space (the Reach-Avoid set). We present a new characterization
of the Reach-Avoid set in terms of the solution of a pair of coupled
Hamilton-Jacobi partial differential equations. We also discuss a com-
putational algorithm for solving such partial differential equations and
demonstrate its effectiveness on numerical examples.

1 Introduction

The synthesis of controllers that meet safety specifications for discrete, continu-
ous and hybrid systems has attracted considerable attention (see [1,2,3,4] for an
overview). Our work has been based on casting the problem as a two player, zero
sum game, between a controller, that tries to ensure that the safety specification
is satisfied and a disturbance (that includes the nondeterminism of the system),
that tries to violate the safety specification [5]. In [6] we proposed a procedure for
systematically carrying out the controller synthesis for general hybrid systems.
The procedure relies on the solution of partial differential equations (PDEs) [7],
known as the Hamilton-Jacobi equations. Here, we bring the synthesis procedure
one step closer to implementation, by proposing a numerical scheme for solving
these partial differential equations.

In Section 2, we briefly review the modeling formalism and the controller syn-
thesis problem introduced in [5]. In Section 3 we review the algorithm proposed
in [6] for solving the controller synthesis problem. The algorithm requires the
computation of the set of states of a continuous dynamical system that can be
driven to a given subset of the state space, avoiding another subset of the state
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space (the Reach-Avoid set). We introduce a new procedure for characterizing
the Reach-Avoid set, in terms of the solution to a pair of coupled Hamilton-
Jacobi PDEs. The advantage of this new characterization (over the single PDE
characterization of [7], for example) is that it can deal with situations where
the closures of the Reach and Avoid sets overlap, without resorting to approx-
imation. It also remains closer to the Hamilton-Jacobi PDE arising in purely
continuous pursuit evasion problems, which makes it easier to carry classical
results over to the hybrid domain.

An analytical solution to the Hamilton Jacobi PDEs is likely to be impossible
to obtain for most realistic examples. For the class of systems we consider the
situation is additionally complicated by the fact that the initial conditions of the
PDE may be non-smooth; shocks, or discontinuities in the spatial variable as the
temporal variable evolves, may develop; the right hand side of the PDE may be
non-smooth, due to the optimal (typically bang-bang) controls; the right hand
side of the PDE may be discontinuous, due to saturation effects introduced to
guarantee the monotonicity of the Reach-Avoid set. In Section 4, we present a
procedure for numerically computing the Reach-Avoid set, based on the level set
method of [8]. The advantage of this method is that it can systematically deal
with all the technical problems highlighted above, based on the viscosity solution
concept for the PDEs. A brief comparison with other techniques proposed in the
literature for computing or approximating the reach set of hybrid systems is also
given. We demonstrate the application of this approach to a new example from
aircraft collision avoidance, developed from [9] (Section 5).

2 Model

For a finite collection V of variables, let V denote the set of valuations of these
variables, i.e. the set of all possible assignments of the variables in V . For exam-
ple, if x is a state variable taking values in Rn we write X = {x} with X = Rn.
By abuse of notation, we use lower case letters to denote both a variable and its
valuation; the interpretation should be clear from the context. We call a variable
discrete if its set of valuations is countable and continuous if it is a subset of
Euclidean space. We assume the discrete topology for countable sets and the Eu-
clidean metric topology for subsets of Euclidean space. For a topological space
X and a set K ⊆ X we denote by Kc the complement, by K the closure, by
Ko the interior, and by ∂K = K \ K◦ the boundary of K in the topology of
X. Given a set of valuations W ⊆ V and a subset of the variables V ′ ⊂ V we
denote by W |V ′ ⊂ V′ the restriction of W to V ′.

2.1 Hybrid Automata

Definition 1 A hybrid automaton, H, is a collection (X, V, I, f, E, φ), with:

– State and input variables: X and V are disjoint collections of state and
input variables. We assume that X = XD∪XC and V = VD∪VC , where XC
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and VC contain continuous, and XD and VD discrete variables. We refer to
the valuations x ∈ X and v ∈ V as the state and the input of the hybrid
automaton.

– Initial states: I ⊂ X is a set of initial valuations of the state variables.
– Continuous evolution: f : X ×V → TXC is a vector field.
– Discrete transitions: E ⊂X ×V ×X is a set of discrete transitions.
– Admissible inputs: φ : X → 2V gives the set of admissible inputs at a

given state x ∈ X.

To fix notation we let XC ⊆ Rn and VC ⊆ Rm. For technical conditions imposed
to ensure well posedness see [5].

Definition 2 A hybrid time trajectory, τ , is a finite or infinite sequence of
intervals τ = {Ii} of the real line, starting with I0 and satisfying:

– Ii is closed unless τ is a finite sequence and Ii is the last interval, in which
case it is left closed but can be right open.

– Let Ii = [τi, τ
′
i ]. Then for all i τi ≤ τ ′i and for i > 0, τi = τ ′i−1.

We denote by T the set of all hybrid time trajectories.

Definition 3 An execution of a hybrid automaton H is a collection (τ, x, v)
with τ ∈ T , x : τ → X, and v : τ → V which satisfies:

– Initial Condition: x(τ0) ∈ I.
– Discrete Evolution: (x(τ ′i−1), v(τ ′i−1), x(τi)) ∈ E, for all i.
– Continuous Evolution: for all i with τi < τ ′i , x is continuous and v is

piecewise continuous in [τi, τ
′
i ] and for all t ∈ [τi, τ

′
i), (x(t), v(t), x(t)) ∈ E.

Moreover, for all t ∈ [τi, τ
′
i ] where v is continuous d

dt (x(t)|XC ) = f(x(t), v(t)).
– Input Constraints: for all t ∈ τ , v(t) ∈ φ(x(t)).

We use χ to denote an execution of H and H to denote the set of all executions
of H. We use x0 = x(τ0) to denote the initial state of an execution.

A property, P , of a hybrid automaton H is a map:

P : H → {True, False} (1)

We say an execution χ ∈ H satisfies property P if P (χ) = True; we say a hybrid
automaton satisfies a property P if P (χ) = True for all χ ∈ H. Given a set
F ⊂X we define a safety property, denoted by 2F , by:

2F (χ) =
{

True if ∀t ∈ τ, x(t) ∈ F
False otherwise



Computing Controllers for Nonlinear Hybrid Systems 241

2.2 Controller Synthesis

Assume that we are given a hybrid automaton H, which we refer to as the plant,
and we are asked to control it using its input variables so that its executions
satisfy certain properties. For the purposes of control the input variables of
the plant are partitioned into two classes: controls and disturbances. We write
V = U ∪D where U and D are respectively control and disturbance variables.
The interpretation is that the controls can be influenced using a controller, in an
attempt to guide the system, whereas the disturbances are determined by the
environment and may potentially disrupt the controller’s plans.

An instance of the controller synthesis problem consists of a pair, (H, P ), of
a plant hybrid automaton and a property of that automaton. In this paper we
restrict our attention to controller synthesis problems where P = 2F . A static
state feedback controller for H is a map:

g : X→ 2U (2)

Given a plant automaton H and a controller g for H one can define the set of
closed loop executions as:

Hg = {(τ, x, (u, d)) ∈ H|∀t ∈ τ u(t) ∈ g(x(t))} (3)

It is easy to see that this is precisely the set of executions of another hybrid
automaton, Hg. We say that controller g solves the synthesis problem (H,2F )
if Hg satisfies 2F . It can be shown [5] that for controller synthesis problems of
the form (H,2F ), one can restrict attention to memoryless controllers without
loss of generality.

A subset W ⊆ X is controlled invariant if the controller synthesis problem
(H,2W ) can be solved when I = W . It can be shown [5] that the controller
synthesis problem (H,2F ) can be solved if and only if there exists a unique
maximal controlled invariant subset of F . In the next sections we highlight a
procedure (introduced in [6]) for computing this subset.

3 Controller Synthesis for Hybrid Systems

3.1 Construction of Controlled Invariant Sets

For the synthesis problem (H,2F ) we seek to construct the largest set of states
for which the control u can guarantee that the property 2F is satisfied, despite
the action of the disturbance d. We first introduce some notation. For any v =
(u, d) define the set:

Inv(v) = {x ∈ X|v ∈ φ(x) and (x, v, x) ∈ E} (4)

For a state x ∈ X and input v = (u, d) consider the sets:

Next(x, v) =
{
{x′ ∈ X|(x, v, x′) ∈ E} if v ∈ φ(x)
∅ if v 6∈ φ(x) (5)
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Inv(v) is the set of states from which continuous evolution is possible under
input v, while Next(x, v) is the set of states that can be reached from state x
under input v through a discrete transition. Abusing notation slightly, for any
set K ⊆ X and input v = (u, d) we define the successor of K under v as the set:

Next(K, v) =
⋃

x∈K

Next(x, v) (6)

For any set K ⊆ X we define the controllable predecessor of K, Preu(K),
and the uncontrollable predecessor of K, Pred(K), by:

Preu(K) ={x ∈ X|∃u ∈ U ∀d ∈ D x 6∈ Inv(v) and Next(K, (u, d)) ⊆ K} ∩K
Pred(K) ={x ∈ X|∀u ∈ U ∃d ∈ D Next(K, (u, d))∩Kc 6= ∅} ∪Kc

(7)
Preu(K) contains all states in K for which u can force a transition back into K.
Pred(K), on the other hand, contains all states outside K, as well as all states
from which a transition outside of K is possible whatever u does. It is easy to
show that:

Proposition 1 Preu(K) ∩ Pred(K) = ∅.

The controllable and uncontrollable predecessors will be used in the discrete
part of the algorithm for determining controlled invariant subsets. For the con-
tinuous part we introduce the Reach-Avoid operator:

Definition 4 (Reach-Avoid) For two disjoint sets B ⊆ X and G ⊆ X, define
the Reach-Avoid operator as:

Reach(B, G) = {x0 ∈ X | ∀u ∈ Uf ∃d ∈ D and t ≥ 0 such that
x(t) ∈ B and x(s) 6∈ G for all s ∈ [0, t]} (8)

Here Uf denotes the set of all U-valued feedback strategies, D denotes the set
of piecewise continuous functions from the real line to D and x(·) the (unique)
continuous state trajectory starting at x(0) = x0 under input (u, d).

The set Reach(B, G) contains the states from which, for all u(·), there exists a
d(·), such that the state trajectory can be driven to B while avoiding an “escape”
set G.

Consider the following algorithm.

Let W 0 = F, W−1 = ∅, i = 0.
While W i 6= W i−1 do

W i−1 = W i \ Reach(Pred(W i), P reu(W i))
i = i− 1

end

(9)

In the first step of this algorithm, we remove from F all states for which there is a
disturbance d(·) which through continuous evolution can bring the system either
outside F , or to states from which a transition outside F is possible, without first
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touching the set of states from which a transition keeping the system inside F can
be forced. Since at each step W i−1 ⊆W i, the set W i decreases monotonically as
i decreases. If the algorithm terminates, we denote the fixed point by W ∗. In this
case, W ∗ can be shown to be the largest controlled invariant subset contained
in F .

3.2 Characterization of the Reach-Avoid Set

To implement this algorithm, we need to calculate Preu, Pred, and Reach . The
calculation of Preu and Pred is conceptually straight forward and can be done
by inverting the transition relation E. In this section we discuss the computa-
tion of the Reach set. By definition, the discrete state remains constant along
continuous evolution. Therefore, Reach(Pred(W i), P reu(W i)) can be computed
in “parallel” for each discrete state (see [10] for a similar partition proposed for
optimal control problems). In the following analysis, we describe this calculation
for one discrete state q ∈ XD. Abusing notation, we use from now on x to denote
the continuous part of the state, with the discrete part frozen at q.

For two disjoint sets B ⊆XC and G ⊆ XC, assume that there exist differen-
tiable functions lB : XC → R and lG : X→ R such that B

∆= {x ∈ XC|lB(x) ≤
0} and G

∆= {x ∈ XC|lG(x) ≤ 0}1. Consider the following system of coupled
Hamilton-Jacobi equations:

− ∂JB(x, t)
∂t

=

{
H∗B(x, ∂JB(x,t)

∂x ) for {x ∈ X | JB(x, t) > 0}
min{0, H∗B(x,

∂JB(x,t)
∂x )} for {x ∈ X | JB(x, t) ≤ 0}

(10)

and

− ∂JG(x, t)
∂t

=

{
H∗G(x, ∂JG(x,t)

∂x ) for {x ∈ X | JG(x, t) > 0}
min{0, H∗G(x, ∂JG(x,t)

∂x )} for {x ∈ X | JG(x, t) ≤ 0}
(11)

where JB(x, 0) = lB(x) and JG(x, 0) = lG(x), and

H∗B(x,
∂JB

∂x
) =

{
0, for {x ∈ X | JG(x, t) ≤ 0}
maxu∈U mind∈D

∂JB

∂x
f(x, u, d), otherwise (12)

H∗G(x,
∂JG

∂x
) =

{
0, for {x ∈ X | JB(x, t) ≤ 0}
minu∈U maxd∈D

∂JG

∂x f(x, u, d), otherwise
(13)

Equation (10) describes the evolution of the set B under the Hamiltonian
H∗B. This is the solution to the “maxu mind” game for reachability in purely
continuous systems (see for example [6]), with the modification that H∗B = 0 in
{x ∈ XC | JG(x, t) ≤ 0}. This ensures that the evolution of JB(x, t) is frozen
once this set is reached. Similarly, equation (11) describes the evolution of the set
G under the Hamiltonian H∗G. Here a “minu maxd” is used, since it is assumed

1 More generally, B and G may be expressed as the maximum of a set of differentiable
functions, as discussed in Section 4.
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B G

Reach(B,G)

Fig. 1. The computation of Reach(B, G) in a single discrete state q.

that the control tries to push the system into G, to escape from B. H∗G = 0
in {x ∈ XC | JB(x, t) ≤ 0} to ensure that the evolution of JG(x, t) is frozen
once this set is reached. In both cases we perform the calculation in “backwards
time”: we start the calculation at a fixed final time t = 0 and evolve backwards
to a free initial time t < 0.

Note that in both games, the disturbance is given the advantage by assuming
that the control plays first. In the following sequence of Lemmas, we prove
that the resulting set {x ∈ XC | JB(x, t) < 0} contains neither G nor states
for which there is a control which drives the system into G; and the set {x ∈
XC | JG(x, t) < 0} contains neither B nor states for which there is a disturbance
which drives the system into B. We then prove that {x ∈ XC | JB(x, t) < 0} is
the set Reach(B, G). Figure 1 illustrates an example.

Assume that differentiable functions JB and JG satisfying the above partial
differential equations exist. For all t ≤ 0, let

B(t) ∆= {x ∈ XC | JB(x, t) ≤ 0} G(t) ∆= {x ∈ XC | JG(x, t) ≤ 0} (14)

Note that B = B(0) and G = G(0).

Lemma 1 For all t2 ≤ t1 ≤ 0, B(t1) ⊆ B(t2) and G(t1) ⊆ G(t2).

Proof: Since ∂JB

∂t ≥ 0 when JB(x, t) ≤ 0 and ∂JG

∂t ≥ 0 when JG(x, t) ≤ 0,
both JB(x, t) and JG(x, t) are monotone non-increasing functions of −t when
JB(x, t) ≤ 0 and JG(x, t) ≤ 0. Thus, as t decreases, the sets B(t) and G(t) do
not decrease.

Lemma 2 If B◦(0) ∩G◦(0) = ∅ then for all t ≤ 0, B◦(t) ∩G◦(t) = ∅.

Proof: Assume, for the sake of contradiction, that x0 ∈ B◦(t)∩G◦(t) for some
t = t1 < 0, i.e. that

JB(x0, t1) < 0 and JG(x0, t1) < 0 (15)
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We first show that JB(x0, 0) ≥ 0 and JG(x0, 0) ≥ 0 (i.e., x0 is outside of both
B and G at t = 0). Suppose this is not true, i.e. suppose for example that
JB(x0, 0) < 0 and JG(x0, 0) ≥ 0. Then for all t ≤ 0

∂JG(x0, t)
∂t

= 0 (16)

which implies that JG(x0, t) = JG(x0, 0) ≥ 0 for all t ≤ 0, which contradicts (15).
A similar argument holds for the case in which JB(x0, 0) ≥ 0 and JG(x0, 0) < 0.

Thus JB(x0, 0) ≥ 0 and JG(x0, 0) ≥ 0. Since JB(x, t1) < 0, there exists
t2 ∈ [t1, 0] such that JB(x0, t2) = 0, and for all t ∈ [t1, t2], JB(x0, t) ≤ 0. Thus
for at least some interval in [t1, t2], JG(x0, t) > 0 (to allow JB(x0, t) to decrease
in this interval) and

∂JG(x0, t)
∂t

= 0 (17)

But this contradicts the assumption that x0 ∈ G◦(t1). A symmetric argument
holds for JG(x0, t).

Lemma 3 For all t ≤ 0, B(t) ∩G(t) = ∂B(t) ∩ ∂G(t). Moreover, for all t′ ≤ t,
B(t) ∩G(t) ⊆ ∂B(t′) ∩ ∂G(t′).

Proof:

B(t)∩G(t) = (B◦(t)∩G◦(t))∪(∂B(t)∩∂G(t))∪(B◦(t)∩∂G(t))∪(∂B(t)∩G◦(t))

From Lemma 2, (B◦(t) ∩G◦(t)) = ∅.
Assume that for some t = t1 < 0, x0 ∈ B◦(t)∩∂G(t). Therefore, JB(x0, t1) <

0 and JG(x0, t1) = 0. Therefore, there exists t2 ∈ [t1, 0] such that JB(x0, t2) = 0
and for all t ∈ [t1, t2], JB(x0, t) ≤ 0. Thus for some interval of [t1, t2], JG(x0, t) >
0 and

∂JG(x0, t)
∂t

= 0 (18)

which contradicts the assumption that x0 ∈ ∂G(t1). Thus B◦(t) ∩ ∂G(t) = ∅.
A symmetric argument holds for x0 ∈ ∂B(t) ∩ G◦(t) for t = t1 < 0, thus
∂B(t) ∩G◦(t) = ∅.

Therefore, B(t) ∩ G(t) = ∂B(t) ∩ ∂G(t). B(t) ∩ G(t) ⊆ ∂B(t′) ∩ ∂G(t′) for
t′ ≤ t follows from Lemma 1.

Theorem 1 (Characterization of Reach-Avoid) Assume that JB(x, t) (or
JG(x, t) respectively) satisfies the Hamilton-Jacobi equation (10) (or (11) respec-
tively), and that it converges uniformly in x as t→ −∞ to a function J∗B(x) (or
J∗G(x) respectively). Then,

Reach(B, G) = {x ∈ XC | J∗B(x) < 0} (19)
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Proof: Let x0 ∈ {x ∈ XC | J∗B(x) < 0}. Therefore, by construction, for
all u(·) ∈ U there exists d(·) ∈ D such that the state trajectory x(·), starting
at x0, will eventually enter B. Also, by Lemma 2, JG(x0) > 0. Thus ∀u(·) ∈ U ,
∃d(·) ∈ D, such that the state trajectory x(·) starting at x0 never enters G.
Thus, {x ∈ XC | J∗B(x) < 0} ⊆ Reach(B, G).

Now let x0 ∈ {x ∈ XC | J∗B(x) ≥ 0}. Assume for the sake of contradiction
that for all u(·) ∈ U , there exists a d(·) ∈ D such that the trajectory x(·), starting
at x0, enters B. Since for all x ∈ B, J∗B(x) < 0, there exists a time t1 > 0 at
which this trajectory crosses {x ∈ XC | J∗B(x) = 0}. However, for all x such that
J∗B(x) = 0, there must exist a u ∈ U such that for all d ∈ D, f(x, u, d) points
outside of {x ∈ XC | J∗B(x) < 0}. This contradicts the assumption of existence
of a d(·) which drives the system to B. Thus, Reach(B, G) ⊆ {x ∈ XC | J∗B(x) <
0}.

Using the function J∗B obtained once the algorithm has converged, a controller
which renders W ∗ invariant can be constructed:

g(x) =


{u ∈ φ(x)|U | ∀d ∈ φ(x)|D Next(x, (u, d)) ⊆W ∗}, if x ∈ (W ∗)o

{u ∈ φ(x)|U | ∀d ∈ φ(x)|D
(

∂J∗B(x)
∂x f(x, (u, d)) ≥ 0 ∧ x ∈ Inv(u, d)

)
∨(Next(x, (u, d)) ⊆W ∗ ∧ x 6∈ Inv(u, d))}, if x ∈ ∂W ∗

φ(x)|U , if x ∈ (W ∗)c

Here ∧ stands for the logical AND and ∨ for the logical OR .
In general, one cannot expect to solve for W ∗ using a finite computation.

The class of hybrid systems for which algorithms like the one presented here
are guaranteed to terminate is known to be restricted [4]. Techniques have been
proposed to resolve this problem, making use of approximation schemes to obtain
estimates of the solution (some are discussed in the next section). In practice, we
are helped by the fact that we are usually interested in finite time computations,
rather than computing for t→ −∞ or until a fixed point is reached.

Another problem is the requirement that the controller resulting from our
algorithm be non-Zeno (does not enforce the safety requirement by preventing
time from diverging). The algorithm proposed here has no way of preventing
such behavior. A practical method of resolving the Zeno problem is adding a
requirement that the amount of time the system remains in each discrete state
is bounded below by a positive number (representing, for example, the clock
period of a digital computer).

4 Computation using Level Set Methods

In practice, the usefulness of the algorithm for hybrid controller synthesis de-
pends on our ability to efficiently compute the optimal control and disturbance
trajectories (u∗(·), d∗(·)), that arise from the solution of the Hamilton-Jacobi
partial differential equations. Numerical solutions are potentially complicated
by the fact that the right hand side of proposed PDEs is non-smooth, the ini-
tial data F may have non-smooth boundary, (u∗(·), d∗(·)) may be discontinuous,
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and the solution may develop shocks over time. New optimal control tools [11]
can make the computation of (u∗(·), d∗(·)) feasible, at least numerically. In this
section, we discuss a numerical technique developed by Osher and Sethian which
computes the correct viscosity solution to the proposed PDEs, ensuring that dis-
continuities are preserved. We then compare it briefly with other approximation
techniques found in the literature.

4.1 A Level Set Method for Boundary Approximation

Consider the Hamilton-Jacobi equation:

− ∂J(x, t)
∂t

=

{
H∗(x, ∂J(x,t)

∂x ) for {x ∈ XC | J(x, t) > 0}
min{0, H∗(x, ∂J(x,t)

∂x )} for {x ∈ XC | J(x, t) ≤ 0}
(20)

with boundary condition J(x, 0) = l(x). A viscosity solution [12,13] to (20) is
the solution as ε→ 0 to the partial differential equation:

−∂Jε(x, t)
∂t

=

{
H∗(x, ∂Jε(x,t)

∂x ) + ε∆Jε(x, t) for {x ∈ XC | Jε(x, t) > 0}
min{0, H∗(x, ∂Jε(x,t)

∂x )}+ ε∆Jε(x, t) for {x ∈ XC | Jε(x, t) ≤ 0}
(21)

with boundary condition Jε(x, 0) = lε(x).
The level set methods of Osher and Sethian [8] ([14] provides a comprehen-

sive survey) are a set of computation schemes for propagating interfaces in which
the speed of propagation is governed by a partial differential equation. These nu-
merical techniques compute the viscosity solution to the Hamilton-Jacobi par-
tial differential equation, ensuring that shocks are preserved. The methods have
proved fruitful in many applications, including shape recovery problems in com-
puter vision [15], and plasma etching problems in micro chip fabrication [16].

The key idea of the level set method is to embed the curve or surface to be
evolved, for example the n−1-dimensional boundary of the reach set, as the zero
level set of a function in n-dimensional space. The advantage of this formulation
is that the n-dimensional function always remains a function as long as its speed
of propagation is smooth, while the n − 1-dimensional boundary may develop
shocks or change topology under this evolution. The numerical methods of [14]
choose the solution of (20) to be the one obtained from (21) as the viscosity
coefficient ε vanishes. Below we present an outline of the method for a two-
dimensional example.

In order for the numerical scheme to closely approximate the gradient ∂J∗(x,t)
∂x ,

especially at points of discontinuity, an appropriate approximation to the spa-
tial derivative must be used. Consider an example in two dimensions, with XC

discretized into a grid with spacing ∆x1 and ∆x2. As before we use x = (x1, x2)
to denote an element of XC. The forward difference operator D+xi is defined
(for x1, similarly for x2) as:

D+x1J(x, t) =
J((x1 + ∆x1, x2), t)− J(x, t)

∆x1
(22)
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The backward difference operator D−xi is defined (for x1, similarly for x2) as

D−x1J(x, t) =
J(x, t)− J((x1 −∆x1, x2), t)

∆x1
(23)

The central difference operator D0xi is defined (for x1, similarly for x2) as

D0x1J(x, t) =
J((x1 + ∆x1, x2), t)− J((x1 −∆x1, x2), t)

2∆x1
(24)

At each grid point in x, the partial derivatives ∂
∂x1

and ∂
∂x2

may be approx-
imated to first order using either the forward, backward, or central difference
operators. The correct choice of operator depends on the direction of f(x, u∗, d∗)
(in our case it depends on −f(x, u∗, d∗) since we compute backwards in time). If
−f(x, u∗, d∗) flows from left to right (from smaller to larger values of x1), then
then D−x1 should be used to approximate ∂J(x,t)

∂x1
; and if −f(x, u∗, d∗) flows from

bottom to top (from smaller to larger values of x2), then then D−x2 should be
used to approximate ∂

∂x2
(and vice versa). Such an approximation is called an up-

wind scheme, since it uses information upwind of the direction that information
propagates.

The algorithm for the two dimensional example proceeds as follows. Choose
a domain of interest in XC and discretize the domain with a grid of spacing
∆x1, ∆x2. Let xij represent the grid point (i∆x1, j∆x2) and let J̃(xij, t) repre-
sent the numerical approximation of J(xij, t).

Set t = 0 and compute the initial condition J̃(xij, 0) = l(xij).
While for some xij, J̃(xij, t) 6= J̃(xij, t−∆t) perform the following steps:

1. Compute u∗(xij, D
0x1 J̃(xij, t), D0x2J̃(xij, t)) and

d∗(xij, D
0x1J̃ (xij, t), D0x2J̃(xij, t)).

2. Calculate f(xij, u
∗, d∗)

3. If (−f(xij , u
∗, d∗)) flows from greater to lesser values of x1, let ∂

∂x1
= D+x1 ,

otherwise let ∂
∂x1

= D−x1 .
4. If (−f(xij , u

∗, d∗)) flows from greater to lesser values of x2, let ∂
∂x2

= D+x2 ,
otherwise let ∂

∂x2
= D−x2 .

5. Compute J̃(xij, t−∆t):
For xij such that J̃(xij, t) > 0,

J̃(xij, t−∆t) = J̃(xij, t) + ∆t
∂J̃(xij, t)

∂x
f(xij , u

∗, d∗) (25)

For xij such that J̃(xij, t) ≤ 0,

J̃(xij, t−∆t) =


J̃(xij , t) + ∆t

∂J̃(xij,t)
∂x f(xij , u

∗, d∗)
if ∂J̃(xij,t)

∂x f(xij , u
∗, d∗) < 0

J̃(xij , t) otherwise

(26)
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Fig. 2. {x ∈ XC | J(x, t) ≤ 0} shown in the (xr, yr)-plane for [v1, v1] = [2, 4],
[v2, v2] = [1, 5] and ψr = 2π/3.

Figure 2 displays the result of applying this algorithm to the two-aircraft ex-
ample (presented in detail in Section 5) with zero angular velocity and [v1, v1] =
[2, 4], [v2, v2] = [1, 5] and ψr = 2π/3.

The above discussion presents the very basic idea of level set methods; for
special forms of the Hamilton-Jacobi equation, extremely efficient variants of
this method exist [14]. In particular, the narrow band and fast marching methods
speed up the algorithm by confining the computation to a narrow band around
the evolving front.

4.2 Other Methods

A number of other techniques have been proposed for numerically approximating
the set of states reachable by a hybrid system, primarily for the purpose of
verifying safety properties. We review some of them below.

Polyhedral Approximations Consider a hybrid automaton with no control
inputs. For each valuation of the discrete state, the continuous dynamics of such
an automaton can be captured by a differential inclusion:

ẋ ∈ g(x) = {f(x, d) | d ∈ D} (27)
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One technique for numerically approximating the set of states that can be
reached by such an automaton is to partition the continuous state space into
polyhedral regions (e.g. rectangles) and then to conservatively approximate g(x)
in each region by a constant inclusion of the form:

ẋ ∈ [gmin, gmax] (28)

The computation of the reach set for the approximate system can then be carried
out exactly using tools developed for linear hybrid automata. In [17] it is shown
that the error in approximating the set of states reachable by the true system
in a bounded time interval can be made arbitrarily small by approximating the
differential inclusion arbitrarily closely. An advantage of this method is that
the class of constant inclusions used to approximate the differential inclusion
is known to be decidable, thus one can guarantee that the reachable set of the
approximate system can be computed in a finite number of steps. However, the
amount of preprocessing required to initially approximate the dynamics may be
formidable, especially if the time horizon over which the reach set needs to be
calculated is large.

A related approach is that of [18] and [19]. Here the approximation of the
dynamics is not carried out a-priori over the entire space, but only locally around
the boundary of the reachable set as the latter propagates in time. This could
potentially lead to substantial computational savings. The class of sets generated
by these techniques is again polyhedral, but no a-priori bounds are given on the
accuracy of the approximation.

Approximating non-smooth sets with smooth sets We have shown that
the reach set at any time t ∈ (−∞, 0] may have a non-smooth boundary due to
switches in (u∗, d∗), non-smooth initial data, or the formation of shocks. The level
set method scheme propagates these discontinuities, yet its implementation may
require a very small time step to do this accurately. In [7] we present a method
for over-approximating such non-smooth sets with sets for which the boundary
is continuously differentiable. Suppose that there exist differentiable functions
liG, i = 1, . . . , k such that for G a closed subset of XC:

G = {x ∈ XC | ∀i ∈ {i = 1, . . . , k}, liG(x) ≤ 0} (29)

Following [20,21] we define two smooth functions:

Gε(x) = ε ln

[
k∑

i=1

eliG(x)/ε

]
Gε(x) = Gε(x)− ε lnk

Define:

Gε = {x ∈ XC | Gε(x) ≤ 0}
Gε = {x ∈ XC | Gε(x) ≤ 0}
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One can show that Gε ⊆ G ⊆ Gε and2 limε→0 Gε = limε→0 Gε = G. By applying
Algorithm 9 to smooth inner and outer approximations of the set G, one can
calculate smooth inner and outer approximations to the reach set.

A similar idea is to use ellipsoids as inner and outer approximations to the
reach set [22,23]. [23] presents efficient algorithms for calculating both the min-
imum volume ellipsoid containing given points, and the maximum volume ellip-
soid in a polyhedron, using matrix determinant maximization subject to linear
matrix inequality constraints.

5 Two-Aircraft Conflict Resolution

R

Mode 1

Mode 2 Mode 3

new way point
Mode 4

M
od

e 
5
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Mode 6

Fig. 3. Two aircraft in seven modes of operation: in modes 1, 3, 5, and 7 the
aircraft follow a straight course and in modes 2, 4, and 6 the aircraft follow arcs
of circles. The initial relative heading is preserved throughout.

Consider two aircraft flying in collision course on the same horizontal plane
(Figure 3). To avoid the collision the aircraft go through a coordinated avoidance
maneuver: when they come within a certain distance of each other, they both
start to turn to the right, following a trajectory which is a sequence of arcs of
circles of fixed radii, and straight lines (trimmed flight segments). We assume that
aircraft 1 initiates the avoidance maneuver and that the aircraft communicate
and switch modes simultaneously. We also assume that the angles of the avoid
maneuver are fixed, so that the straight path of mode 3 is at a −45◦ angle to
the straight path of mode 1, and that of mode 5 is at a 45◦ to that of mode 1.
Also, the radius of each arc is fixed at a pre-specified value, and the lengths of
the segments in modes 3 and 5 are equal to each other, but unspecified. Given

2 Considering appropriate topologies for 2XC .
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some uncertainty in the actions of the aircraft, we would like to generate the
relative distance between aircraft at which the aircraft may switch safely from
mode 1 to mode 2, and the minimum lengths of the segments in modes 3 and 5,
to ensure that a 5 nautical mile separation is maintained.

The system can be modeled by a hybrid automaton with seven discrete states
(XD = {straight1, arc1 , straight2, arc2 , straight3, arc3 , straight4}) and four
continuous states, the relative position, (xr, yr), and heading, ψr, of the two
aircraft, and a clock variable, z, to keep track of how long the aircraft have
stayed in each mode. Overall, XC = R2 × [0, 2π]× R. A discrete control input
σ ∈ UD = {0, 1} can be used to initiate the maneuver. There is also a continuous
control input, the groundspeed of aircraft 1, v1 ∈ UC = [v1, v1] and a continuous
disturbance input, the groundspeed of aircraft 2, v2 ∈ D = [v2, v2]. The speed
of aircraft 2 is treated as a disturbance because we assume that aircraft 1 can
estimate it only approximately. The dynamics are shown pictorially in Figure
4, in the usual location invariant, transition guard and transition reset relation
convention. The unsafe set G is given by:

G = XD × {(xr, yr, ψr, z) ∈ XC|x2
r + y2

r ≤ 52} (30)

To simplify the calculation we assume that the speed of both aircraft remains
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Fig. 4. Hybrid automaton model for the conflict resolution maneuver.

constant during the circular parts of the maneuver, but can take on any allowable
value in the straight parts. In other words, φ(x) = UD × {(v̂1, v̂2)} if x|XD ∈
{arc1, arc2 , arc3} and φ(x) = UD ×UC ×D otherwise.

Our goal is to compute the relative distance at which the maneuver must
start, the length of the straight legs straight2 and straight3 , as well as the
groundspeed v∗1 along those legs, to ensure safety. The unsafe sets computed
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yr

xrr

yr

xx rx
r

yryr

(a) (b) (c) (d)

Fig. 5. JGi(x) ≤ 0 for (a) Modes 1 and 7 (i = 1, 7), ω1 = ω2 = 0 and [v1, v1] =
[2, 4], [v2, v2] = [1, 5] (the jagged edge means the set extends infinitely); (b)
Modes 3 and 5 (i = 3, 5), ω1 = ω2 = 0 and [v1, v1] = [2, 4], [v2, v2] = [1, 5]; (c)
Mode 4 (i = 4), ω1 = ω2 = 1 and v1 = v2 = 5; and (d) Modes 2 and 6 (i = 2, 6),
ω1 = ω2 = −1 and v1 = v2 = 5. In all cases, ψr = 2π/3.

by our algorithm for each one of the discrete modes are shown in Figure 5 for
i = 1, . . . , 7. In the straight modes, the sets are calculated using (v∗1 , v∗2) of Sec-
tion 4 (and thus show a close resemblance to the set in Figure 2). The corners
in the set for the straight modes (1, 3, 5 and 7) indicate discontinuities in the
optimal controls v∗1 and v∗2 . Figure 6 displays the fixed point W ∗ = W−7 for the
initial mode straight1. The controller that switches between the modes is also
illustrated in Figure 6. The time spent in the straight legs of the maneuver T ,
may be chosen to minimize the deviation from the original route, while ensuring
that (W ∗)c is small.

6 Concluding Remarks

A common concern for all approximations for the computation of the set of reach-
able states is that, for safety properties, one typically would like a conservative
over approximation. This will ensure that if the approximate set of reachable
states satisfies the property the exact set will also satisfy it. This requirement
is built into most of the approximation techniques discussed in Section 4. It is
not as easy to satisfy with the level set method, however. One needs to keep
accurate bounds of the numerical errors and grow the final estimate of the reach
set appropriately.

An additional issue one needs to consider in the context of controller synthesis
is the controlled invariance of the approximation. This issue has not to our
knowledge been addressed by any of the methods proposed in the literature (since
they are primarily concerned with verification). One would like to ensure that
the numerical estimate of the reach set (for the case of the level set method, this
could be some interpolation between the collection of discrete points produced
by the algorithm) is controlled invariant. If this is indeed the case, one would
also like to obtain a controller that renders the approximation invariant.
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transition to arc1
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Fig. 6. (W ∗)c = (W−7)c in straight1.
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Abstract. In previous work the stabilization of Orthogonal Piecewise
Linear (OPL) systems was considered and a simple design technique was
outlined. In this paper the problems of robustness analysis and design
for OPL systems are investigated. It is shown that, due to simplicity in
the algebra involved, piecewise-linear Lyapunov functions offer consider-
able ease in addressing robustness. Assuming real structured parametric
uncertainties in general affine linear state-space models, time-varying or
state-dependent uncertainties as well as modeling errors can be taken
into account, while retaining the same spirit in the design procedure.
Bounds for the uncertain parameters can be easily found using linear
programming and the computational complexity is kept low. These is-
sues complete the OPL framework and confirm that it constitutes a sim-
ple design technique for addressing stability, performance and robustness
while taking into account control limitations.

1 Introduction

The research described here was stimulated by practical experience with Piece-
wise Linear (PL) systems as they arise naturally in industry. Such systems com-
bine PL control rules with linear dynamics, are hard to analyze and can lead to
unpredictable behavior. The OPL approach was conceived specifically to produce
a simple design method for such PL systems.

The OPL structure, described in [10,11] is a special PL structure obtained
when the state-space is partitioned into a number of regions by means of hy-
perplanes parallel to the state coordinate axes. All regions formed are hyper-
rectangles and independent local conditions for stability can be imposed by
using local PL Lyapunov functions, called in [10] Local Polyhedral (LP) Lya-
punov functions . If these conditions are satisfied by applying independent local
controls, then global stability is proved by constructing a global PL Lyapunov
function, which is the result of “gluing” together the local functions. The design
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gives rise to a variable-structure and discontinuous control law. Although not
explicitly considered during the design, sliding modes are likely to occur and
their stability is always guaranteed. Simple linear programming is used to gener-
ate controls and the convergence rate can be maximized, leading to exponential
stability with optimized performance.

PL Lyapunov functions were used in [1,6] for robust stability analysis or
design. Similar ideas are further extended and studied herein. It is shown that
independent local robustness analysis and design is a straightforward extension
of the ideas outlined in [10,11]. After introducing a general state-space model
which can accommodate uncertainties in all entries of all state-space matrices
involved, it is shown how the effect of all uncertainties can be aggregated and
related to the stability margin in the stability conditions.

The stability analysis problem is treated first. Bounds on allowable pertur-
bations are found such that stability of a nominally stable system is maintained.
Next the stability design problem is studied. Assuming uncertainties with known
bounds, a design procedure is described which generates controls such that the
stability conditions are satisfied for all values of the uncertain parameters, while
control limitations are respected. Both problems can be easily solved in a compu-
tationally tractable manner, provided that the number of uncertain parameters
is kept relatively small. Moreover, the non-conservative nature of the results is
noted.

The paper is organized as follows: In section 2 the OPL framework intro-
duced in [7] is briefly described. In section 3 the nice properties of PL Lyapunov
functions are discussed and the robustness analysis and design problems are sub-
sequently outlined. Finally, two illustrative examples are given in section 4 and
the paper is concluded with some remarks on further developments.

2 Stabilization of OPL systems

2.1 The OPL framework

The OPL framework is described in [7,10] . Some basic concepts are repeated
here for completeness.

Definition 1. An orthogonal complex in a finite dimensional real Euclidean
space Rn is defined to be the set P = {Pi ⊂ Rn : i = 1, . . . , (2d− 1)n} of (2d−1)n

bounded convex polytopes Pi (referred to as regions throughout) created when 2d
(d ∈ N) hyperplanes orthogonal to each state are introduced in the state-space.
The hyperplanes perpendicular to the xi coordinate take the form xi = ci,j and
xi = −ci,−j , i = 1, 2, . . . , n , j = 1, . . . , d , ci,±j > 0. There are a total
of 2(d × n) hyperplanes. P0 is the central region which contains the origin. All
regions are assumed to be closed.

Compact coveringsXk =
∏n
i=1

[
−ci,−(k+1) , ci,(k+1)

]
comprising a series of nested

polytopes surrounding P0 and corresponding rings Rk = Xk \Xk−1 are intro-
duced. Every region is assigned its own affine linear dynamics

ẋ = Ai x+Bi u+ ci , x ∈ Pi (1)
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where x ∈ Rn , u ∈ Rm , ci ∈ Rn , Ai ∈ Rn×n , Bi ∈ Rn×m , Pi ∈ P . The
control input u takes the form

u = F i x+ gi , x ∈ Pi (2)

where F i ∈ Rm×n , gi ∈ Rm and the closed-loop system becomes

ẋ = f (x) = (Ai + Bi F i) x+ (Bi gi + ci) , x ∈ Pi (3)

It is assumed that c0 = 0 , g0 = 0 so that f (0) = 0 and that the origin is the
only equilibrium point for the linear system in P0. In general, every local region
Pi contains its own local control law u. The aim of the switching controller in
the regions surrounding P0 is then to act as a set of safety rules which ensure
boundedness of the state inside P0.

In terms of a hybrid model, the OPL system can be described as autonomous
switching between a set of piecewise linear affine models [2].

2.2 Stabilization using PL Lyapunov-like functions

The problem of stabilization of OPL systems has been studied in terms of the
rings present in the system. The control objective was to design each ring Rk
to be asymptotically stable, i.e. all trajectories emanating from any point in
Rk are eventually attracted to the lower ring Rk−1. This design requirement
was systematically addressed using appropriately designed Lyapunov-like func-
tions, called Local polyhedral (LP) and Ring polyhedral (RP)Lyapunov func-
tions. These further specified the form of the stability conditions for every local
region in the OPL system. The RP and LP polyhedral functions can be thought
of as ring-induced and region-induced polyhedral functions respectively, since
they are especially designed to ensure stable behaviour for those domains of the
state space.

The multiple Lyapunov-like functions used in this work are similar in spirit
to the ones used in [5] and certainly a special form of the general functions
proposed in [2] for stability analysis of hybrid systems. However, they are used
herein for stability design of a special class of hybrid systems, for which it is
shown that simple design methodologies exist, due to PL dynamics and the PL
form of the proposed Lyapunov functions.

The form of the RP-Lyapunov functions is quite simple and the number of
facets involved is kept quite small (2 × n). This is in contrast to classical ap-
proaches for control synthesis using PL-Lyapunov functions ([1] and references
therein) , in which it has been proved that polyhedral Lyapunov functions are
a universal class for linear uncertain systems control design, but practically this
implies that the number of different linear segments must be sufficiently large
and, although techniques for determination of controls exist, they give rise to
complicated procedures which suffer from computational explosion w.r.t dimen-
sion.

In this work, a more practical and simple policy has been adopted. By select-
ing simple forms of Lyapunov functions, induced by the PL dynamics partition,
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we avoid computational explosion and simplify the design procedure. Moreover,
in addition to stability, the form of the Lyapunov function used (PL with lo-
cal validity) allows independent local design while offering ease in addressing
robustness and performance in addition to stability.

However, the existence of LP and RP Lyapunov functions is not guaranteed.
The method is applicable only if controllable directions can be found for all linear
systems. Moreover, if a number of conditions have to be simultaneously satisfied
for a single region, control solutions might not exist. Aggregation of regions is
important for reducing the exponential increase of the number of regions and
control rules, since we do not expect the number of partitioning hyperplanes
to increase significantly with dimension in general. In [10] it is shown that due
to the special OPL structure and the Lyapunov function selection, computation
demands are polynomial in the state dimension n, provided that the total number
of regions is not too high. Simple linear programming can be used for generating
controls.

Two sufficient conditions, regarding the asymptotic stabilization of a ring
and the whole OPL system have been stated in [10].

Proposition 1. A ring Rk is asymptotically stable if there exists an RP-Lya-
punov function Vk(x) for that ring.

Proposition 2. An OPL system is asymptotically stable if every ring Rk of the
system is asymptotically stable.

Proof. When all rings are asymptotically stable, transition from the upper rings
to the lower ones occurs on the common boundary between them and it is obvious
that the global behaviour is absolutely predictable. This implies that phenomena
such as limit cycles, chaotic motion, unstable sliding motion, parasitic equilibria
etc. are not possible. Thus, we conclude that the system is asymptotically stable,
i.e. all trajectories finally enter the central region in finite time and are eventually
settled at the origin.

3 Robustness issues

3.1 Robust stability and PL Lyapunov functions

Robust stability is often addressed in the robust control Lyapunov function
(RCLF) framework. Assume the system dynamics are given in the form ([4])

ẋ = f(x) + gw(x)w + gu(x)u (4)

Given a locally Lipschitz, proper and positive definite scalar function V : Rn →
R, its level set V −1 [c1, c2]

.= {x ∈ Rn : c1 ≤ V (x) ≤ c2} , uncertainties w in a
polytopeW ⊂ Rl and control limitations u(t) ∈ U ⊂ Rm we repeat the following
definition ([4]) :
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Definition 2. Consider a positive definite function W (x). The function V (x)
is a robust control Lyapunov function (RCLF) with stability margin W (x) with
controls in U over V −1 [c1, c2] for the system (4) if there exists a control law
µ : Rn → U such that

sup
x∈V −1[c1,c2]

max
w∈W

{ LfV (x) + LgwV (x)w + LguV (x)µ(x) +W (x) } ≤ 0 (5)

where LfV (x) the Lie derivative of V (x) along f(x).
For general nonlinear systems, stability analysis based on evaluation of (5)

suffers from high computational complexity, especially when the form of the
Lyapunov function is not exactly specified and needs to be designed as well
(usually using an iterative procedure).

In the following, affine piecewise linear uncertain dynamics and polytopic
Lyapunov functions are considered. Polytopic functions of the form

V (x) = max
1≤i≤s

{
γTi · x

}
(6)

divide the state-space into a number of cones in which V (x) = γTi · x is linear.
The stability conditions imposed locally in every such cone Ci are

γTi · ẋ < 0 ∀x ∈ Ci (7)

A useful state-space model for structured uncertainty is to consider a number
of uncertain parameters affecting the entries of the matrices involved. Let the
linear dynamics in some Ci be

ẋ = A · x+B · u+ c ∀x ∈ Ci (8)

with

A = A(n) +
nA∑
i=1

κiE
(A)
i , B = B(n) +

nB∑
j=1

λj E
(B)
j ,

c = c(n) +
nc∑
l=1

µl e
(c)
l

(9)

whereA(n), B(n), c(n) are the nominal values and κi, λj , µl are uncertain, state-
dependent or time-varying parameters affecting some or all of the entries of the
nominal matrices, as specified in the E(A)

i , E
(B)
j , e

(c)
l matrices. This framework

is a generalization of the ideas in [3,12]. All parameters can affect more than one
entry simultaneously. The uncertain parameters are considered independent of
each other and take values in bounded intervals

κi ∈
[
κ−i , κ

+
i

]
i = 1, . . . , nA

λj ∈
[
λ−j , λ

+
j

]
j = 1, . . . , nB

µl ∈
[
µ−l , µ

+
l

]
l = 1, . . . , nc

(10)



Stabilization of Orthogonal Piecewise Linear Systems 261

Under the assumption that the perturbed matrices depend linearly on the pa-
rameters this framework is quite general, i.e. it can cover a large number of
possibilities. In addition, all uncertain parameters can represent external physi-
cal variables of interest.

Let us consider a convex, closed and bounded region R ⊆ Ci ⊂ Rn. Then
the polytopic Lyapunov function is linear ∀x ∈ R, say V (x) = γT · x and the
stability condition (7) becomes

(γT ·A) · x+ (γT ·B) · u+ (γT · c) < 0 ∀x ∈ R (11)

If a local controller u = F · x+ g has been designed for R then (11) yields[
γT · (A +B · F )

]
· x+

[
γT · (c+B · g)

]
< 0 ∀x ∈ R (12)

From (9),(12)

pT · x+ q +
∑
i

κi ·
(
e

(A)
i · x

)
+
∑
j

λj ·
(
e

(B)
j · x+ rj

)
+
∑
l

sl · µl < 0 ∀x ∈ R (13)

where

pT = γT · (A(n) +B(n) F ) , q = γT · (c(n) +B(n) g)

e
(A)
i = γT ·E(A)

i , e
(B)
j = γT ·E(B)

j · F

rj = γT ·E(B)
j · g , sl = γT · e(c)

l

(14)

Assuming a polytopic R the following result is obtained

Proposition 3. The local stability condition (13) is satisfied ∀x ∈ R if and
only if it is satisfied for all vertices of R.

Proof. Necessity : Obvious, since the vertices belong to the region.
Sufficiency : Any point x ∈ R can be written as

x =
nv∑
ν=1

ρν · xν ,
∑
ν

ρν = 1, ρν ≥ 0 ∀ν

where nv is the number of vertices of R. If (13) is satisfied for all vertices xν ,
i.e. A(xν) < 0 (where A(x) the left-hand side expression in (13)) then

A(x) =
nv∑
ν=1

ρν · A(xν) < 0 ∀x ∈ R (15)

as can be easily verified from the linear form of A(x).
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Let us denote by w the vector of all uncertain parameters

w = [κ1 . . . κnA λ1 . . . λnB µ1 . . .µnc ]
T (16)

Following the result of Proposition 3 a set of linear inequalities in w is obtained
from (13) (one for each vertex) which further specifies a convex polyhedral region
in the parameter’s space for which the stability condition (12) is satisfied. This
is due to the simple algebraic conditions resulting from the use of polyhedral
Lyapunov functions . Moreover, the resulting polyhedral region specifies the
solution in an exact and non-conservative (necessary and sufficient) manner as
follows easily from Proposition 3. This region contains all possible combinations
of bounding interval solutions (of the form (10)) for robust stability and is further
exploited in the next sections for the OPL analysis and design problems.

3.2 Robust OPL analysis

We consider the following problem :

Problem 1. Consider an OPL system and a control law u that satisfies the stabil-
ity properties in a local region Pi ∈ P for the nominal system. The robust OPL
analysis problem consists of determining allowable bounds for the uncertain
parameters of the perturbed system (9) such that local stability is preserved.

In an OPL setting, analysis or design is carried out locally and independently in
each region. Let Sp, p = 1, . . . , np denote the sectors in which Pi can be divided
[10]. Every sector has its own local condition in the form

γTp · ẋ < 0 , ∀x ∈ Sp (17)

Let the linear system dynamics and feedback law in Pi be

ẋ = Ax+Bu+ c ,u = F x+ g , x ∈ Sp (18)

so that the closed-loop system becomes

ẋ = Ac x+ bc , x ∈ Sp (19)

It follows easily from the discussion in the previous section that a set of linear
inequalities in the uncertain parameters can be obtained for every sector. If
these are subsequently combined, i.e. the intersection of the feasible regions for
each sector is taken, a feasible polyhedral region in the parameter’s space is
defined. Bounded intervals for the uncertain parameters can be easily specified
by fitting hyper-rectangles into the feasible region. An infinite number of possible
solutions of course exists and many techniques for specifying them including
linear programming can be used. The idea is demonstrated in the following
simple example :

Example 1 : Consider the region shown in Figure 1 with the following
controlled dynamics

ẋ = Ac · x , Ac = A(n)
c + κ1 ·E1 + κ2 ·E2 (20)



Stabilization of Orthogonal Piecewise Linear Systems 263

where

A(n)
c =

(
−3 −2
1 0

)
, E1 =

(
−1 1
0 0

)
, E2 =

(
1 0
0 1

)
(21)

Two uncertain or time-varying parameters κ1, κ2 are considered. Both affect the
element Ac(1, 1). The stability condition in sector S1 is ẋ1 < 0 , ∀x ∈ S1 and it
is satisfied for the nominal system matrix A(n)

c . When the perturbed matrix Ac

is considered the stability conditions for all the vertices determine the feasible
region shown in Figure 1. Two interval solutions (which can be readily found
using linear programming) are also shown.

The dotted line shown corresponds to the new bounds of the feasible region
if the values -3 and -2 in the first row of A(n)

c are replaced by -2 and -1. The
stability condition is then satisfied for the nominal system and the feasible region
is reduced in size. It is interesting to observe that the orientation of the bounding
lines is maintained and only their position is modified, i.e. they are shifted.
Moreover, the rectangles determining the parameter intervals are not bounded
from below.

Fig. 1. OPL region of example 1 (left) and the
feasible region in the parameter’s space (right)

Fig. 2. OPL region of example
2

3.3 Robust OPL design

For control design, we consider the following :

Problem 2. Consider a local region Pi ∈ P in an uncontrolled OPL system (18)
in which parametric uncertainty is specified as in (9) with known intervals (10)
for the uncertain parameters. The robust OPL design problem consists of
finding a feedback control law u such that

– The local stability condition in Pi is satisfied for all values of the uncertain
parameters;

– Control limitations |u| < U (i.e. |ui| < Ui for all its components) are re-
spected;

– The rate of convergence (which is a measure of the system’s local perfor-
mance) is maximized.
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Let us recall (13) in which e(B)
j (F ), rj(g) ∀j need to be designed according to

the requirements of Problem 2. The vector of uncertain parameters w satisfies
w ∈ W, whereW contains all values for the uncertain parameters in the bounded
intervals. As described in Proposition 3, (13) has to be satisfied at all vertices of
the region of interest. Thus, for every sector Sp of Pi we require

max
w∈W

{ pT · xν + q +
∑
i

κi ·
(
e

(A)
i · xν

)
+
∑
j

λj ·
(
e

(B)
j · xν + rj

)
+
∑
l

sl · µl } < 0 ∀xν ∈ Sp (22)

where xν , ν = 1, . . . , nv denote the vertices of Sp. If w = [wAwBwc] is divided
in three parts containing separately the parameters affecting A, B, c, (22) be-
comes

max
wA∈WA

{K}+ max
wB∈WB

{Λ}+ max
wc∈Wc

{M} < 0 ∀xν ∈ Sp (23)

where WA, WB, Wc contain the corresponding sets of intervals. The maximiza-
tion in (23) can be performed separately since the uncertain parameters are
independent. It is

max
wA∈WA

{K} = pT1 · xν +
∑
i

max{ζi κ−i , ζi κ
+
i } (24)

and

max
wc∈Wc

{M} = q1 +
∑
l

max{sl µ−l , sl µ
+
l } (25)

where pT1 = γTp A
(n), q1 = γTp c

(n), ζi = e
(A)
i · xν. Both quantities can be cal-

culated easily prior to control law selection. The second quantity contains the
control elements F , g to be found and is written as

max
wB∈WB

{Λ} = pT2 · xν + q2 +
∑
j

[
λ+
j Θ

+
j − λ−j Θ−j

]
(26)

where pT2 = γTp B
(n)F , q2 = γTp B

(n) g and

Vj = e
(B)
j · xν + rj = Θ+

j − Θ−j , Θ+
j , Θ

−
j ≥ 0. The new auxiliary variables

Θ+
j , Θ

−
j are added so that the partial maxima in the sum can be calculated with

respect to the unknown controls F , g. It is a compact technique (see also [10])
that makes the calculation of (23) straightforward and it is suitable for linear
programming implementation. Note that (23)– (26) correspond to a necessary
and sufficient condition for a solution to the robust OPL design problem. Control
limitations can be easily added as extra conditions in the linear program.

Furthermore, instead of V̇ (x) < 0 the condition V̇ (x) < −ε V (x) is imple-
mented in the linear program and the maximum ε is searched for. This corre-
sponds to maximization of the decay rate, i.e. to optimal performance. Thus,
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robustness and performance can be addressed in this simple manner. In addi-
tion, the implementation is computationally tractable, since only the vertices of
the region of interest need to be checked.

The stability margin mentioned in (5) can be directly related to robustness
and performance. (13) becomes

A(n)(x) +W (x) < 0 with W (x) = W1(x) +W2(x) (27)

where A(n)(x) = pTx+ q corresponds to nominal values , the maximum bound
due to the uncertainties is given by W1(x) = maxw∈W{A(x)} − A(n)(x) and
W2(x) = ε·V (x) relates to the maximum decay rate. These quantities provide the
means for quantifying robustness and performance and determine certain trade-
offs between them. In addition, the total stability margin W (x) can be related
to the available control energy. Thus, all important qualities and limitations can
be linked in this simple manner and utilized during the design procedure for
simpler and more effective design.

In the following example the previously mentioned concepts are applied in a
simple case :

Example 2 : Consider the region shown in Figure 2 with the following
uncontrolled dynamics

ẋ = A(n) · x+ b(n) · u+ c(n) (28)

where

A(n) =
(

2 1
0 3

)
, b(n) =

(
1
1

)
, c(n) =

(
0.5
−0.3

)
(29)

Let us assume independent uncertainties for all entries of A(n), b(n), c(n),
e.g. 10% symmetric uncertainty. Then the following uncertain parameters can
be assigned

κ1 ∈ [−0.2 , 0.2] , κ2 ∈ [−0.1 , 0.1] , κ3 ∈ [−0.1 , 0.1] ,
κ4 ∈ [−0.3 , 0.3] , λ1 ∈ [−0.1 , 0.1] , λ2 ∈ [−0.1 , 0.1] ,
µ1 ∈ [−0.05 , 0.05] , µ2 ∈ [−0.03 , 0.03]

(30)

so that the following perturbed matrices are obtained

A = A(n) +
4∑
i=1

κiE
(A)
i , B = B(n) +

2∑
j=1

λj E
(B)
j ,

c = c(n) +
2∑
l=1

µl e
(c)
l

(31)

where the uncertainty structure is given by

E
(A)
1 =

(
1 0
0 0

)
, E

(A)
2 =

(
0 1
0 0

)
, E

(A)
3 =

(
0 0
1 0

)
,

E
(A)
4 =

(
0 0
0 1

)
, e

(b)
1 = e

(c)
1 =

(
1
0

)
, e

(b)
2 = e

(c)
2 =

(
0
1

) (32)
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The stability conditions are ẋ1 < 0 ∀x ∈ S1 and ẋ2 < 0 ∀x ∈ S2 and they are not
satisfied with the nominal values. Using a linear program we found that U ≥ 11
for satisfying the condition in S1 assuming nominal values and U ≥ 13 with 10%
uncertainty. Similarly for S2 U ≥ 12 and U ≥ 15 respectively. Typical controllers
and decay rates found (assuming |u| ≤ 15) are u1 = −3.17 ·x1−1.22 ·x2−0.611,
u2 = −0.11 ·x1− 3.74 · x2 + 0.3, ε1 = 0.65, ε2 = 0.0675. These numbers quantify
performance locally. This simple example shows the simplicity in addressing
stability, robustness and performance issues using the proposed technique.

4 Examples

Two illustrative examples are next given. The first is a linear system containing
two PL elements (“hard” nonlinearities) while the second is a smooth nonlinear
system approximated in a piecewise-linear form.

4.1 Mechatronic actuator

A simplified model of a mechatronic actuator [6] is assumed, in which the aim
is high positioning precision with no overshoot and robustness with respect to
the unknown sliding friction FR. FL is a constant external force. The system is
shown in Figure 3. The dynamics in state space form are

Rule-based
controller

U

-U

saturation

feedback u 1
s

1
s

F
L

-F

FR

R

x x2 1

friction

Fig. 3. The simplified mechatronic actuator model

ẋ1 = x2

ẋ2 = FL − FR · sign(x2) + sat(u)

where x1 = x, x2 = ẋ are position and velocity respectively. By taking into
account the control limitations and applying a similarity transformation y1 =
x1 + x2 , y2 = x2 in order to make both coordinate axes controllable (see [10])
the system’s state-space equation becomes

ẏ =
(

0 1
0 0

)
· y +

(
1
1

)
· u +

(
1
1

)
· c (33)

and now both directions are controllable. Without loss of generality, we assume
saturation bounds |u| ≤ 10 and a region of interest given by −5 ≤ yi ≤ 5 , i =
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1, 2. By splitting the region of interest into 9 regions we create a ring and form
an OPL system with its associated RP-Lyapunov function. The initial and trans-
formed working domains together with the level surfaces of the corresponding
Lyapunov functions are shown in Figure 4. Two different design techniques have

2x

x1

y

y

2

1

52-2
-5

-2

2

5

-5

5

-5

5

-5

-10

10

Fig. 4. The transformed and actual working do-
mains and corresponding RP-Lyapunov func-
tions
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0
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4
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Fig. 5. Simulated tra-
jectories of the con-
trolled mechatronic ac-
tuator using constant
controls

been used in [10], namely constant controls and state feedback. The robustness
ideas discussed in previous sections were applied in order to maximize the stabil-
ity margin under the given control saturation limitations. Thus, optimal perfor-
mance and robustness to uncertain parameters of interest have been achieved.
For more details the reader can refer to [10].

The simulated trajectories of the controlled system using constant controls
are shown in Figure 5. It is essentially a sliding mode controller along the line
y1 + y2 = 0 or ẋ + 0.5x = 0, which is a stable sliding surface. Thus, in the
attempt to generate the most robust controller based on the stability conditions
imposed by the use of a PL Lyapunov function and under some limitations we
ended up with a sliding mode controller, having very good robustness properties,
as can be verified using simulations with large disturbances. This control law is
much simpler compared to the one used in [6] and other highly complicated
controllers. The system can be also controlled using state-feedback including
the central region. The design is not going to be as robust as with constant
controls, as can be easily verified by reapplying the same conditions. However, the
linear programs will optimize the stability margin, thus resulting in maximum
robustness margins as well.

The simulated trajectories of the controlled system are shown in Figure 6.
Note that sliding modes are present. Sliding modes can be avoided by modifying
the control law in two regions only. The new simulated trajectories are shown in
Figure 7.
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Fig. 6. Simulated trajectories of the
controlled mechatronic actuator us-
ing state feedback

−6 −4 −2 0 2 4 6
−4

−3

−2

−1

0

1

2

3

4

Fig. 7. Simulated trajectories of the
controlled mechatronic actuator us-
ing state feedback and extra condi-
tions for sliding mode avoidance

4.2 A Mass-spring-damper nonlinear system

The nonlinear system considered in [9], p.8 is studied here. It is a mass-spring-
damper nonlinear system governed by the following equation of motion

ẍ = −0.1 · ẋ3 − 0.02 · x− 0.67 · x3 + u (34)

in which the stiffness coefficient of the spring and the damping coefficient of the
damper are nonlinear. The aim of this example is to show how the OPL ideas
can be applied to smooth nonlinear systems and generate simple control laws.

The system equations in state-space form are

ẋ1 = x2

ẋ2 = −0.1 · x3
2 − 0.02 · x1 − 0.67 · x3

1 + u

where x1 = x and x2 = ẋ denote again position and velocity respectively. A
similarity transformation y1 = 2 · x1 + x2 , y2 = x2 is applied for obtaining two
controllable directions y1 , y2.

The initial region of interest −1.5 ≤ xi ≤ 1.5 , i = 1, 2 [9] becomes −4.5 ≤
y1 ≤ 4.5 , − 1.5 ≤ y2 ≤ 1.5 (see Figure 8). The new working domain is
divided into three rings for subsequent OPL design. It is shown in Figure 9. The
transformed dynamics are

ẏ1 = −0.01 · y1 + 2.01 · y2 + u+ g(y)
ẏ2 = −0.01 · y1 + 0.01 · y2 + u+ g(y)

where g(y) = −0.67 · [ 1
2
(y1 − y2)3] − 0.1 · y3

2 . The nonlinear dynamics can be
approximated as linear in every OPL region by using least squares. The error of
the approximation is taken into account by considering an uncertain parameter
with appropriate bounds in the constant term of the linear equation. E.g. if g(y)
is approximated as g(y) = r1 · y1 + r2 · y2 + r3 in some OPL region with error
bounds e ∈ [e−, e+] then the equations become

ẏ =
(
r1 − 0.01 r2 + 2.01
r1 − 0.01 r2 + 0.01

)
· y +

(
1
1

)
· u +

(
1
1

)
· r3
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Fig. 8. Initial and transformed working
domains

Fig. 9. OPL partition in three rings

and an uncertain parameter µ1 ∈ [e−, e+] affecting r3 is introduced. Thus, the
ideas of robust OPL design can be comfortably applied and the approximation
errors are treated as uncertainties.

Although a large number of OPL regions results when considering 3 rings
(Figure 9), an attempt to reduce the number of control laws by aggregating
many of them has been made. It was found that simple constant controls can
robustly stabilize the system. A discontinuous constant control law

u =

{
+ui if y1 + 3y2 ≤ 0,
−ui if y1 + 3y2 > 0

(35)

has been chosen, where ui is the constant value used in ring Ri. In this example
u0 = 5 , u1 = 8 , u2 = 12 , u3 = 18. Discontinuous switching along the line
y1 + 3y2 = 0 leads to a stable sliding mode. By smoothing the switching using a
hyperbolic tangent function [8] smooth dynamical behaviour is obtained, while
retaining the robustness properties of the sliding mode strategy. The trajectories
of the controlled system using many initial conditions on the outer boundary of
the uppermost ring are shown in Figure 10.

Fig. 10. Simulated trajectories of the controlled system

The main advantages of this control law over the control technique proposed
in [9] are its simplicity, better robustness and performance properties and the
ability to quantify robustness in a more straightforward and non-conservative
manner.
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5 Conclusions

This paper has attempted to provide solutions to the robust analysis and design
problems for a special class of Piecewise Linear systems, namely Orthogonal
Piecewise Linear systems. The use of PL Lyapunov functions has been shown to
lead to simple stability conditions, linear in the uncertain parameters involved.
The algebraic simplicity combined with the linear local dynamics allow inde-
pendent local robust analysis and design in a computationally tractable and
non-conservative manner. The stability margin can be related to the robustness
and performance properties in a flexible manner, rendering the control technique
proposed as simple and effective. Although the OPL framework has been inspired
by practical systems containing “hard” nonlinearities, the technique can be also
applied to smooth nonlinear systems and approximation errors are taken easily
into account.

Further research will be devoted to the generalization of the ideas to larger
classes of PL and Hybrid systems.
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